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HAYKOBA HIKOJIA BYJIIBEJIbHOI MEXAHIKA
KHIBCBKOT'O HAHIOHAJIBHOT'O YHIBEPCUTETY
BYJAIBHUIITBA I APXITEKTYPHU

B.A. Baxenos,
JI-p TeXH. HayK,

1O.B. BopoHa,
KaHJ. TeXH. HayK,

ILIIL. JlizyHos,
JI-p TEXH. HayK,

C.O. ITnuckyHoB,
II-p TeXH. HayK,

O.B. lllumos,
KaH/I. TEXH. HayK

Kuiscoruil HayionanvHuil yHisepcumem 0yoieHuymea i apximexmypu, Kuis
Hogimpogromcvkuii npocn., 31, m. Kuis. 03680

BuCBITIIOETBCS ICTOpIst 3aCHYBAaHHS 1 PO3BHTKY HAayKOBOI INKONH OyHiBEIBHOI MEXaHIiKU
KuiBCcbKOro Hal[iOHAIBHOIO YHIBepCHTETY OYMIBHULITBA 1 apXiTEKTypH, 3apOUKEHHS SKOI
MOB’s3y€Thesl i3 cTBOpeHHAM y 1961 p. HaykoBo-gochmimHOi sabopaTopii TOHKOCTIHHHX
MPOCTOPOBUX KOHCTPYKLiil. IIpocmiakoBaHO OCHOBHI eTamM IUBIXY, NPOHIEHOro HAYKOBHM
KOJIEKTUBOM JabopaTopii, Ha 6a3i skoi 3romom OyB crBopenuit HJII OynmiBenbHOI MeXaHIKH.
3a3HavyaeThesl, MO OCHOBHUMH 3aJjadaMH HAyKOBOI IIKOJM OyJH i € po3poOKa Opi€HTOBaHHX Ha
BUKOPHCTaHHS KOMII'IOTEPHOI TEXHIKM METOMIB Ta alrOPUTMIB YHCENBHOIO aHaNi3y ULt
pO3B'si3aHHS 3aJa4 MeXaHIKM JeOpMIBHHX Til, a TakoXk pPO3poOKa aBTOMATH30BAHUX CHUCTEM
pO3paxyHKy KOHCTPYKWiil y pi3HHX ramy3sx Texuiku. IlinkpeciieHo TicHMiI 3B’S30k HAyKOBO
JIOCTITHHUX POOIT 3 HABYAILHUM IIporiecoM Kadenpu OyaiBenbHOI MeXaHIKH.

KorouoBi cioBa: OyniBenbHa MexaHiKa, YHCENbHI METOIM, yHiBepcalbHi aBTOMATH30BaHI
CHCTEMH, PO3paxyHH Ha Mil[HICTh, CTIMKICTh Ta KOJMBaHHS, HAYKOBi MyOIiKallil, BIPOBAKCHHS
pe3yNbTATIB y HABYAIBHUH IpoIiec.

3acHyBaHHS HAYKOBOI IIKOJM i NiIroToBKa HayKOBHX KaapiB. Y
1961 p. B KuiBcbkoMy HamioHaNbHOMY YHIBEpCHUTETI OymiBHHLTBA 1
apxitektypu (Toxi KuiBcbkomy imkeHepHO-OyaiBensHOMY iHeTHTyTi, KIBI) 32
IHII[IaTUBOIO 3aBigyBava Kadenpu OymiBenbHOI MEXaHIKH, JOKTOpPA TEXHIYHHX
Hayk, mpodecopa [I.B. BaitnOepra (1905-1973) Oyna crBopeHa Haykoso-
JIOCITiIHA J1a00paTopisi TOHKOCTIHHUX HpocTopoBux koHcTpykuii (H/JT TIIK).
3rigHo 3 Haka3zoM MiHicTpa BumIOi 1 cepenHboi ocBiTH Ykpaincekoi PCP
IO.M. [JanenkoBa Ne 601 Big 19 rpymus 1960 p. Ta Haka3oMm aupeKTopa
KuiBcbkoro imxeHepHO-OyniBenpHOro incturyry morenrta O.J1. Kaminryka Bif
17 ciuns 1961 p. BuUKOHaHHS OOOB’SI3KIB HayKOBOro KepiBHMKa HaykoBo-

© Baxenos B.A., Bopona 10.B., Jlisynos ILII., ITuckynos C.O., [llumos O.B.
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JocnigHoi  1abopaTopii  TOHKOCTIHHMX —IPOCTOPOBHX KOHCTPYKLIH Oyno
mokJiaieHo Ha npogecopa J.B. BaiinGepra [1].

Opranizanist gabopatopii - ne BiacHa imes mpod. J[.B. BaiinOepra, a
ocHOBHI HaykoBi HanpsiMku JisutbHOcTi HIJI TIIK Gynu chopmynboBaHi HUM
ocooucro. Ilix i#oro kepiBHuITBOM HaykoBo-mocnigHa —saboparopis
TOHKOCTIHHUX ITPOCTOPOBUX KOHCTPYKIIN 32 KOPOTKWH yac yBilIuIa 10 Yncia
HaMOIIBII BiIOMHX HAyKOBHX KOJIEKTHBIB Y Trayy3i OyIiBeJIbHOI MEXaHIKH i
MexaHiku JedopMiBHOro TBepmoro Tinma. 3 inimiatuBu JI.B. BaitnGepra
Axanemist Hayk YPCP B oco6i [Ipesunenra AH YPCP akanemika b.€. ITarona
ta ["onoBHoro BueHoro cekperaps [Ipesunii AH YPCP akanemika AH YPCP
I'.C. IMucapenka miaTpuMaia kiomotaHHs Iromo neperBopenas HJJI TIIK B
[IpobnemMHy HAaYKOBO-IOCIITHY J1abOPaTOpit0 TOHKOCTIHHHX MPOCTOPOBHX
KOHCTpYKLid npu KwuiBcbkoMy imXeHepHO-OymiBeTbHOMY i1HCTHTYTI 3
BIJIHCCEHHSM ii JIO TepIIoi KaTteropii
HayKOBHX ycTaHOB. Y 1966 pomi 3a
pimennssM  komerii  Jlep>kaBHOro
Komirery Pagu Minictpie CPCP i3
HAyKH 1 TEXHIKH Bim 29 KOBTHA
1966 poxy HaykoBo-mocmigna nabo-
partopisi TOHKOCTIHHHX MPOCTOPOBUX
KOHCTpyKLii KuiBchkoro iHxeHepHO-
OyIiBETBHOTO IHCTUTYTY, OUOJIOBAaHA
J1.B. Baiin6eprom, Oysa nepeTBopeHa
B IIpoGiieMHy HayKOBO-IOCIiIHY

J1.B. BaitnGepr 712a00paTopir0 TOHKOCTIHHHUX MPOCTO-
POBUX KOHCTPYKITiii.
Ilepen IIpoGmemHOIO maboparopiero Oyiud BU3HAYEHI Taki HAayKOBi
HaNpsIMKH JisUTBHOCTI 1 3aa4i:
® DO3BUTOK TeOpil 1 METONIB CTaTUYHOIO Ta JMHAMIYHOTO PpO3PaxyHKY
MIPOCTOPOBHX CHUCTEM;

® po3poOKa METOIB Ta aJTOPUTMIB YHCEIFHOIO aHaji3y Uil pO3B's3aHHS
3a/1a4 MeXaHiku Je()OPMIBHUX TiJT;

® po3poOKa aBTOMATH30BAaHOI CHUCTEMH pPO3PaxyHKy 13 3acTOCyBaHHSIM
OOYMCITIOBAIFHOT ~ TEXHIKM  IMOJO  JIOCHI/DKEHb  eQEeKTUBHHX  (popM
KOHCTPYKIIH Y PI3HUX TaTy3sX TEXHIKH.

Yxe 3 mepmmx KpokiB misutbHOCTI [IpoOnemHuoi maGopatopii Oymo
NPUIHATO pillIEHHs, SKE€ 3rOJ0M IOBHICTIO ce0e BUIPaBJaIO, MO HaHOiIbII
JIOIITBHO CTBOPIOBATH YHiBEpPCAJbHI CHCTEMH, SIKi TO3BOJSUIA O PO3B'A3yBaTU
IIMPOKE KOJO 3amad. ToMy BHKIIOYHOK OCOOJIHMBICTIO TEOPSTUYHHX 1
NIPUKIIAJHAX JOCHIKeHb, IO TPOBOJMINCH, OyB iX YyHIBEpCaJIbHHH Ta
BCEOXOILTIOIOYMIA XapakTep. Buxoxsum 3 nporo 3aBnanHs, y I[IpobGiemHii
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HayKOBO-AOCIIAHIN J1TabopaTopii TOHKOCTIHHUX MPOCTOPOBUX KOHCTPYKIIH Y
el Tepiofl IIMPOKOTO po3Maxy HaOylMH JOCHI/DKEHHS 3 pO3poOKd i
3aCTOCYBAaHHS YHCEIIFHUX METO/IIB PO3PaXyHKY KOHCTPYKIIH.

OCHOBHI HamnpsIMKA Ta HaWBakJIMBimI pe3yabraTd podorn IIpobiemHoi
nmabopaTopii B 1el mepio:

1961-1964 pp.: TeopeTnuHi pO3pOOKM - METON CKIHYEHHUX DI3HHUIb
BUPILIEHHS TUIOCKOI 3aa4i Teopil MpY>KHOCTI 3TMHAHHS IUIACTHH; PO3PaXyHOK
BHCSIYMX BAaHTOBHMX CHCTEM; BHpIILIEHHs 3a1a4 OyziBenbHOI MexaHiku Ha EOM
Ha OCHOBI IMITYJIbCUBHUX (DYHKIIIH; EKCTIEPUMEHTAIIbHI METO/IU - METOJ MYyapiB
B 3aJayax 3rMHY IUIACTHH; MOJSPi3aliiHO-ONTHYHUNA METO/ B 3aqadax Teopii
MIPYXKHOCTI; TEH30METPUYHI METOJIM CTATHUKH 1 JAWHAMIKMA BEJIMKOrabapuUTHHX
MIPOCTOPOBUX KOHCTPYKIIIH.

1965-1970 pp.: cTBOpeHHsS BapialiifHO-Pi3HUIEBOTO METOAY BUPILIEHHS
3amad Oy/iBENbHOI MEXaHIKM: PO3PaxXyHOK IUIACTHMHYATHX CUCTEM CKIIaJHOL
(GhopMH, THYYKUX peOpacTUX IUIACTHH Ta OOOJOHOK; JWHAMIKAa TOHKOCTIHHUX
KOHCTPYKIiH; PO3BUTOK METOAY CKIHYEHHX pI3HUIOb JUII PO3PaXyHKY
pebpacTux 000JIOHOK i1 MIIACTHH 13 3aCTOCYBaHHSAM KOH(OPMHHUX BiJJOOpaXKEeHB;
pO3po0Ka YHMCENBFHOrO BapiaHTy METOAYy MOTEHIaly Ul BHUpIMIEHHS 3a7ad
3TUHY IUIACTHH; po3poOKa makeriB mporpaM miast EOM mepmioro ta apyroro
TIOKOJIiHb.

1971-1975 pp.:  y3arajbHeHHS BapialliifHO-PI3HUIIEBOTO METONY IS
BUpILIEHHS HENIHIMHMX 3aj1ad OyHiBeNbHOI MEXaHiK{; CTaTHKa Ta CTIHKICTh
HEroJIorX OOOJOHOK TPH TEPMOCWIOBHX BIUIMBAX; po3po0Ka METOiB
CTaTUCTUYHHMX BHUIPOOYBaHb Il BUpIMIEHHS 3a1ad Teopii MNpYXHOCTI;
YHUCEeNbHO-aHAMITHYHNM METOJ TOTeHIialy BHpIIIEHHS 3a7ad OymiBeIbHOL
MEXaHIKH Ta Teopii MPY)XHOCTI; po3poOKa BEINKOi aBTOMATH30BAHOI CUCTEMH
po3paxyHkiB Ha MinHicTh Ha EOM Ttperboro mokominas "IIpodnocts-75";
po3poOka aBTOMATH30BAHMX CHUCTEM CTATHCTHYHOI OOpOOKM pe3ysbTaTiB
HaTYpHUX BUIIPOOYBaHb.

3pocranns JlabopaTtopii, YCKIagHEHHS Ta MOTJHOJCHHS MPOOJEM, IO
BHBYAIOThCS, Tpu3Benu 1975 p. mo posmoaiieHHs poOOTH MmO Bimminax i
CeKTopax.

B meii mepion Oynm 3aknaneHi ocHoBu HaykoBoi MIKONM 13 CTBOpEHHS
Teopii Ta METOHIB PO3B’SI3aHHSA CKJIATHUX HETIHIMHUX 3amad OymiBeIbHOI
MEXaHIKH Ta MeXaHiki Ae()OpPMiBHOI'O TBEPJIOIO TiJla, Pe3yAbTATOM JiSUIEHOCTI
SIKOI CcTajia MiArOTOBKa 3HAYHOI KUIBKOCTI BHCOKOKBalli(hikoBaHMX (haxiBIIiB B
raimy3i OynmiBenbHOI MEXaHIKM 1 MeXaHiKH JeQOpMiBHOTO TBEPJOro Tina.
30kpema, BIIPOJOBXK icHyBaHHs HaykoBoi mikonm Oyiu 3axHIIeHi TOKTOPCHKI
JUCepTallii:

1975 pix: O.JI. CHHABCHKUIA

1978 pix: O.C. Caxapos
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1979 pix: B.L. T'ynses

1981 pix: O.B. Beproxxcbkuit

1984 pix: B.A. baxeHos

1987 pix: B.€. Bepmxkenko

1989 pix: B.K. Yubipskos, [LI1. Jlisynos, O.1. I'ynsp, B.B. Kupnuescokuit
1990 pik: €.0. INomymnsik, €.C. JlexTsaprok
1992 pix: B.B. I'aiinaituyk, I'.b. KoBHepucToB
1993 pix: O.A. Kupnuyk

1994 pix: O.B. I'ormisax

1995 pix: O.JI. Kozak, O.I. Orno6ius

1999 pik: B.K. IluxaHoBCbKHIA

2004 pix: C.FO. ®ianko, Yan Juk Tinb

2006 pik: A.0. CmoboasH

2008 pix: M.O. Conogei

2009 pix: B.M. Tpau

2011 pix: C.O. IluckyHoB

2012 pix: I'.M. IBanuenko

2013 pix: L.I. Conopneit

3aranom 3a yac icHyBaHHS HaykoBoi mikoiw 3axwuireHi 27 JOKTOPCHKHUX i
171 xaHOoMpaTchka JHcepTamlii, a BOPOJOBX OCTaHHIX 25 poOKiB 3a
cnemianpHicTIO  «byzmiBenbHa MexaHiKa» 3aXWMIIEHO 16  JTOKTOPCHKHX
ncepranii. e myxe BUCOKHIA MOKa3HUK ISt TEXHIYHUX HaYK.

3 1988 poxy B KHYBA mparroe crerianizoBaHa BYCHA paja 3 3aXUCTY
JMokTopchkux auceprariit (J1.26.056.04) i3 cnemianpHOCTEH «BymiBenbHa
MexaHika», «MexaHika jgeopMmiBHOro TBepAoro Tina», «bymiBenbHi
KOHCTPYKIIii, OYIiBJIi Ta COPYIU».

Ha 6a3i IIpoGnemHOi HaykoBoO-mOCHigHOI J1abopaTopii TOHKOCTIHHHX
MIPOCTOPOBUX KOHCTPYKIiH B 1991 p. Oymo crBopeHo HaykoBo-mociaHuit
iHcTUTyT OyaiBenbHOI MexaHiku (HIBM).

daxiBIli, MATOTOBJICHI HAYKOBOKI IIKOJOK OYONIOITh psx  Kadeap
KuiBCchbKOro HaliOHaJBHOTO YHIBEpCHTETYy OYAIBHUITBA 1 apXiTeKTypH:
OyniBenmbHOI MexaHiku (I.T.H., npod. baxenos B.A.), TeopeTnyHoi MexaHiKn
(m.1.H., pod. Tadimaituyk B.B.), omopy marepianiB (k.T.H., moueHT Komepwuii
O.JIL), Bumoi Martematuku (A.T.H., mnpod. Yubipskos B.K.), ocHoB
indpopmaTuku (1.T.H., ipod.Jlizynos ILI1.); mpamtoroTs Ha kadeapax: OCHOB i
¢ynnamenTis (a.1.H., npod. Caxapos B.O.), TeopernuHoi mexaHiku (K.T.H.,
nouent Jlroouenko C.M.). Axagemik HAH Vxkpainu JI.M.JIob6anoB Garato
POKIB € 3acTYMHHKOM JHpeKTopa [HCTHTYTy e€JIeKTpO3BaprOBaHHS iM.
€.0.ITatona HAH Ykpainu. Kpim Toro, Hamm BUIIYCKHUKY TPAIIOIOTh B HU3II
ramy3eBux  HaykoBo-gocmignux — iHcturytiB 1 HaykoBo-BupoOHHMYMX
MANIPUEMCTB, B 1HIIMX HaBUAIBHHX 3aKjialax YKpaiHu, a TAaKOX B ABCTpalii,
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Kanani, Himeuuwni, Hogiéi 3emanmii, [lomemm, Pocii, CIIIA, ®panmii i
0araTboX iHIIMX KpaiHax CBITY.

Ha >xanp psij MpoBiAHMX yY4EHHX i3 CBITOBHUMH iM’SMH IILUTH 3 KHUTTA
(mpodecopu Beproxcbkuii FO.B., Tonynsax €.0., Hextsprok €.C., KoBHepuc-
toB I'.B., Conoseit M.O., [luxanoBcekuii B.K.).

[MiaroroBka ¢axiBuiB BuIIoi KBamidikalii i 3apa3 3aJMIIA€TECS OTHUM i3
TOJIOBHMX HampsiMiB JisutbHOcTi HaykoBoi mkomu. 3Bakarounm Ha 1e B
TenepimHii yac 4 cniBpoOiTHUKYM Kadenpu OyaiBenbHoi mexaHiku i HAIBM
KHYBA npaiforots Haj MiATOTOBKOIO JOKTOPCHKUX AWCEPTalii, 3aXUCT SIKHX
3artaHoBaHWK B HaiOmwkui poku. lle k.T.H, moueHT kadeapu OymiBerabHOL
Mexaniku [lxkpwie O.0. (3axucr 3amranopanuii Ha 2018 p.), K.T.H., JOKTOPAHT
KHYFBA Ba6imesud M.O. i k.T.H., goneHt Makcumiok FO.B. (2020 p.), k.T.H.,
npodecop kadenpu OymiBensHOi MexaHiku Bopona 10.B. (2021 p.). Takox B
mepion g0 2020 p. 3ammaHOBaHHMN 3aXWCT 5 KaHAWIATCHKUX JHCEPTaIliid
(Banep B.A., 3atwirok I'.A., Kapa .., Kozak A.A., Uenrypra O.0.).

HaykoBo-Texniunmii 30ipauk «Omip martepiajiiB i Teopis cmopym».
JIOCSITHEHHIO TAKOTO PiBHS MiJIrOTOBKM HAYKOBO-TEXHIYHMX KaipiB B 3HAUHIN
Mipi cHpUsUTH BiANoBiaAHI myOumikarii 3100yBadiB y 30ipHUKY «Omip MaTepiaiisB
1 TEOpist CIOPYI».

MixBigomuunii 30ipHMK HaykoBuX mpamp «Omip MarepiamiB i Teopis
criopyn» OyB ctBopenuit y 1965 pori (HemonaBHO BimzHadeHo S50-pivus). 3a
nepion 1965-2017 pp. Bumano 99 BumyckiB. Y 1965-1998 poku 30ipHUK
BH/IaBaBCsl POCIHICEKOI0 MOBOIO 1 MaB Ha3By «COITPOTHBIIEHHE MaTepHaloB U
TeopHusl coopyxeHui», 3 1998 p. 30ipHUK BHIAeThCsA A Ha3Bow «Omip
MaTepiajiB i Teopist copym.

30ipHUK HAIXOJWTh JO TpPOBIAHUX Oi0mioTek VYKpaiHW, 30KpeMa
HajcuiaeTbess 1o HarionanbHoi 6i0miotekn Ykpainm im. B.I. BepHancekoro
(TOBHUI TEKCT BUIYCKIB 30ipHMKA NpENCTABIEHHH TaKOX 1 Ha caiTi miel
0i0miorekn), HamioHansHOI apiaaMeHTChKoil 0i0mioTekn Ykpainu, JIbBiBChKOI
Hanionanshoi 6i0miorekn Ykpainu iM. Credpannka Ta iHIINX.

-

ONIP MATEPIANIE |
TEOPIA CROPY]L

Rl (19651 - H9(1569)- K16(1911) - 42 (1983) - e (1988] - a N4 (2009)
- N8 (194) - 15 (19 -1 (1982) - ké3 (1997) - 3 (2009)
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B 30ipHUKY myOITiKyIOThCS HAYKOBI CTaTTi, SIKi MiITOTOBJIEHI YKPAiHCHKOIO,
AHIITIACHKOI0 Ta 1HIIMMH MOBaMH 1 MICTATH pe3yibTaTH (hyHJaMEHTaJTbHUX
JIOCITI/KEHB 3 aKTYaJIbHUX Mpo0JieM onopy MaTepiaiiB, Oy/1iBelbHOI MEXaHIKH,
MexaHiki Ae(OpMIBHOIO TBEPAOrO Tija, Teopii CHOpyA, CYMDKHHX
NPUKIaIHUX Ipo0ieM MIiMHOCTI 1 HaAiHHOCTI B MAaIIMHOOYAYBaHHI,
OyIIBHMITBI Ta IHIIMX TalTy3sX CY4acHOI TEXHIKH. TaKoX BUCBITIIOIOTHCS
MMUTAHHS BUKJIAJAHHS OYJiBEIbHOI MEXaHIKM Ta MOJAEThCSA iHGOpMAIliS PO
HOBI HaBYaJIbHI 1 HAYKOBI BUAAHHS 32 TEMATHKOIO 30ipHHKA.

Enexrponni Bepcii crareii, onmybnikoBanux B 30ipHUKY 3 2009 p., nocrymHi
Ha caiiti 30ipHuKa opir.knuba.edu.ua, e Takox npeacTaBieHa iHhOpMaLis PO
YMOBH IyOJTiKallii crareil Ta iHII MaTepiajid, IO PErJIaMeHTYIOTh JiSUIbHICTh
penKoJIerii Ta MONMpeHHs MaTepiaiiB 30ipHHKa.

30ipHUK 1HIEKCYEThCS B HAYKOBO-METpHYHKX Oa3ax maHux Web of Science
(https://openscience.in.ua/ua-journals), Index Copernicus
(https://journals.indexcopernicus.com/search/details?id=32331), DOAIJ
(https://doaj.org/toc/2410-2547), Mae OIHKY i3 BHUKOPHCTAHHSIM KPHUTEPIIO
Journal International Compliance Index JIC index =0.173
(https://jicindex.com/journals/42-64). Takoxx 30ipHHK TpEJCTABICHUN B
yKpaiHcbKoMy pedepatuBHoMy >KypHani «/kepeno» i B pedepaTuBHiil 6a3i
JlaHX «YKpaiHika HayKOBay.

3 2017 p. 3a pimennsm HaykoBoi paam MiHicTepcTBa OCBITH 1 HayKH
VYxpainu 36ipHuk «Omip MartepialiB i Teopisi cnopym» Mae 0COOIMBHI CTaTycC
(axoBoro BumaHHs Il myOmikanii pesyaeratiB HJIP, ski BukoHyloTbhCcS B
HAyKOBHX yCTaHOBaX YKpaiHM 3a paXyHOK AepKOI0KeTHOro piHaHCYBaHHS 3a
HanpsiMoM «MexaHika» 3a pe3ynbraraMu KoHKypcy MOH.

Hupora mnpobnemaTnku cTaTed Ta CydacHi 3aco0M €JIEKTPOHHOIO
PO3IIOBCIO/KEHHST MatepiaiiB 30ipHuka «Omip MaTepialiB i Teopist Criopya»
pOOJIATE HWOro KOPUCHUM JIIS JIOCTIJHUKIB, BUKJIAIadiB, acIipaHTIB i
CTY/IHTIB, 1H)KeHepiB-Oy/IiBeTbHUKIB, 1HIIMX (axiBIIB B Talxy3l MeXaHIKH, a
TAKOX ISl BCIiX, XTO [[IKaBUThCS Cy4aCHUMH IIPOOJIEMaMU MEXaHIKH.

HaykoBo-ngociainnuii  incturyr OyaiBeabHoi Mmexaniku (HIAIBM
KHYBA) [2,3]. CtBopenuii y 1991 p. Ha 6a3i [Ipo6iieMHOT HayKOBO-TOCITiTHOT
naboparopii TOHKOCTIHHMX mpocTopoBux koHcTpykuin HAIBM KHYBA
MIPOBOJUTE (PYHJAMCHTANIbHI Ta MPHUKIATIHI JOCTIKEHHS 13 Teopii 1 METOJiB
PO3paxyHKIB Ha MIIHICTh, CTIHKICTh Ta KOJUBAHHS CKIIAJHUX MPOCTOPOBHUX
KOHCTPYKILIN MiJ Ji€l0 30BHINIHIX BIUIMBIB pi3HOI Qi3uyHOi mHpupomu i
CTBOpEHHST Ha Mid OCHOBI TPOOJEMHO- Ta 00 €KTHO OpIEHTOBAaHOTO
nporpaMHoro  3a0esmedeHHs.  Pe3ympTaT  poOIT  MaloTh  NPaKTUYHE
3aCTOCYBaHHS [UIS PO3B’SI3aHHS 3aJa4d MIIHOCTI, OPCTKOCTi, CTiHKOCTI,
MOJICTTIOBaHHS KOJMBAJIbHUX NPOIECIB Ta BU3HAUEHHS HECYYOi 3JaTHOCTI
OyniBeNBPHUX KOHCTPYKIH Ta CIOpYA, IX OKpPEMHX 4YacTWH, a TaKoX
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BIJIMOBiJTAJIGHUX E€JIEMEHTIB KOHCTPYKIM MAIMH, IO MPAIIOIOTh B Pi3HUX
rajy3siX TEXHIKH, 30KpeMa JIOTIATKH T'a30BHX 1 MapoBUX TypOiH (B CKkiafi mepa i
XBOCTOBHUKA JIONATKH K OKpEMUX 00’€KTIB JOCHTIDKEeHHs, puc. 1,2), poropu
TypOiH, KOPITYC SACPHOTO PEAKTOpa, IMOJIOTi OOOJIOHKH MIEPEKPUTTIB i I36MHUX
1 Ha3eMHHMX CIOpYJ, HECydi €JEMEHTH BEX 1 MadT, CTEpP)KHEBI CHCTEMH,
€MHOCTI BUCOKOT'O THCKY, €JIEMEHTH 3aIllOPHOI apMaTtypu, aemMidepHi npuctpoi
Ta HU3Ka HIITUX BiIOBITadbHUX 00’ €KTIB (pHC. 3-6).

Puc. 1 Puc. 2

CHEEEERBY

Puc. 3
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HJIIEM cmiBmpaifoe 3 HayKOBHMH ycTaHOBaMH HarlioHanbHOI akamemil
HayKk Ykpainu - I[ncruryrom mexaniku iM. C.II. Tumomenka, [HcTHTYyTOM
npobnem minHocti  iMm. ['.C. [lucapenka, IHCTUTYTOM eneKkTpo3BaprOBaHHS
iMm. €.0. [TaToHa Ta 3 HAYKOBO-JIOCIITHUMHU YCTAHOBAMH B TaTy3i Oy/iBHHUIITBA
- HepxaBuum HaykoBo-m0OCTITHUM 1HCTHTYTOM OYiBEIBHUX KOHCTPYKIIH
(HAIBK), HaykoBo-mocnmiHUM 1HCTHTYTOM Oy/AiBENBHOTO BHPOOHUIITBA
(HAIBB), BAT «YkpaiHChKMI HayKOBO-IOCHITHAN 1 NMPOEKTHUH I1HCTHTYT
cTaleBUX  KOHCTpyKIid  iM. B.M. IlluMaHOBCEKOTO», 3  MPOMHUCIOBUMHU
MANPUEMCTBAMH B Tajly3i MamMHOOynyBaHHA - Jlep)kaBHe ITiIIPHEMCTBO
"HaykoBo-BUpOOHWYMI KOMIUIEKC Ta3oTypOoOynyBaHHs "3ops-Mammnpoekt",
3MKB IIporpec", AT "Morop-Ciu". CriBnpaus 3IiHCHIOETBCS B HAIPSIMKY
MIPOBEACHHS CHUIBHUX HAaYKOBUX IOCII/KEHb Ta BIIPOBAUKEHHS 1 anmpoOaii
(yHIaMEHTAIbHUX 1 TPUKIIAJHUX PE3YIIBTATIB.

Pesynmeratt  nmocmimkenp, BukoHanux B HJIIBM, Oynu Big3HaveHi
Jlep>kaBHUMY TIpeMisiMH YKpaiH{ y raiy3i HayKH i TEXHIKHU:

1991 p. - «Teopis, METOMN MaTEMATHIHOTO MOJICIIOBAHHS Ta YHCEILHUM
aHayi3 TmpoueciB JepopMyBaHHA CKIAJHUX IPOCTOPOBHUX KOHCTPYKIII»
(aBTopu bBaxenor B.A., Tomymik €.0., Tymses B.I., Tymap O.1., [exrs-
prok €.C., Icaxanos I'.B., Kucnookwuii B.M., Caxapos O.C.);

2003 p. - «HaykoBi gocmimkeHHS, po3poOka Ta  BHPOBAKECHHS
HU3BKOEHEPIrOEMHUX TEXHONOrH 1 TexHiku y OyxiBHuurei» (Tyrait A.M.,
Mxitapssa H.M., Banesu I'.B., baxenos B.A., CmiproB B.M., Ilenesin JI.€.,
[pucraiino FO.I1., bananincekmii B.JI., ®omin A.B., Kocrentok O.0.).

B Tenepimmiit wac B8 HAIEM npamtorots 5 TOKTOpiB TeXHIYHUX HayK i 13
KaHJUIATiB TEXHIYHUX HAYK.

B H/IIBM 1m1opiuHO BUKOHY€EThCS 5 (QyHIaMEHTAIBHUX HAYKOBO-OCHITHAX
pobiT, TeMaTHKa SKWX BHU3HAYAETHCS AaKTyaJbHUMH TOTpebaMH CydacHOL
TEXHIKH, SKi MOTPeOYIOTh BUPILIEHHS 13 BUKOPHUCTAHHSIM METONIB i 3aco0iB
KOMIT FOTepHOI MexaHiku. 3a3HaueHi QyHaameHtansHi HJIP dinaHcyroThes
MinicrepctBoM ocBiTH 1 Haykn Ykpainm (MOHY) 3a paxyHOK BHIATKiB
JIep>)KaBHOrO OIO/DKETY Ha TIJCTaBi PE3YNbTATIB  BIIKPUTOTO KOHKYPCY
npoektiB H/IP, sixuii mopiuHo npoBonutbess MOHY. TpuBasicts BUKOHaHHS
¢ynnamentansaoi HJP — 3 poxn.

3Baxatoun Ha ue, B 2017 p. B HAIBM 3aBepimieHO BUKOHAaHHS ABOX
HAYKOBO-AOCHITHUX po0iT, po3moyatux B 2015 p. B xonmi Bukonanus HJIP
“Teopist 1 METOIM OIIIHKHA HECYYOi 34aTHOCTI KOHCTPYKLIH Cy4acHOI TEXHIKH
IpU  CTaTUYHOMY 1 [UKIIYHOMY HaBaHT@KEHHI 3  ypaXyBaHHIM
HEJIOCKOHAJIOCTeH 1 MOMKOKeHb (HAYKOBMH KEpIBHMK — J.T.H., Tpod.
Baxxenor B.A., a 3 2017 p. — nokropaHT kadeapu OyaiBeIbHOT MEXaHIKH, K.T.H.
Bab6imeBnu M.O.) po3pobieHi Teopiss i MeTonu BU3HAYEHHsS HAIPY)KEHO-
Je(pOPMOBAHOTO CTaHy NPOCTOPOBHX TiJ TijJi BIUIMBOM EKCILTyaTaIliiHUX
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HaBaHTa)KEHb, B TOMY YHMCII 3 YpaxyBaHHSIM IOIIKO/PKEHb 1 HEJIOCKOHAJIOCTEH,
po3pobiIeHO 3ac00M CKIHYEHHOEIEMEHTHOI MUCKpETH3alii Tijd 3 TpilluHAMH,
METOJKa BH3HAYEHHS IapaMeTpiB HaNpyXeHO-Ie(OPMOBAHOIO CTaHy 1
OOYMCIIeHHS TapaMeTpPiB MEXaHiKU pyHHYBaHHS TUT 0OepTaHHS 3 TPIIIUHAMH 1
neramizamiss ii 3aCTOCYyBaHHS IpH peaji3amii HamiBaHAJIITYHAM METOJOM
cKiHueHHX eneMeHTiB. IIpoBexeHa ampoOamis po3poOieHux 3acobiB i
pO3B'sS3aHO  MpPaKTH4YHI  337a4i TpO  HECydy 37aTHICTh  EJIEMEHTIB
TEXHOJIOTIYHOTI'0 00JIa/IHAHHS — MOJICNIOBAHHS 3DOCTaHHS IOYAaTKOBOI TPIillIMHU
B €MHOCTI BHCOKOT'O THCKY (pHuC. 7) 1 BU3HaYCHHS Pecypcy MpPUETHYBAIBLHOTO
mTynepa 3 BUXiTHAMH Je(eKTaMu i BIUTMBOM TPUBAJIOr0 0araTONMKIOBOTO
HaBaHTaXXeHHS (puc. 8).

T3

Puc. 7 Puc. 8

B xomi BuxonHanHs HJIP «CtBopeHHs Teopii i METOMIB JOCITIIKCHHS
HEBCTAHOBJICHNX  TEMIEpPAaTypHUX  MOJNIB  Ta  MPYXHOIUIACTUIHOTO
nedopMyBaHHS TPOCTOPOBHX TiLT» (HaykoBWH KepiBHUK I.T.H. Comoxeit 1.I.)
PO3pO0JIEHO TEOPETHYHI OCHOBM HOBOI METONUKH YHCEIHHOTO DPO3B’SI3aHHS
3aJad  HECTalllOHapHOI TeIUIONPOBIJHOCTI 1 TEpPMONPYXHOIUIACTHIHOT O
neopMyBaHHS METOOM CKiHYEHHHMX €JIEMEHTIB; OTPUMAaHO PO3B’s3yBaslbHi
CHiBBI/IHOIIEHHS YHIBEPCAIEHOI'O CKIHUEHOT0 €JIeMEHTa Ha OCHOBI MOMEHTHOL
CXEeMH CKIHYEHHMX €JIEMEHTIB JUIs pO3B’S3aHHS 3ajJad HecTallioHapHOI
TEIUTOMPOBITHOCTI i TEPMOIPYKHOIUTACTHYHOTO JIe(pOPMYBaHHS, PO3POOIICHO i
pealli3oBaHO aTOPUTM PO3B'sI3aHHS 3aJ[adi HECTAIllOHAPHOI TEIUTOMPOBITHOCTI
Ta JOCTIJUKEHO HOro JOCTOBipHiCTh. PO3B'SI3aHO mNpakTW4HI 3a7adi IIpo
nedopMyBaHHS BiJIOBINAIEHUX €JIEMEHTIB KOHCTPYKLIH B HEOTHODPITHOMY
TEMIIEpaTypHOMY TIOJi: BHM3HAYEHHS HANPYXEHO-Ae(OPMOBAHOIO CTaHy
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3armopHOro Kiamana (puc. 9) Ta po3MOMiICHHS HANPY)KEHb | BH3HAYCHHS 30H
IUTACTUYHOCTI poTopa mapoBoi TypOinu (puc. 10).

HJP «ocnimkenHs GopMo3MiHEHHS 1 CTIKOCTI MaCHBHHX, TOHKOCTIHHHX
Ta KOMOIHOBAaHMX BICECHMETPUYHHMX KOHCTPYKLIH TMpPH TEPMOCHIOBOMY
HaBaHTAXEHHI» (HAYKOBUH KEpiBHUK J.T.H., npod. [TnckynoB C.0O.) BuKOHYe-
Thcst 3 2016 p. B xomi BukoHawus nBox etamiB HJIP orpumani BuXimHi i
PO3paxyHKOBI CHiBBiJJHOIIEHHS! MPY>KHOIUIACTHYHOCTI, TEPMOB’SI3KOMPY>KHOCTI
Ta HECTaliOHAPHOI TEIUIONPOBIIHOCTI, JOBeAeHa IHIU(EPEHTHICTh TEH30piB
nedopmariiid, Hapy>XeHb Ta iX MPUPOIIECHb IIPHU YMOBI €HEPreTHYHOI CIIOoIyde-
HOCTI, CTBOpeHa Oi0iioTeKa CKIHYEHHMX EJIEeMEHTIB Ul JWCKPETH3alli TOoCHi-
KYBaHUX O0’€KTIB 1 NPOBENEHO PO3B'S3aHHS TECTOBHMX 337a4 JUISl JIOBEICHHS
JTIOCTOBIPHOCTI pO3POOJICHHUX aJTOPUTMIB MOJICITIOBAHHS (Di3UYHO i TEOMETPUIHO
HeJTiHIHHOTO Ae(OpMYBaHHS TOHKOCTIHHHMX O0'€KTIB Ta mporeciB hopMo3MiHEH-
Hs1 (0OpOOKM MeTalliB THCKOM B TPOLIecax MITAMITyBaHHA 1 KyBaHHS, puc. 11, 12).
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[ MQﬁOT, ] H.,Z[P «Teoplﬂ 1 MeToau
T, aHaNI3y AUHAMIYHOTO nedo-
PMyBaHHs CKJIaJHUX MeXa-

‘ . . .
. mofoT HIYHHX CHCTEM I JI€I0

HaBaHTAaXXCHb HepiOZ[I/I‘IHO-

|
T, Monor ro, CTOXaCTUYHOrO Ta yaap-
T HOTO XapakTepy» (HayKOBHH

T T

Vaakosanehs] Vhakosanern 1 Tr{rakosanbH ] KepiBHAK  AT.H.,  1pog.
‘ ‘ ‘ IBanuenko I'M.) BukoHye-
Puc. 12 Teest 3 2016 p i Oynme

3aBepmeHa B 2018 p. B xoxi
BukoHanHss HJIP pospobiena wMerommka, siKka [O3BOJISIE aHANII3yBaTH
JUHAMIYHUHA CTaH Ta JUHAMIYHY IOBEIIHKY CHJIBHO HEJIHIHHOI pO3pUBHOI
BiOpOyIapHOi CHUCTEMH, CXEMaTW4HO 300pakeHoi Ha puc. 13,a, mpu 3MiHi
rapameTpiB K caMOl CHCTEMH, TaK i apaMeTpiB 30BHIIIHHOI0 HABAHTAYKEHHSL.
Jlst MonenmioBaHHS BUKOPHCTaHI TBOMAcoBi cxemu (puc. 13,6,6).
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Puc. 13

CTBOpEeHa METOJUKA BUKOPHCTOBYE JOBXHHY JYTHM KPHBOI PO3B S3KIB SIK
rapamerpa MNpOJOBXKEHHs, IO JIa€ MOMJIUBICTH JIETKO HPOXOAWTH TOYKH
TIOBOPOTY TPH JTOCIIDKEHHI MEPIOAMYHNX PETYISIPHUX PYXiB, XapaKTEPUCTHKH
OHOTO 3 SIKMX TOKa3aHi Ha pwuc. 14. MeTomuka NpPOIOBKEHHS JO3BOJISIE
3HAXOMUTH 30HM CTIMKOCTI 1 HECTIHKOCTI NEpiOAWYHUX PpO3B’S3KIB 3a
3HAQYEHHSMHU BJIACHMX 4YHCEJ MaTpHIi MOHOIPOMii (MYJIbTHUIUTIKATOpiB) Ha
ocHOBI Teopii ®dmoke. Po3poOieHi HOBI MiAXOAW Ui aHATI3Y MOXKIHBHX
IIUISIXiB PanTOBOrO MEPEXOoAy PO3PUBHOI cucTeMH a0 xaocy. Ha puc. 15 3a
JorroMororo nepepiziB [lyankape moka3aHi CIICHApii MEpexXoay 0 XaOTHYHHX
KOJIMBaHb.
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Bonnouac Oysim nposezneHi
JOCTI/DKCHHST MIOA0 3aCTOCY-
BaHHS Teopii Ta METOMIIB
BeliBIIeT-aHANI3Y Ul OTpUMa-
HHS  SKICHMX  JUHAMIYHHX
XapaKTEePUCTHK CKJIaTHUX
MPOCTOPOBUX KOHCTPYKINA B
YaCTOTHO-YaCOBOMY  IIPOCTO-
pi. 3a JTOTTIOMOT' OFO
JIUCKPETHOT'O Ta HEIEePEPBHO-
rO BEUBJICT-TICPETBOPCHb OYB

750 760 770 780

imet, s

MPOBEICHUI aHai3 CcToxac- 740 50,60 770 780
THYHMX BIUIMBIiB 13 3acCTOCY- '
BaHHsAM BeliBietiB JloOemmy, Puc. 14

Mopsae, Ilayns Ta Mekcukan-

ChbKa HUIINAa. BUKOHAHO MaTeMaTWyHe MOJETIOBAHHS KBa3iCTaI[ilOHAPHOTO
(BITPOBOrO) CTOXAaCTHYHOrO BIUIMBY Yy BHIJISIAL iMOBipHicHOT Mopmemi. I3
3aCTOCYBaHHSAM TEOpii pyXoMOi XBUIII i METOJIIB BEHBIIET-aHAII3Y OOy TOBaHA
IMOBIpHiCHa MOJIENTb HECTALlIOHAPHOT'O (CEHCMIYHOI0) CTOXaCTHYHOT'O BIUIUBY.
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00z + 03
01z 013 |
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Displacement x,,m o opz  opd ogs  0ps

Puc. 15

Buxonanns H/IP «JlocmimkeHnHs mporeciB HelXiHIHHOTO aeopMyBaHHS
HEOIHOPIHUX CTPYKTYp Ta IUHAMIYHOrO pyHHYBaHHS MAacHBHHX Til 3
TpIIMHAMH CYYaCHHUMH METOJaM{ OOYMCIIIOBAIBGHOI MEXaHIKW» (HayKOBHUH
KepiBHUK [.T.H., pod. baxxeHoB B.A.) po3nodato B 2017 p. Ha 1 erani HAP
pPO3pOOJICHI TEOPETUYHI OCHOBH CKiIHYCHHOCJIEMCHTHOI'O aHaTi3y IPOIIECiB
ne(OpMyBaHHS Ta BTPATH CTIHKOCTI TOHKUX MPYKHUX O0OJOHOK yCKIIaJHEHOI
TEOMETPUYHOI CTPYKTYPH 3 YpaxyBaHHSIM IIE€pEIHANPYKEHOTO CTaHy IpH
BH3HAYEHHI BJIACHHUX YacToT i (hOPM KOJIMBAHb Ha KO)KHOMY KpOIl CTaTHYHOTO



16 ISSN 2410-2547. Onip matepiaiis i Teopis cnopyx. 2017. Ne 99

TEpPMOCHJIOBOTO HABAHTAXXKEHHS Ta IPOILECIB PYHHYBaHHS HPOCTOPOBHX TiM 3
TpiIMHAMH TPH CTaTHYHOMY 1 JMHAMIYHOMY HAaBAaHTAXXEHHSX 3 ypaxyBaHHSIM
HemiHiiHOT poboTu Marepiamy. [lepenbauaerscs po3podOKa KOMIUIEKCHOTO
MiAX0My O pO3B’s3aHHS 3aqad HeJiHIHHOro nedopMyBaHHS, CTIHKOCTI Ta
KOJIMBaHb NPYXHUX OOOJIOHOK HEOTHOPIHOI CTPYKTYpH, A0 BH3HAYEHHS
rapameTpiB AMHAMIYHOI MEXaHIKW PYHHYBaHHS 13 BUKOPUCTAHHAM KOPEKTHHX
(dopmynroBaHb J-iHTerpasa, sk 4acTKOBOTO Bumaaky I* ta I' inTerpariis, Ta i3
ypaxyBaHHSIM 3MIiHHOCTI TpaHMYHMX YMOB Ha Oeperax TpimuHu. I3
BUKOPHCTaHHSIM PpO3pPOOJIEHUX INAXOAIB Iepea0adacThCsi MPOBECTH aHawi3
HECy4Ooi 3JaTHOCTI IMUPOKOrO0 KOJNA  BiJNOBIJAJIFHUX  TOHKOCTIHHHX
KOHCTPYKLIN: BiAciky pakeruHocis (puc. 16,a), nomari rigpoTypOiHy,
pe3epByapy ¢ HeTOCKOHAIOCTAMH (popMu, 000IOHOK 3 pedpamu (puc.16,0,8).

Puc. 16

B 2017 p. 8 HAIBM 6yro migrorosieHo i moxaHo Ha koHkypc MOHY nBa
mpoekTH: «Teopis 1 METOMM  YHUCENBHOIO  JIOCHI/DKEHHS  IPOIIECIB
BHCOKOIIIBHJIKICHOT'O TEPMOB’ I3KOMPYKHOIUIACTUYHOTO  JepOPMYBaHHI Ta
JTUCTIEPCHOTO pYWHYBaHHS KOHCTPYKIIIA Ha OCHOBI Cy4acCHUX
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CKIHUEHHOEJIEMEHTHUX MoJeiei» (kepiBHUK 1.T.H, cT.H.c. Comoxme#t L.I.) i
«Meromy 1 anropuTMH TPOTHO3YBAaHHS KPUTHYHUX CTaHIB 1 KaracTpod y
JUHAMIYHUX CHCTeMax NpH Jii HAaBaHTAXKEHb YAApPHOI'O 1 CTOXaCTUYHOI'O
xapakrepy» (KepiBHUK K.T.H., cT.H.c. Bopona }0.B.). HaykoBuii nopobox
aBTOPIB KOXKHOT'O 13 3a3HAYEHMX MMPOEKTIB CKIIaJaB 1o 6-7 craTell B KypHajax,
IO 1HJAEKCYIOThCS B HaykoBo-MeTpuuHi Oasu manux (HMBJI), Oimbme 15
cratei B QaxoBux BumanHix MOHY, onyOmikoBani MoHorpadii y
BumaBHunTBi LAP LAMBERT Academic Publishing Ha aHrmiicpkiii MoBI,
MATOTOBJICHI MiJPYYHUKH 1 HaBYAJIBHI MOCIOHHMKH, IO CTAHOBUTH ITAIPYHTS
quist BukoHaHHs nux HJIP. IIpoektn mocinm 4 1 8 micue cepen 18 mpoekTis,
MOIaHNX Ha KOHKYPC 32 HaYKOBUM HarpsiMoM «MexaHika», Oyinu BiZiHECEH] 110
KaTeropii NPOEKTIB BHUCOKOrO piBHA Ta BHeceHi a0 mnepeniky HJP, sxi
nepe0a4aeThCsl BUKOHYBATH 32 PaXyHOK JEpXO0KeTHOro (hiHaHCYBaHHS B
2018-2020 pp.

My6aixauisn pe3yasTaTiB gociaimkeHb. Brpogorx icHyBaHHs HaykoBoi
IIKOMM TyOJTiKaIii pe3yJabTaTiB HAYKOBUX JIOCTIIKEHb MPUIULUIACH 3HAYHA
yBara. Sk 3a3HaveHo BuIIEe, B 1965 p. Oyio 3amouaTKOBaHO BUIAHHS HAYKOBO-
TexHiuHOrO 30ipHUKa «Omip MarepianiB 1 Teopis CIOpym», IO JO03BOJSIO B
HAMKOpOTIIMI Yac HAHOULIBII NMOBHO ONPWIIIOJHIOBATH PE3YyJIbTaTH HAayKOBOL
nmistbHOCTI. KpiM Toro Ha 0asi  KuWiBCBKOTO 1HXKEHEPHO-OYIiBEIHLHOTO
iHctutyry Oymu mpoBeneni [—V Bcecoros3Hi koH¢epeHuii mo cratuii Ta
JIMHAMHIII TIPOCTOPOBHX KOHCTPYKHiH. B momanmbimioMy BuUKOHaHI po3poOKu
Oynu npeAcTaBiieHi Ha iHIMX KOoH(epeHLisx Ha Tepuropii konuimHboro CPCP,
Ti3HIIIE — TaKOX Ha Mi>KHapoaHUX KoH(epeHLisx B ctpanax CH/I, a Takox B
Asctpii, ABcrpaunii, bonrapii, BennkoOpuranii, CIIIA Ta iHmwmx kpainax. B
iJoMy 3a 4ac icHyBaHHS HaykoBoi mkonu Oyimo miarororyieHo Oinbine 1500
HAyKOBHX CTaTeil 1 JI0IMoBijel Ha KOH(EPEHIsX Pi3HOro piBHs, BUAAHO OiJst
50 wMoHorpadili, NPHUCBIYCHUX PIZHOMAHITHHUM MpoOJeMaM MeXaHiKd
nedopMiBHOTO TBEpAOTro TiNa i OyMiBENbHOT MEXaHIKH.

Cepexn  HallBaXJMBIIMX NyONiKamid  OCTaHHIX  POKIB  HEOOXiJHO
HacaMmepe] BiJ3HAUWTH MOHorpadii Ta po3ainu MoHorpadiif, ski BuaaHi B
3aKOpAOHHUX BHAABHUNTBaX. B MoHorpadii «AHamM3 JUHAMHUYECKOTO
TOBEIEHUS BHOPOYNApHBIX CHUCTEM Ppa3HBIX TUMOB. YMCIEHHBIE METOJBI
nccrnenoBanusy [4] po3pobiieHa TeopeTHyHa 6a3a Ta METOIMKAa BUKOPUCTAHHS
METOAY NPOJOBKEHHS IO IMapaMmerpy Ui aHami3y JIWHAMIKH 1 CTIHKOCTI
CHJIBHO HeNiHIHHNX BiOpoymapHux cucreM (puc. 17). Crarrs «Application of
Information Technology in Teaching Structural Mechanics», sika yBiiinuia 1o
ckiaany moHorpadii «Quality, Mobility and Globalization in the Higher
Education System: A Comparative Look at the Challenges of Academic
Teaching» npucBsyena mpobiieMaM 3acTOCYBaHHS CYYacHHX iH(QOpMaIiiHUX
TEXHOJOTIH, MeTOo/AIB  OOYMCIIOBAIFHOI MEXaHIKH Ta  MPOrpaMHOro
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3a0e3IeUeHHs TPHU MPOBEACHHI HAYKOBHX JOCTI[DKCHh Ta B  OCBITHIX
nporpamax 3 OymiBeNbHOI MEXaHIKH Uil Pi3HUX KBaJiQikaliifHUX piBHIB [5],
puc. 18. Monorpadis «Stability and Discontinious Bifurcations in Vibroimpact
Systems. Numerical Investigations» («Crifikicte i po3puBHiI Oiypkamii y
BiOpoymapHuX cucTeMax. UYwWcenbHE [OCTIKCHHS») MICTUTh JIETallbHI
pe3yNbTaTh YUCENBbHUX JIOCTIDKEHb TUHAMIYHOI TOBEIIHKH BiOpocHcTeM 3
KOPCTKMM Ta M'SIKUM BIUTMBOM 3 JIBOMa CTYNEHSIMHA BUIBHOCTI TIpH
MEPIOAUYHOMY 30Y/KEHHI i3 BHKOPHUCTAHHSIM JBOX CIIOCOOIB MOJIEIIOBAHHS
yAapy CIIiBBIJHOIIEHHSIMH CTEPEOMEXaHIYHOI Teopil 1 CHIIO0 KOHTaKTHOI
B3aeMOIii Ha OCHOBI KBa3icTaTH4HOI Teopii ['epua Ta OmiloeTbCS MOXIMBICTH
BHUKOPHCTAaHHS IMX MiaxoniB. [6], puc. 19. Monorpadis «Structural mechanics
and theory of structures. History essays» («byxmiBensHa MexaHika 1 Teopis
cnopya. Hapucu 3 icropii») BHCBITIIIOE iCTOPiF0 BUHMKHEHHS 1 CTaHOBIJICHHS
TIOHSITh, IPUHIIMIIB, i71eH, 3a1a4 Oy/1iBeTbHOI MEXaHIKM 1 METO/IIB TX pO3B’sI3aHHS
Ta MOXKe OyTH BUKOPHCTaHA CTYJISHTAMH BUIIMX HABYAJIBHHUX 3aKJIiB IIPH
peaizanii MaricrepcbKMx Iporpam i BUBUEHHI creliaibHuX KypciB [7], puc. 20.
Momnorpadis «Continium mechanics: semi-analytical finite element method»
(aBTopu  baxenoB B.A., TIluckynos C.O., Comogeti [.I.) migroromeHa
aHIITIHCHKOI0 MOBOIO, MojiaHa 10 BunasHuLTBa Cambridge Scientific Publisher,
London, 3ammanoBana o aApyky B 2018 p.

Takok BapTO BiJA3HAYWTH HU3KY CTaTed B MDKHApPOAHMX HAaYKOBHX
xypHanax Applied Mathematics and Nonlinear Sciences (puc.21), Journal of
Applied Nonlinear Dynamics (puc. 22), MOTROL — An International Journal
on Operation of Farm and Agri-Food Industry Machinery [8-13], a takox B
MDKHapoJHuX HaykoBux xypHanax HAH VYkpainn “Ilpuxnagnas mexaHuka’”
(International Applied Mechanics — Springer ), “IIpoGmeMbl MpoYHOCTH
(Strength of Materials - Springer) [14-20].

CraTuctuka myOutikariii 3a ocTaHHi 5 pOKiB HaBeeHa B TAOJHII.

2013 | 2014 | 2015 | 2016 | 2017

CTarTi B )XypHaJax, 1o 9 6 3 7 7

iHgekcyoThcss B HMBJ]
Cratti B PpaxoBux Buaanusx MOHY 18 24 21 13 23
MoHorpadii 3 1 1 - 5

[Miapy4HuKy i HaBYaIBHI OCIOHUKH 1 3 - 1 1
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Quality,
Mobility and
Globalization
in the Higher
Education System
Bucrop Baxcenos
Tarenaocronoes A Comparative Look at the
AHanus AUHaMU4YeCcKoro Challenges of Stability and Discontinious
nosepneHus Academic Teaching Bifurcations in Vibroimpact
BUOpPOYAaPHBIX CUCTEM System

Pa3HbIX TUNOB

YUCHEHHbIE METORbI NCCNeA0BaHUA

Numerical investigations

Journal of

; Applied
R - Nonlinear
theory of Sructures, Fsiory ' _ : Dynamics
essays ~ T d

Puc. 20 Puc. 21 Puc.22

Kpim Ttoro, 3a ocranHi 5 pokiB OyJ0 BHIAHO JeKiNbKa MoOHOrpadii
YKpaiHCHKOI0 MOBOIO, SIKI MPUCBSYEHI MpoOIeMaM YHCENBHOrO PO3B’SI3aHHS
MIPOCTOPOBHX 3ajad MexaHiku aedopmiBHOro TBepaoro tina [21, 22] i icropii
CTaHOBJIEHHSI 1 PO3BUTKY METOJIB PO3B sI3aHHS 3a7a4y OyIiBENbHOI MEXaHIKH
[23, 24], puc.23-26. 3okpema, B 2017 p. Bumani monorpadii «YucenpHe
JMOCTI/DKCHHS ~ TIPOIIECIB  HENIHIHHOIO ~ CTaTWUYHOTO 1 JMHAMIYHOTO
nepopMyBaHHS MPOCTOPOBUX Tim» i «HamiBaHATITHYHUN METON CKiHYCHHHUX
€JIEMEHTIB B 3ajla4yaX MEXaHIKW pyHHYBaHHs IIPOCTOPOBHX TiJ 3 TPIlIMHAMUY,
SIKI MICTATB BUKJIQJICHHS! METOJIMK 1 PE3YJIbTATIB PO3B’I3aHHS HOBUX BAXIIUBHX
3a]a4 HeMiHIHHOTrO 1e(OPMYBaHHS MPOCTOPOBUX TiJI IPH TPUBAINX CTATHYHUX
1 IMHAMIYHIX HaBaHTAXXECHHSX, a TAKOXK 3a/1a4 TPIIIMHOCTIHKOCTI IPOCTOPOBHX
TiJ 13 BUKOPUCTAHHSM 3ac00iB KOMI l0TepHOI MexaHiku [23, 24], puc. 27, 28.
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Buxmageni B mepeniueHMX MoOHOrpadisx TEOpeTHYHI ITOJIOXKEHHS,
METOJMKM PO3B’SI3aHHS 3ajad Ta pe3yJabTaTH MOXYTb OyTH BHKOpPHCTaHi
HayKOBO-TEXHIYHMMHU MpaI[iBHUKAMH B Taly3l MexXaHiku JedopMiBHOTO
TBEPJOr0 TiJla 1 CYMDKHHX Taly3sX, NPOEKTYyBAILHHKAMHU BiJIIOBiIAIBHUX
00’€KTIB €HEPreTUYHOr0 Ta TPAHCIIOPTHOTO MAIIMHOOYTyBaHHS, Oy/1iBHUIITBA,
a TaKOXX BUKJIa/Ia4aMU, TOKTOpAaHTaMH, acllipaHTaMu, MariCTpaMy B HayKOBiH 1
BUPOOHHUYIH JiSTTBHOCTI.

B.A.BaxeHos, O.l.Nynsp,
0.C.Caxapos, |..Conogew

HAMIBAHANITUYHUA METO
CKIHYEHHUX ENEMEHTIB

B 3AJAYAX IUHAMIKN
NMPOCTOPOBUX TIN

B

A
: e
& v-svo

Kwis 2012

B.A. Baxewos, C.0. Muckykos, |1 Coroaer

YHCENBLHE AOCTIMKEHHA
NPOLECIB HENIHINHOTO
CTATHYHOTO | AMHAMIYHOTO
Hapucu 3 icTopii [IEOOPMYBAHHS
NPOCTOPOBMX TIN

KHiB - 2017 HHIB - 2017

Puc. 26 Puc. 27 Puc. 28

Haii6inpin 3HaunMMi pe3ynbTaTn HaAyKOBHX JIOCHI/DKEHb OYJIM BHKJIAJCHI B
y3arajJbHIOIOUYHX CTATTSIX, OMYOTiKOBAHHUX Y BUIAHHI « Y CIIEXH MEXaHUKI», SKE
00’e1HAIIO cepito craTel, omyOIikoBaHuX y )kypHaii «[Ipukiagnas MexaHukay»
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3 2000 poxy Ta mnpucBsdeHux modatrky IIl-ro tucsgomitra. B migrorosi
cTaTel B3sUTM ydacTh BUeHi 26 KpaiH cBiTy (ABcTpis, AzepOaiipkaH, AHIITIS,
Bonrapis, Bipmenist, [3painb, Icmanis, Itamis, Kasaxcran, Kawama, Kuraii,
Komym0isi, JlatBis, Mekcuka, Himeuuwna. Ilomemia, Pocis, CrnoBauumHa,
CIIIA, Typewyumna, YropmunHa, Y30ekucraH, Ykpaina, @panmis. Yexis Ta
Hornannis). Crarri Oynu BuaaHi aHriIiiicbkoro MoBoto [27-29].

Ha 6a3i KHYBA Ta HJIBM y cnisnpani 3 HITO « SCADSOFT» 3 2015 p.
IIOPIYHO MPOBOMSATHCS MIKHAPOJHI HaYKOBO-TexHiuHI KoH]epeHuii «CydacHi
METOJH 1 MPOOIEMHO-Opi€EHTOBAaHI KOMIUIEKCH PO3PaxXyHKY KOHCTPYKIIH 1 ix
3aCTOCYBaHHS y NPOEKTYBaHHI 1 HABYAJILHOMY Iporieci». Pobora koHpepeHmii
opraHizoBaHa B JBOX cekuUisx: «@DyHOaMeHTanbHI 1 NPHUKIAAHI MpoOIeMu
MeXaHiKH 1eOpMiBHOTO TBEPJOro Tijay (ronosa J.T.H, npod. baxkeHno B.A.)
i «Cy4acHi mpoOJIEMHO-OPIEHTOBAaHI KOMIUIEKCH DPO3PaXyHKY KOHCTPYKIIH»
(romoBa 1.T.H., cT.H.C. [lepensmyrep A.B.). KondepeHmnis mnpoxomuts 3a
y4dacTio HaykoBIiB 3 JIureu, Himeuunnw, [Tomsmri, Pocii.

Mixunaponna nisuibHicTh. HJ[I BM mnpoBoauTh mmMpoke MiKHApPOIHE
CHiBPOOITHUIITBO 3 BUKOHAHHSI CIIIBHUX HAYKOBUX JOCIIDKEHB Ta IMiJIrOTOBKH
kajpiB 3 CiaHCBKUM MeETaTypriiHUM Ta iH)KEHEpPHO-OY/iBEIbHUM IHCTUTYTOM
(Kurait), Texuiunum yHiBepcureroM Micta bpaynmseir (Himeuunna).
CriBpoOitankn HJIIBM npoxoamim crakyBaHHS 32 KOPIOHOM, 30KpeMa B
yaiBepcuteTi M.IHCOpyK (ABctpisi), BoXyMCbKOMY TEXHIYHOMY YHiBEpPCHTETI
(Himeyunna). Takox Mae Micue HaykoBe CIIBpOOITHHITBO 3 [HCTHTyTOM
JIOCHI/PKeHb 3BYKY 1 BiOpamii (AHrmis), XOYpeHCHKHM TEXHOJOTIYHUM
yHiBepcuTeToM, Hbio-MOpKCHKEM MiCEKHM yHIBEpPCHTETOM, YHIBEPCHTETOM
Porxepc (CHIA), Karonmupkum yHiBepcuteroM (bpasimisi), YHiBepcureToM
Herokactiry (ABctpanis).

B 2017 p. 3a yuacTtro cniBpobiTHHKiB H/[IBM miaroToBieHi i mpeacTaBiieHi
JIO y4acTi B KOHKypCax MpPOEKTH:

* B pamkax nporpamu HORIZONT-2020, nanpssm INFRASUPP-02-2017:
«International Scientific Cooperation for Research Infrastructures (RI) in the
Realm of Nonlinear Dynamics” (ISCRINOD) («MixHapogHe HayKoOBe
CHiBPOOITHUIITBO ISl JOCIHIPKEHHS 1H(QPAaCTPYKTYpHUX 00’ €KTIB METONaMH
HeJIHIHHOT AuHaMiKM») — y criBnpani i3 Potsdam Institute For Climate Impact
Research, Universidad Politécnica De Cartagena, Ventspils University College,
Engineering Research Institute “ VSRC.

* B pamkax nporpamu «ERASMUS+»: «Innovative Structural integrity
courses for training of specialists in Civil and Mechanical Engineering on
multimedia platform (ISIC-CME)» («IlHoBauiiiuHi HaBYajbHI Kypcu s
MiAroTOBKM (haxiBLiB B Tady3i OyIiBHHMITBA i MEXaHI4YHOI iHXKEHepi») — y
cniBpani i3 Lublin University of Technology, TVE Mérndkiroda Kft.
(TVE_Engineering), Ecole Nationale d'Ingénieurs de Metz, France.
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BrnpoBajskeHHs1 pe3yabTaTiB HAYKOBO-I0CJHiIHUX POOIT y HaABYAJLHUIA
npouec.

Pe3ynpraT HayKOBO IOCHIAHUX pOOIT MOCTIHHO BHPOBAKYIOTHCI Y
HaBYAJIBHUHA IIPOLEC [UIIXOM PO3POOKM  CIEliali30BaHUX IPOTrPaMHHUX
3ac00iB, MPU3HAYEHUX JIS TPE SIBICHHS i KOHTPOJIIO 3aCBOEHOI CTYIEHTaMH
HaBYaIbHOI iHQOpMalii, TporpaMHUX 3aco0iB JJIsl BUKOHAHHS CTYAEHTaMHU
pO3paxyHKOBUX poOIT. J[0 Takux mporpaMHUX 3aco0iB MOXKHA BiJIHECTH
eJIEKTPOHHMH MiJPYYHUK, €IEKTPOHHUI HaBUAILHUN MOCIOHMK, IPOrpaMHHUMA
komiuieken ACUCTEHT, KOHTPOJIb ta OJIIMIIIAJZIA. Bci mporpamHi
po3pobku posramoBaHo Ha caiiti KHYBA 1 BimeHWI JocTynm 10 HHUX HE
O0OMEKEHO.

HaBeznemo kinbKa iTFOCTpaliii 10 BUIIE 3a3HAYEHOT 0.

EneKTpoHHWIA Niapy4HUK

B.A. Bakenos, O.B. Illimos Po3sgainu nigpyyHuka

1. OcHoBITi NORSTTS, NPHAIAH Ta piBisis Gy tineabiol
MeXaiiKit CTEpAICRIX CHETEM

1. P3paxyHOK CTEpANCRIX CHCTEM METOZIOM CKIMeHIiX
eremenTin

BEYOIBENbHA MEXAHIKA

Enexrporti mizpyuniik

11, Po3paxyHoK CTaTiio BU3Hasy Baix cHETeM
1V. Po3paxyHok CTATINHO HEBI3HAY BAHIX CHOTEM

V. Octiosi jumawiki Ta criiikoci copya

VI MeTojt CKiltsentiX /IeMeHTiB U1t ABOBMMIPHIIX CHCTEM
VI Po3paxyHok ia pyxoMi nasanaeriis

VIIL. Hagsiatsiti nporpavii kowmiekcit

TuTynbpHa CTOpIHKA eIeKTPOHHOrO MifAPyYHUKA CHHCOK PO3/iNB eIeKTPOHHOTO
HiIpyJHHKA
®dparmeHT 3MiCTy Nigpy4HUKa dparmeHT 3MiCTy rmasm Nigpy4HuKa
LOINOMOTA A oy i Zonovora
n s dopuy nozan
=l Joxaazwe nozanns
i
BYJAIBEJIbHA MEXAHIKA H 2. Kinewarweunui anaas | ocuopi crarmmoro
i PO3pAXYHKY
3micT miapyunuKa ARG
.1 Ocsonn nowsos isesrymoro sy
Depenvons
I } ; N 212, Teouerpiro suigioaasi pospaxyeosi cxewy
1. OCHOBHI NOHAT TS, PHHIIIIIN | PIBHAHHA BY IIBETLHOL
4. 3arazesi pissasis Syise ol vexasik e
B ; Al
@DparMeHT 3MICTy eIeKTPOHHOrO MiAPYIHHKA @DparMeHT 3MiCTy OKpeMOi IJIaBU

CJIIEKTPOHHOTO niz[pquHKa

KoxkeH psfok y 3MICTI sBIs€ cOOOI0 TilepHocHiIaHHs 1 BHOIp TOro 4M iHIIOrO psjka
MIPU3BOAUTS JI0 MOSIBH BiIIOBIAHOrO (pparMeHTa MigpydIHHKA.
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dparMeHT CTOPIHKM NigpyYHUKa

saprim nepesocis sia

i saprn
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Po6oue BikHO OfHI€T 3 MPUKIIATHUX IIPOrpaM
KOMILIEKCY, SIKa IIepeBipsie IPaBHIBHICTh
(hparMeHTiB po3paxyHKy TPHIIAPHIPHOI apKH
CTyIeHTaMH

MK KOHTPOJb

MporpamHe 3abeaneveHHs ans
KOMM’KOTEPHOTO TECTYBaHHS
NpU3HaYeHo NS NEepeBipKM 3HaHb Ta
YMiHb y ranysi 6yaiBenbHoi MexaHiku
B KOMI'IOTEPHX Kracax, OCHALLEHUX
TIOKanbHOK KOMM’ IO TEPHOIO
Mepexeto.

Oynkuii I[IK KOHTPOJIb
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MpuKNaz 3anuTaHHs 3 BUGIPKOBOIO BiAMNOBIAAID Mpuiknag sanuTanHs 3 hikcoBaHoto BIANOBIAAK
B— e
o 5 g

ER— Baa e AD0BIHO

Po6oui Bikaa komriekcy KOHTPOJIb nist 3anuTanb 3 BUOIPKOBOIO TBa (DiKCOBAHOO
BiJIOBI IO

KomnakT-amck 3 kadegpansHuMy po3pobkamu

TR0 o

B.ABukenon
O.B.ITnmos,

Mporpamuui Komnnekc

ACUCTEHT
4 Has crynentis suiix
Vi, AT KT
‘o, o
2 o
R —

Hageneni nporpamHi 3aco6u 3i10paHo Ha KOMIIAKT-HCKY

3acTtaBka nporpamu Ansa NnpoBeAeHHA PoGoue BikHO 3 Temamu

s —_ A L s el WALUA 3 BELUBENBHO! MEXAHD
! e —

| ‘Kaonpa Gynisonol wexaun gasasel B jij-« =

‘ OfIIMMIAGA 3 BYOIBESNbHOI MEXAHIKU =l

Poznouaru

SasepunTi

3acraska [1K OJIIMITIAJTA PoGoue BiKHO 3 TEMaMH, SIKi BHHECEHO Ha
MOTOYHY OJiMITiaay (CIIUCOK TeM MOXXHA
3MIHIOBATH Y€pe3 CaHi MEHIO)
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Po6ouye BikHO ANst 3afavi 3 ikcoBaHoO

! . KopoTki pesynbTtatyt onimniagn
Bignosian POTKI peay. A

==

T <BYATBERLHA MEXANIKAS
16,03,2016

eworo Ganie % npae  Habpano
10 (%7} 78

IMpuknan pododoro Bikxa ITK OJIIMITIAJIA 3 KopoTki pe3ynbTaTi MOTOYHOI ONIMITia H,
OJIHHIM 13 INTaHb, K NOTpedye (hikcoBaHy SIKI aBTOMaTHYHO (hOPMYIOTHCS
BIJIIOBiIb MporpaMor0. 3a HeOOXiJHICTIO Ha eKpaH

MOKHa BUBECTH I[OKJ'IaI[Hi pe3yibTaTi
KOXHOI'0 yJaCHUKa

Ha mporpamui po3poOku EnexkTpoHHWH MmiApyYHUK 3  OyamiBeIbHOI
MexaHiky, EjexkTtpoHHMH mOCiOHMK 3 OyHNiBeNbHOI MEXaHIKH, HpOrpaMHHUH
komruiekc ACUCTEHT aBropamu onep»aHO aBTOPCHKI CBiZOITBA.

OpHuM i3 pe3ysbTaTiB pOOOTH HAYKOBOI LIKOJNW € BUAAHHS IiAPYYHHKIB i
HaBYAIbHUX ITOCIOHUKIB!

e B.A. baxenoB, C.A. I'panat, O.B. lumos. BynisensHa MexaHika.
Komrm’rorepuuii kype. [inpyannk. — K.: ITTIAT BITIOJI, 1999.

e B.A. baxenos, A.B. Ilepensmyrep, O.B. Illumos. ByniBensHa mexaHika.
Komrm’rorepHi Texnomnorii. [Tligpyunuk. — K.: Kapasena, 2009.

e B.A. Baxenos, A.B. Ilepensmyrep, O.B. Illumos. ByniBensHa mexaHika.
Komrm’rorepHi Texnomnorii i monentoBanns. [linpyunuk. — K.: ITAT BITTOJI,
2013.

e B.A. baxenos, I''M. IBanuenko, O.B. Illumos, C.O. ITuckynos. byxise-
mpHa MexaHika. Po3paxyHkoBi BmpaBu. Hapuanmphmii mociOxmk. — K.:
Kapagena, 2006, 2007, 2010.

[Mopsn i3 xKIacMYHUM KypcoM OyaiBeNbHOI MEXaHIKU MiJPYYHUKU MICTSThH
IiJTKOM HOBi po3aind: «CydacHi mporpaMHi KOMIDIEKCH, IO 0Oa3yroThCsS Ha
METO/Ii CKIHYCHHUX eJIeMeHTiB», «HemiHiliHi 3amadi OymiBeTbHOT MEXaHIKI»,
«OcHOBM  HafiWHOCTI  cHnopym», «3ajadi  CTaTHCTHYHOI  JUHAMIKWY,
«EkcnepuMmenTansHi MeToau OyaiBelbHOI MexaHiku». KpiM Toro B cyTTe€BO
PO3LIMPEHOMY BUIIISAJI BUCBITJIIOIOTHCS EHEPreTHYHI TEOpeMH 1 BapialliiHi
MIPUHIMIH OyIiBEIbHOT MEXaHIKH.
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Bazhenov V.A., Vorona Yu. V., Lizunov P.P., Pyskunov S.O., Shishov O.V.
SCIENTIFIC SCHOOL OF STRUCTURAL MECHANICS IN KYIV NATIONAL UNIVERSITY
OF CONSTRUCTION AND ARCHITECTURE

The history of the founding and development of the scientific school of structural mechanics
of the Kiev National University of Construction and Architecture, whose origin is associated with
the creation in 1961 of the Research Laboratory of thin-walled spatial structures, is highlighted.
The main stages of the path passed by the scientific team of the Research Laboratory were studied,
on the basis of which the Institute of Structural Mechanics was created subsequently. It is noted
that the main tasks of the scientific school were and are the development of methods and
algorithms for numerical analysis for solving the continuum mechanics problems, focused on the
use of computer technology, as well as the development of automated systems for calculating of
structures in various fields of technology. In our time the staff of the Institute of Structural
Mechanics and the Department of Structural Mechanics conduct the relevant fundamental and
applied research on the theory and methods of calculations for the strength, stability and oscillation
of complex spatial structures under the influence of external influences of various physical nature
and the creation of problem-oriented and object-oriented software on this basis. The results are
applying for determining of the bearing capacity of building structures and construction, their
separate parts, as well as the responsible elements of structures of machines used in various fields
of technology. Comprehensive research by scholars was awarded with State Prize of Ukraine. The
examples of various responsible structures, energy and mechanical engineering objects for the
comprehensive study of which the developed mathematical and software software was applied are
presented in the article. It is noted that the scientific staff of the Department and the Institute
conducts extensive international cooperation on the implementation of joint research and training.
Foreign searchers occupy a prominent place in a wide range of scholars who defended their Ph.D.
and Doctoral Science theses within these studies. It is emphasized that the results of research work
are being implemented in the educational process constantly. Specialized software, intended for the
teaching of educational information (electronic textbook, electronic tutorial) for students to
perform settlement work (software complex ASSISTANT), as well as for knowledge control
(software CONTROL and OLIMPIAD) are briefly characterized.
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Baxenos B.A., Bopona 10.B., JIuzynos ILII., [Tuckynos C.O., [llumos O.B.
HAYYHAS IIKOJIA CTPOMTEJIbHON MEXAHUKH KWUEBCKOI'O HAIIMOHAJIBHOTO
YHUBEPCUTETA CTPOUTEJIbCTBA I APXUTEKTYPbI

OcBemaercs HCTOPUSL CO3MAHUS M PAa3BUTUS HAyYHOH IIKOJNBI CTPOMTEIBHOH MEXaHUKH
KueBckoro HallMOHAIBHOTO YHHBEPCUTETA CTPOUTEIHCTBA U APXUTEKTYpHI, 3apOXKIeHHE KOTOPOi
cBsi3bIBaeTcs ¢ co3gaHueM B 1961 r. HaydHo-mccinenoBaTenbekoil J1abOpaTOpUH TOHKOCTEHHBIX
MIPOCTPAHCTBEHHBIX KOHCTPYKIHMIL. IIpocieskeHbl OCHOBHBIE 3Tallbl IIyTH, NPOIMIESHHOT0 HAyYHBIM
KOJJIGKTHBOM J1abopaTopuy, Ha 0a3e KOTOpOH BrocienctBuu Obul cozmaH HUM crpontensHoi
MexaHuky. OTMe4aeTcs, YTO OCHOBHBIMH 3aJadaMH HAayJHOW IIKOJBI OBUIM M €CTb pa3paboTka
OPUCHTUPOBAHHBIX HAa HCIIOIb30BAHHE KOMIIBIOTEPHOH TEXHHKH METOAOB W aJITOPHTMOB
YHCIEHHOTO aHAJIM3a I PEIIeHHs 3a]ad MeXaHUKH JeOpMHUPYEeMBIX Tel, a Takxke pa3paboTka
aBTOMATH3UPOBAHHBIX CHCTEM pacueTa KOHCTPYKIMH B pa3iMYHBIX OTPacisiX TEXHHKH.
ITomuepkHyTa TeCHas CBSI3b HAayYHO-HCCIIENOBATEIbCKUX PaboT ¢ yueOHBIM mporeccoM Kadeaps
CTPOUTENBHON MEXaHHKH.

Baosicenos B.A., Bopona FO.B., Jlisynos ILIL, Iuckyrnos C.O., [lluwos O.B. HaykoBa
mKojga OyxiBenbHoi MexaHikm KuiBcbkoro HamioHaabHOTO YyHiBepcHTETY
OyaiBHuITBa i apxiTekTypn // Omip MatepianiB i Teopist copyzn. — 2017. — Bum. 99. —
C.3-32.

Buceimnioemuvcs icmopisi 3acuyeéanHs i po3gUmKy  HAyKoeoi wkoau 0yoieenvHoi
mexanixu Kuigcvkoeo HayioHanvHoeo YHisepcumemy OyOieHuymea i apximekmypu.
Tlpocniokosano ocnogni emanu wasxy, npotioeHo20 HAYKOBUM KOAEKMUBOM.
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3-32.

History of the foundation and development of the scientific school of structural
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A METHODOLOGY OF DETERMINING OF PARAMETER J*
IN DISCRETE MODELS OF FINITE ELEMENT METHOD

V.A. Bazhenov,
Dr. Sci.

S.0. Pyskunov,
Dr. Sci.

0.0. Shkryl’,
Ph.D.

Kyiv National University of construction ana Architecture, Kyiv
Povitroflotsky ave., 31, Kyiv, 03680

Based on the method of reactions, a technique for determining of the parameter J* by the

method of subdomain moving in discrete models of finite element method (FEM) has been
developed. A number of test problems solved. The obtained results confirm the effectiveness of the
technique.

Keywords: fracture mechanic, semi-analytical finite element method, J* parameter, method
of reaction.

Introduction. The solution of fracture mechanics problems of determination
of the stress-strain state and the bearing capacity of the bodies with cracks is
devoted in a large number of scientific publications as a fundamental nature, for
example, [3, 5, 9] and those which containing solutions of partial questions.
Taking into account the necessity of modeling of the behavior of complex form
bodies with cracks, the essential heterogeneity of the distribution of stresses and
displacements in the crack tip vicinity and the possibility of nonlinear
deformations of plasticity the finite element method (FEM) is the most effective
in solving of these problems. The use of FEM requires the development of
special methods for calculating of the criterion parameters of the fracture
mechanics - stress intensity factor (CIF), Cherepanov-Rice J-integral and also the
intensity of energy of the formation of new surfaces of the crack (Griffiths G-
criterion). Among the methods for determining of fracture mechanics parameters
on the basis of FEM energy approaches are most widely used. Authors of this
article conducted numerous studies that showed the effectiveness of the method
of reactions in the implementation of the energy approach. However, the question
of determining of the Cherepanov-Rice’s J-integral [1, 2, 4] is considered in
these studies. It is well known that in case of the presence of volume forces of
different nature, the J-integral cannot be used to evaluate the crack resistance.
The Griffith parameter (G) can be used as a parameter of fracture mechanics in
this case. The method of determining of G using the reaction method is described

© Bazhenov V.A., Pyskunov S.0., Shkryl O.0.
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in [8]. For the case of volume forces caused by the effect of temperature
influences, the parameter J~ is proposed as a parameter of fracture [5, 6, 9]. A
new approach based on the reaction method for determine the parameter J " s
developed in this paper.

1. Technique for J* evaluation. In accordance to [5,6,9] under
termoforce loading the value of parameter J * is calculated using of formula:

J J+Jacyey Lay. (1)

The first component — the Cherepanov-Rice integral J — is determined by
contour integration S covering the domain V-

— oV ou
J—‘!(Wn,— & )dS @)

The second component is determined by integration the internal volume of
the region V.

The generalized version of the method of reactions, which based on the
calculation of volume invariant integrals, is adopted as a basis for the
determination of J* in this paper. This method is similar to the approach
outlined in [8].

In contrast to the calculation procedure of G, which involves changing the
length of the crack /., when calculating the parameter J * the length of the
crack is fixed. The substituent position of the region V' changes to one finite
element in relation to the crack tip (Fig. 1).

We denote as {u};, {R}; and {u};, {R}; vectors of displacements and
node reactions of the subdomain V in positions "1" and "2", which are differ
with the location of subdomain in relation to the crack front. Each of these
vectors contains of 3N components, representing values of displacements and
node reactions in three directions respectively and has the form:

{”}Z = {(”1')1 (y); (z)y oo (), o () )y (Uy)y (”3')]\/}»
where the indices k= 1, 2, 3 represent the directions of displacement (or node
reaction), and the indices n =1, 2, ... N are the numbers of nodes within each of
the subdomain.

We allocate the axis z° of the global coordinate system of a finite element
model along the surface of the crack (perpendicular to the front and in the
assumed direction of crack propagation). Then, under the condition of a regular
finite element mesh in the direction of z* , the definition formula for J " in
discrete models acquires the following form [1]:

{u}n {R}U {M}I {R}I) 2' ({M}ZI _{u}:) ({R}I +{R}H)' (3)

2A22 (



ISSN 2410-2547. Onip matepiainis i Teopis cnopyx. 2017. Ne 99 35

1 2
crack front contour of integration
T T T T
| | | |
T T
, o ! |8 . .
z° ] i i 1
’ | | | |
| | | |
1 | | 1
72 : : l I
I, Aaz'
1 2

=
| | ! |
ST 1 ! i
1 | L |
1 I 1 |
| | \ |
\ | | |

z =

z?

Fig. 1. Sheme of subdomain moving for calculation of parameter J°

After multiplying of the nodes reactions to the corresponding displacements
and adding such components, formula (3) will look like:

I =l {RY, (el {RY, ) @

It is not difficult to prove that in the absence of volume forces, this formula
is identical to the formula being obtained directly from the expression of the
Cherepanov-Rice integral for its calculation by the reaction method [1].

Verification of the developed technique is carried out on the problem of
stretching of the plate with a central crack (Fig. 2, a). The calculation was
carried out both under the action of the surface load and taking into
consideration of the volume forces that additionally applied to the plate (the

forces of 2, 3,4, 5 kg, directed along Z' and Z? in the nodes 1,2,3,4,
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Fig. 2, b, q=1 kg/sm, Young's module E=1kg/sm’, Poison ratio v=0.3). The
obtained results were compared with the values of the Griffiths parameter,
which was calculated according to the method described in [8].

Zl

5

44\44444“44444“
|
|

10
hi
N

Fig. 2. Square plate with a central crack

The results of calculation, which presented in Table 1, indicate that the
value of G and J" differ by less than 1%.

Table 1
Type of load Frg"t‘“e paramcter 5, %
Surface load 24.52 24.35 0.7
Volume loda 261.2 260.05 0.4

2. Implementation of the technique in the semi-analytical finite element
method (SFEM). When the numerical realization of the formula (4) made
using of SFEM, the points of calculation of J* in bodies with crosscut cracks
are located in the centers of the lines of the crack front, which are lateral faces
of two finite element adjacent to the front (Fig. 3, @). Separate volumes of
integration and their corresponding sub-domain determine for each such point
(Fig. 3, a, b). The formula for calculation of the integral for a separate point in
the front acquires the following form:

I} = g {ed] {RY, el {RY, ) ®)

In bodies with longitudinal cracks the points of calculation of J~ will
coincide with the integration points located along the front of the crack
(Fig. 4).




ISSN 2410-2547. Onip matepiainis i Teopis cnopyx. 2017. Ne 99 37

~

AS;

i

subdomain 1 e "

. point of calculation of J;
point |

of calculation, _, 1

A
W .
AW of J, z°
s “‘ subdomain1 ) ]\ z?

contour of integration

subdomain 2 AS;

z7
Lzz'

Zui \
z crack front

a b

Fig. 3. Calculation of J* in bodies with crosscut crack using of SFEM
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Fig. 4. Calculation of J* in bodies with longitudinal crack using of SFEM

Approbation of the developed technique in spatial bodies was carried out on
the test problem of the definition of G in a prismatic body with a lateral
incision of zero thickness under the action of force load (Fig. 5). The results of
the calculation of J~ are almost coincide with values of G obtained in [8] and
are well consistent with the results of the calculation of G(K) based on the
values of CIF being calculated by the direct method [7] (Fig. 5).
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Fig. 5. Distrubution of Griffiths parameter G along the front of lateral incision in a prismatic body

3. Reliability of results under temperature load. A further study of
reliability was carried out for the case of temperature load. A test problem of
deformation of a long thick-walled cylinder with a crack was considered at first

(Fig. 6).
Z1' ICI’

M
)

n ry
r r.

~

Fig. 6. Geometric scheme of a thick-walled cylinder with a crack

The material of cylinder is steel “38XH3M®A”, Young's module
E=210 GPa, Poison ratio v=0.3, coefficient of linear expansion

0.=13.5-10°deg™". The radial distribution of temperature is described by the
logarithmic law:

In(r/r))

In(r/r,)’

where 7,r - temperature and radius of the current point; 7,7,7,,7, -

r=h+(L-1)

temperatures and radius of the inner and outer surfaces of the cylinder,
T, =100deg, 7, =0, , =2m, r, =3m . Crack length /, =0,5m .
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Discrete models with allowance for symmetry are designed for a half of
cylinder (Fig. 7).

As in the previous test problem, the finite elements in the vicinity of the
crack tip are the squares with side /5. corresponding to the ratio /. //,. =10

(Fig. 7, @) and Iy, /1, =20 (Fig. 7, b).

iy

1500
2000 1000

Fig. 7. Cylinder discrete models of finite elements of different sizes

The calculation results are presented in the form of CIF, calculated by
direct method — on the basis of displacements, and by energy method — by the
values of G and J".

The value of the CIF (K ,,MPax/; ), calculated on the basis of G by the
method of compliance for a mesh with the FE size [ /[, =20 in the vicinity



40

ISSN 2410-2547. Omip matepiainis i Teopis cnopya. 2017. Ne 99

of crack tip was taken as the reference. As can be seen, the results of the
calculation of CIF by all three methods are almost the same (Table 2).

Table 2
Direct method Method of reaction Method of
lpg /e K,w) |8,%]| K;(J) §,% | compliance K,;(G)
10 248 4.4 235.4 0.9 235.9
20 238.4 0.4 237.4 0.1 237.6

A test problem about rectangular plate with a crack which uniformly cooled
down at AT =100 deg was considered next. Boundary condition is tough
pinching along the edges (Fig. 8, a). Physical and mechanical properties are
similar to the previous test problem. Discrete models are designed for half of
the plate with allowance for symmetry and shown in Fig. 8,  and Fig. §, ¢ at

lgp /1,,=10 and [, /1, =20 respectively.
VA 7!

4000

I~

135

w
wn

1000 100 100

a b c

Fig. 8. Rectangular plate with a crack: design sheme (a),
discrete models of finite elements of different sizes (b,c)

The results of the calculation show that, as in the previous problem, the
method of compliance and the method of reactions give practically the same
result (Table 3, K ,,MPa\/; ). The difference of the results of the direct
method is within 5% . The solution of this problem by analytical method and
using the ANSYS is given in [6]. The CIF values in ANSYS were calculated
by the direct method using the displacement in the node which is closest to the
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crack tip and by the energy method using the value of the J-integral. The
obtained results differ from those shown in Table 3 within 3%.

Table 3
; . Method of
. Direct method Method of reaction compliance
FE ' *cr .
K (u) 8§.% | K;(J) 5, % K;(G)
10 519.8 4.8 543.4 0.5 543.1
20 520.6 4.7 546.2 0 546.3

Conclusions. The solution of the test problems showed the reliability of the
developed method for determining the parameter J~ in comparison with other
methods for bodies with cracks under the action of the volumetric forces of
various nature. The results are in good agreement with the data received by
other authors in the named publications.

Thus, the approach based on the method of reaction to the calculation of the
parameter J * allows to estimate independently the cracking strength of bodies
with cracks, which can justify the reliability of the results in comparison with
other methods.
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METOJHMKA BUSHAYEHHS IIAPAMETPA J* B JUCKPETHAX MOJEJISIX METOY
CKIHYEHUX EJIEMEHTIB
Ha ocHOBi MeTomy peakuiif po3pobiieHa MeTojuka oGUHCIIEHHS mapametpy J MeTomoM
3MIIIEHHS Migo0acTell B JUCKPETHUX MOJEISAX METONYy CKiHUSHHX eneMeHTiB. IIpoBeneHo
PO3B’sI3aHHS TECTOBUX 3aj1a4. OTpHMaHi pe3yJabTaTH MiATBEPKYIOTh PEKTUBHICTH METOIUKH.
KorouoBi ciioBa: MexaHika pyiiHyBaHHS, HaIiBaHANITUYHHII METOX CKIHYGHHX E€JIEMEHTIB,

napametp J© , METOJI peaxiliid.

Bazhenov V.A., Piskunov S.0., Shkril’ A.A.

METHODOLOGY OF DETERMINING OF PARAMETER J* IN DISCRETE
MODELS OF FINITE ELEMENTS METHOD

Fracture mechanics’ parameters are used when the stress-strain state in the vicinity of the crack tip
being evaluated. Energy methods have been most developed in determining of the fracture mechanics
parameters to date. A method of reactions has been developed in earlier works of authors that makes it
possible to determine the J-integral in discrete models of the finite element method. However, the use of
the J-integral is possible in the absence of voluminous forces. The case of voluminous forces caused by
the action of temperature loads is the exception of it. J~ is used as the fracture parameter in this case. A
new method for calculating of the parameter J~ is developed in this paper, based on the reaction method.
The implementation of this method involves the displacement of the subregions of integration into one
finite element. Approbation of the developed approach was carried out on the test problem of deformation
of a rectangular plate with a central crack. The obtained results showed that under the action of both
surface and voluminous forces on the plate, the values of the parameter J~ coincide with the standard
solution. Further, the developed approach was implemented for spatial problems, using discrete models of
a semi-analytic finite element method. The determination of J~ is performed in this case at separate
points of the crack front for each of which separate volumes of integration and corresponding subregions
are stand out. Approbation of the technique in the spatial bodies was carried out on the test problem of the
bending of a prismatic body with a lateral notch. Then the developed method was tested on two test
problems in the presence of volume forces caused by the action of temperature loads. The results
coincided with the values of J~ obtained by other authors with the help of the finite element software
ANSYS. Thus, the method of determining of the parameter J*, developed on the basis of the reaction
method, makes it possible to effectively evaluate the stress-strain state in bodies with cracks under the
action of surface and voluminous forces.

Keywords: fracture mechanic, semi-analytical finite element method, J~ parametr, reaction
method.

baowcenos B.A., [Tuckynos C.O., lxkpuine A.A.
METO/JIMKA ONPEJAEJEHUS IIAPAMETPA J* B IUCKPETHBIX MOJEJISIX
METOJIA KOHEYHBIX 3JIEMEHTOB
Ha ocHoBe MeTofa peakiuii paspaboTaHa METOIMKA ONpesesieHus napamerpa J MeTOIoM
CMeIeHHsT 10J00IacTell B AUCKPETHBIX MOJENSIX METoJa KOHEYHBIX dJJIeMeHTOB. IIpoBemeHo
peleHHe TeCTOBEIX 3a4a4. [oaydeHHbIe pe3yIbTaThl MOATBEPHKAAIOT 3P (HEKTHBHOCTH METOIVKH.
KiioueBble cjI0Ba: MeXaHHMKa pa3pylIeHHs, MONyaHATUTHYSCKHH METOJ KOHEUHBIX
3eMeHTOB, mapametp J , METOM peaKiHii.
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basicenos B.A., Iuckynos C.O., lkpurs A.A. MeTonuka BU3HAYeHHS nmapameTtpa J*
B AMCKPETHUX MOJEIAX MeTOAAa CKiHUYeHHHX ejeMeHTIB // Omip MaTepiaiB i Teopis
cnopyn. —2017. — Bum. 99. — C. 33 —44.

Ha ocnosi memody peaxyiii pospobnena memoouka usHawenHs napamvempa J
Memooom 3MiujeHHss nidobracmell 6 OUCKDEMHUX MOOensX Memoody CKiHUEHHUX
enemenmie  (MCE). Posze’szani  mecmosi  3adaui. Ompumani  pe3yromamu
niOMEEPOACYIOMb eheKMUBHICIb MEMOOUKU.

In. 8. Bibmiorp. 9 Ha3B.

Bazhenov V.A., Pyskunov S.O., Shkryl’ A.A. Methodology of determining of
parameter J* in discrete models of finite element method // Strength of Materials
and Theory of Structures. —2017. — Issue 99. — P. 33 — 44.

Based on the method of reactions, a technique for determining of the parameter J°
by the subdomain displacement method in discrete finite element method (FEM) models
has been developed. Test problems are solved. The obtained results confirm the
effectiveness of the technique.

basicenos B.A., Iuckynos C.0O., Hkpvine A.A. MeTonuka onpeejeHus mapamerpa
J* B JIUCKPETHBIX MOJENSIX MeTOoAa KOHEYHBIX 3jeMeHTOB // ConpoTuBIICHHE
MaTepuaoB 1 Teopust coopyxkenuit. —2017. — Beim. 99. — C. 33 — 44.

Ha ocnoge memooda peaxyuil paspabomana memoouxa onpeoeneHus napamempa
J" memodom cmewenus nooobracmert 6 OUCKPEMHBIX MOONAX Memood KOHEUHbIX
anemenmos (MK3). Pewenvl mecmogvie 3adauu. Ilonyuennvie pesynvmamol
noomeepiHcoarom 3phexmusHocms MemoOUKuU.
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YIK 539.3

MOJIEJIIOBAHHSI HAIIPY’KEHO-JE®@OPMOBAHOI'O CTAHY
KOHCTPYKUII TOPOKHBOI'O OJATY I AI€XO
TPAHCIIOPTHUX HABAHTAXKEHb

B.B. lNaiinaiiuyk’,
JI-p TEXH. HayK,

B.B. Mosrosuii’,
JI-p TEXH. HayK

10.0. 3aens?,
KaHJI. TEXH. HayK,

JLB. lleBuyK?,
KaHJ. TeXH. HayK,

'Kuiscoruii nayionansnuii VHigepcumem 6GyOiHUYMEA [ apXimeKmypu,
THogimpogromcwvkuii npocn., 31, m. Kuis. 03680
?Hayionanenuii mpancnopmuuii ynieepcumem,
6yn. Omenanosuua-Ilaenenxa 1, m. Kuis. 01010

ITocraBnena 3amada IpO BH3HAYEHHS HANPYXEHO-Ne()OPMOBAHOTO CTaHy INAPYyBAaTOrO
HAMBIPOCTOPY MiJ JMI€I0 TPaHCHOPTHUX HaBaHTakeHb. [loOynoBaHa CKIHYEHHO-€IEMEHTHA
Mojienb npyxHoi fedopMmarii MacuBy, BUKOHAHUH KOMIT'IOTepHHUIT aHami3 cuctemu. [lokasaHo, mo
HaliHeOe3MeyH il A1 MOKPUTTS HAIPYKEHHS PO3TATY JIOKAJI3YIOThCS y HIDKHINM 30HI mapiB i3
MOHOJITHUX MaTepiaiB.

KimrouoBi cioBa: aBTOMOOUIBHA Jopora, acdanabTOOCTOHHE IOKPUTTS, TPAHCHOPTHI
HaBaHTaXXEHHS, I10JIe HAaIIPy)KEHb, HAIPY>KeHO-e()OPMOBAHHI CTaH.

1. Beryn. PostpickyBanHs acambTOOCTOHHOTO TOKPHUTTS aBTOMOOITBHHUX
JIOpir, BWKJIMKAaHE HHU3bKUMH TEMIIEpaTypaMH 1 €0 TPaHCIOPTHHX
HaBaHTa)XEHb, € OJIHIEI0 3 OCHOBHUX MPUYMH IX MepeIyacHOro pyiHyBaHHS. Y
Tpoleci eKcIuTyartarii JOpord HasiBHICTH TPIIIUHU TPU3BOJUTH JIO HECHOL
3JIaTHOCTI MOHOJIITHUX IIapiB, a TAKOX 1 J0 NPOHUKHEHHS Yepe3 Hel BOJIOTU B
KOHCTPYKIIO JIOPOKHBOTO OfATY 1 TIPYHTOBE NOJOTHO. MoOenroBaHHs
HATIPY)KEHO-1e()OPMOBAHOTO  CTaHy  JO3BOJIUTH  OLIHUTH  BIPOTIiIHICTH
YTBOPEHHSI TPIIIMH, CHPHUSATH iX TPOTHO3YBAHHIO Ta 3HIDKCHHIO pPIiBHS
HEraTUBHOT'O BIUIMBY Ha MIIHICTb 1 JIOBFOBIYHICTh CHCTEMH.

3a3HavyeHi edexkTH JaBHO TpUBEpPTAIM yBary BUeHHMX 1 (axiBLiB-
JIOPO’KHHKIB, TOMY SIBHIIE YTBOPEHHS TPIMIMH CTAJO TIPEIMETOM iXHIX
GarartopiuyHMX AociiukeHb. Tak, mounHatoun me 3 50-60-x poKiB MHHYIIOrO
CTONIITTS, TPHBAIOTH SK TEOPETHYHI, TaK 1 eKCIIepUMEHTalbHI poboTH,
CIpsIMOBaHI Ha BHBYEHHS MPOOJIEeM pO3TpicKyBaHHS ac(hanbToOETOHHOTO
TIOKPUTTSI aBTOMOOIIBHUX AOpir. TUM He MeHmI, came (i3u4yHe SBHIIE, NpPU
BHHUKHECHHI SIKOTO Mae MicIe PO3TPiCKyBaHHS JIOPO’KHBOT O
acaabTOOETOHHOTO TOKPHUTTS, O CHX IMip HE BHBYEHO IIOBHICTIO. SIK

© Taitnaitayk B.B., Mosroeuii B.B., 3aeus [0.0., [lleuyk JI.B.
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3a3Ha4eHo B poOoTi [1], OCHOBHUMHU NMPUYMHAMH, 110 BUKIMKAIOTH YTBOPEHHS
TPILMH, € HU3bKOTEMITEpaTYpHHI BIUIUB 1 AedopmaniiiHi ehexTH, CHpHIrHEH]
JIEF0 CTATUYHKX 1 IMHAMIYHUX TPAHCHOPTHHUX HaBaHTa)XKeHb. UNCTO MexaHIuH1
TIOTJISII Ha MTPOIIeC BUHUKHEHHS TPIIIMH HE T MEePeKOHJIUBOTO MOSCHEHHS
06araTbOM MPAKTUYHO BAXKJIMBUM OCOOJMBOCTSM TIOBEIIHKH KOHCTPYKIIi
JIOPO’KHBOT'O OJIATY i/ Yac eKCIUTyaTallii.

Hampukian, B yMoBaxX BIUTMBY HU3BKHX TEMIIEpaTyp BUHUKAIOTH HACTYITHI
TTUTAHHS:

1. Yomy Ha mowaTrkoBoMmy erami QopMyBaHHS HH3BKOTEMIIEpaTypHi
TPILIMHYU OPIEHTOBAHI, SIK NPABHIIO, B TIONIEPEYHOMY HAIIPSIMKY JOPOTH?

2. YoMy KIUTBKICTh HHM3BKOTEMMEPATYPHHUX TPILIIMH Ha PO3IJISYyBAHOMY
MTOKPUTTI 30UTBIIYETHCS 3 POKY B pik?

3. UuM MOKHA MTOSICHUTH NPUOIN3HO PiBHI BIACTaHI MIXK HUMH?

4. Sk moB'si3aHi IXHI KUIBKICHI XapaKTEPUCTUKHU 3 TIOKa3HHKAMHU ITOTOHO-
KJIIMaTHYHUX YMOB MiCIIEBOCTi?

5. Un MoXHaA 3HAWTHM TakWi MaTepiaj Al JOPOXKHBOTO MOKPUTTS, MPH
BHUKOPHCTAHHI SIKOTO HE 3'SBIISIOTHCS HU3bKOTEMITEpaTYpHI TPIIIMHU 200 IXHS
KIUJIBKICTh Oyzie ICTOTHO MEHIIOIO B TOPIBHSHHI 3 TPaWIiHHUMU BHAAMHU
acganbpTo0eToHY?

6. SIki KOHCTPYKTUBHI 1 TEXHOJIOTIYHI 3aXO0I MOXKHA BXKUTH, III00 MOBHICTIO
a00 4acTKOBO 3aM00ITTH TOSIBI HU3KOTEMIIEpATypHUX TPilnH? Ta iH.?

Bimgmnosiji Ha neski 3 WX MUTaHb MOJaHi B podoTtax [2, 3].

He MeHm ckiagHMM € Tako)X IMHUTAHHS aHali3y YTBOPEHHS TPIIUH Ha
ac(anbTOOETOHHOMY TOKPUTTI MiJ| JI€I0 TPAaHCIIOPTHUX HaBaHTaKeHb. Ll
CKJIQJIHICTh 3yMOBJIEHA THM, IO ac(aibTOOETOHH IPOSBIISIOTH BJIACTHBOCTI
B’S3KONPY)KHUX ~MarepiajiiB, TOMYy aHaii3 iX Je(OopMyBaHHS IIOBHHEH
3IHCHIOBATHCS 3 YypaxyBaHHSM JOCHTH CKJIaJHAX PEOJIOTIYHUX MPOLECIB
penakcariii Ta TIOB3Y4OCTi, @ HaBaHTAXXCHHsS BiJl TPAHCHOPTHHX 3ac00iB
BUKJIMKAIOTh B 0araTomiapoBOMy MacHBi KOHCTPYKIi JOPOTH TPUBUMIPHHI
HaNpyXeHO-1epOpPMOBaHUI CTaH 3 CYTTEBUMH T'PaJI€HTAMU CTHUCKAIOYMX,
PO3TATYIOUMX Ta 3CYBHHX HampyxkeHb. HeoOXiHO TakoX BpaxyBaTH, IO
ac(anbToOETOH MO-Pi3HOMY YMHHTH OMIp MM BUJAM HAIpYXXeHb 1 0COOIMBO
ix xom0Oinamii. Tak, Ko HOro MIilHICTH MPH CTHCHEHHI ITOPIBHSHO BEJIHMKA, TO
NIPU PO3TSTyBaHHI Ta 3CyBI BOHA € 3HAYHO MEHIIOIO 1 J0 TOTO XX CYTTEBO
3aleXuTh Bl Temneparypu. Ha puc. | mpexacraBneHi, OTpUMaHi
EKCTIEPUMEHTANBHO [4], rpadikn HOPMAIbHHUX HANPYKEHb PO3PHBY O, Ta

3CYBHHX HanpykeHb T, achaibToOETOHY B 3aJIEKHOCTI Bijl TeMIepaTypu.

Y

He MeHII axkTyajgbHUM € BUBUEHHS NMHUTaHHS MIIHOCTI ac(anbToOeTOHHMX
mapiB Mif Ji€l0 AOTUYHHX HANPYXEHb, OCKUIBKH B PEANTbHHX YMOBaX BOHH
JIOCUTH €J1a00 YMHATH OMip 3cyBY. [[ppuoMy 3/1aTHOCTI YHHUTH OIIp LIUM JisIM
CHPHSIOTH JIOJAaTKOBI O0'€MHI CTHCKaro4l HampyKEeHHs B PO3TJISIHYTIH 30HI 1
3MEHIIYIOTh HAIPYKEHHS PO3TATY.
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a [

Puc. 1. 3HaueHHs rpaHUYHUX HANPYKEHb PO3TATY Oy (a)

1 3CyBHUX HaIpyXeHb T (6) mst acambTOOSTOHHUX MaTepianiB

3 ommsaay Ha i OOCTaBMHM, MOXKHAa CHpOOYBaTH BCTAHOBUTH JIESKi
HaAMOIIBII  3aranmbHi  OCOONMBOCTI 1 TEHJAEHNIi HACTaHHS TI'PaHUYHMX
HaINpyXeHO-IeOPMOBAaHUX CTaHIB KOHCTPYKILIH JOPOXKHBOTO OJATY, SIK
[IapyBaTUX MAacCHBIB JIOPOTH, METOJAMH TPUBHMIPHOI Teopii NPYKHOCTI,
BHU3HAYAIOYM 30HM 3  HAWOUIBIIMMHM  pPO3TATYIOUMMH Ta  3CYBHUMH
HaNpYKEHHSAMH 1 aHANl3yl0OuM YMOBH, TPH SKUX MAIOTh Micue TXHI HalOiLmbI
HECTIPUSITINBI KOMOIHAIIIT.

2. [MocranoBka 3amaui.  ChopmynoeMo  3afady NOpo  BU3HAYCHHS
HaNpYXEHO-IeOPMOBAHOTO  CTAaHy KOHCTPYKWii  JOpOrW  mia  Ji€ro
TPAHCIIOPTHUX  HABaHTaXeHb. JIOCHITUMO  XapakTep  pO3MOJUTY  30H
PO3TATYIOUMX 1 3CYBHUX HAIpPYXXEHb IIiJ] KOJECAaMH BEIMKOBAHTaKHOTO
aBTOMOOLIIS (pric. 2) 3 METOIO aHAJI3y BIUTUBY HAKJIAJICHHS ITOJIIB HATIPYXKCHb B
3aJIC)KHOCTI BiJl MDKOCBOBHUX BIJICTaHEH « @ » 1 «b » 1 BificTaHEe! MiX KoJiecaMu
«c» 1 «d». byngemo BBaxaTH, IO BIANOBIJHO A0 3araJbHONPHUUHITOL
MeroaukK [1] 1 pe3ysibraTiB HaTypHHX CIOCTEPEXKEHb IUIIMA BiJl KOHTAKTY
Kojleca 3 IIOBEPXHEI0 JIOPOKHBOrO MOKPHUTTA (puc. 3) sBisie  co00r0
MPSMOKYTHHUK (pHcC. 4), IHMpPHHA «e» SKOr0 BH3HAYAETHCS KOHCTPYKIIEFO
KoJIeca 1 He 3MIHIOETBCS 31 3MIHOK HABAHTAXKCHHS HAa KOJECO, a BUCOTA « f »
3aJIC)KUTH B [OTO HABAHTAXXCHHS TaK, IO PiBHOAIfOYa P KOHTaKTHOTO
THCKY « p» JIOPIBHIOE CHIIi, IO JIi€ HAa KOJIECO, TOOTO

P=p-ef. (M
Tyr p — THCK B THEBMATHIII.
[puitmemo, mo P i p Bimomi, Toai BUcOTa « f » IUIAMH BH3HAYAETHCS
piBHICTIO

f=Pl(p-e). )
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Puc. 2. 'eoMeTpuyHa cxeMa pO3TallyBaHHS KOJIIC TPHOXBICHOTO aBTOMOOLIIS

Binbutku Komic

/l,
T~

Puc. 3. KoHCTpyKTHBHA CXeMa JOPOKHBOTO MacUBY

[IpencraBnena 3amaya € TpuBuMipHO®O. Jlyst 11 po3B’s3aHHS HEOOXiTHO
IUIOIIMHAMM X = const, y=const, z=const BUIUITH 13 3arajJbHOro

HEOJIHOPITHOT'O IIapyBAaTOr0 MacuBY MPSIMOKYTHHUH mapajesemnines i, 3a1aBIiu
BIJMOBIMHI TI'paHW4YHI YMOBM Ha BIJNOBIIHUX TI'PaHUYHUX IUIONIMHAX,
PO3B’s13aTH BIAIOBIHI PIBHSHHS T€OPIi MPY>KHOCTI YNCEITBHUM METOJIOM.

[Tpn moOyn0Bi IUX PIBHSHB BPAaxyeMo, 110 MIBUAKOCTI MONIMPEHHS XBHJIb
MPY)KHUX JIedopMariiii B MacHBi, 10 PO3MIISIAETHCS, (CKIAI0BI COTHI METPIB B
CeKyH/y) Ha0araTo NEpeBHIIYIOTh HIBHAKOCTI pyxy aBToMoOLmiB. Tomy
HaBaHTa)XEHHS BiJ CHJ TSOKIHHS PYXOMOTO TPaHCIIOPTHOTO 3aco0y MOMKHA
BBKATH KBa3iCTATUYHMM 1 3a7a4y (GOPMYIIOBATH B CTATHYHIN TTOCTAHOBIII.

BBaxkaemo, 1110 KOHCTPYKIisl JOPOTH CKJIAAAETHCS 3 YOTHPHOX INApiB, M0
JeXaTh Ha I'PyHTOBi ocHOBI (puc. 3). Hamamo im HOMepn 1-4 B mopsiaky
CITiTyBaHHS 3BE€pXy BHH3, HOMEP 5 MPHCBOIMO IPYHTOBIM OoCHOBI. Tozi B Mexax
KOKHOTO (parMeHty 1-5 10Oporu 3aJ0BONIBHSIOTHCS DPIBHSHHS TPYKHOL
piBHOBaru [4]

Vi + (A + W) grad divii = 0. 3)
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Tyr A i W — mapamerpu Jlsime. BoHH BHpaKarOTHCS 4epe3 MOIYJIb
npyxHocTi E 1 xoediuient [TyaccoHa 3a JOMOMOroro CIIiBBiTHOIICHB
A= VE u=—Lt
(1+v)1-2v)° 2(1+v)
Ha BinpHMX mnomusax mapy | 1 TpyHTOBOMY
MacHBi 3aJaHi YMOBU PIBHOCTI HYJII0O HOPMAJIBHHX i
JIOTUYHUX HarpyKeHb

\@
N

6,=0, 1,=1,=0. 4
Y MeKax TIUISIMH  KOHTaKTHOi  B3aeMopil Y
HaIIpY>XXCHHSA O'y I[OpiBHIOC TUCKY p B HHeBMaTI/IHi, - [ >
TOM
y Puc. 4. Cxema nnsiMu
6,=-p. (5)  xomrakty mix komicHnM

ITHEBMATHKOM 1

Ha mnommHax 3wieHyBaHHS CyMIKHHX HIapiB, a
TIOBEPXHECIO MMOKPUTTSA

TaKOXX YETBEPTOro IIapy 3 IPYHTOBOIO OCHOBOIO
3a/1aBaJIMCsl YMOBH HETIEPEPBHOCTI IEpeMillieHb
U =U;, Vi =V, Wig=w (i=23..5). 6)

Jlist po3B’si3aHHs 337124l OYB BUKOPUCTAHMH METOJI CKIHUEHHUX EJIEMEHTIB.
[Tpn npoMy BHIUNIEHHUH JUIS PO3paxyHKIB IIapyBaTHH MacuB po30MBaBcs Ha
TPUBUMIpHI CKiHYeHHI eneMeHTH (puc.5) 1 cucrema aupepeHIiaTbHIX
PIBHSIHB 3aMiHIOBaJacs CHCTEMOIO alreOpaiyHuX CKiHYEHHO-EIEMEHTHHX
PIBHSIHB

(K, J{u} =g}, (7
copMOBaHUX 3 ypaxyBaHHAM IpaHU4YHUX piBHAHb (4) — (6). Tyr [K,] —
MaTpHIsl JKOPCTKOCTI JUIsl CKIHYEHHO-EJIEMEHTHOI MOJIeNIi BChOrO MPYXKHOTO
MacHBy, {u} — BEKTOp BY3JIOBHX IE€pEMIllleHb, {¢} — BEKTOp HABaHTa)KEHHSI.

Puc. 5. CkiHUeHHO-eJIeMEeHTHA MOZIeNIb Iepepidy JOPOKHBOTO MaCUBY

B pesynbrari po3p’si3aHHs 1Li€l cUcTeMH OOYMCIIOBAIMCS jAedopMarii y
BCIX By3JlaX CKIHYEHHO-EIEMEHTHOI Mojelni 1 OyayBasucs IOJs HalpyKEHb.
OO0poOKa pe3ynbTaTiB 00UHCIICH MPOBOAMIACS 13 3aCTOCYBAHHSM CIICIIAIbHO
PO3pO0JIEHOr0  MOCTIPOIECOpa, IO  JO3BOJSIE  KOXKHOMY — 3HAHJIEHOMY
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3HAYEHHIO IIyKaHOl (QYHKIIi CTABUTH Y BIJNOBIIHICTH KOJIHOPOBUH Ma30K Ha
BUIJICHOMY TIOJi 1 3a JIONOMOTOI0 KOJHOPOBOI IIKaJM iMeHTH(]IKYBaTH iX
BEITUYHHH.

3. Pe3yabraTu unceJbHOro anajisy. /s ananisy oOpaHo yotupumiapona
KOHCTPYKIIiSl IOPOXKHBOTO TOKPUTTS 3 rabapuTHUMHU po3Mipamu L =245 u,
L,=235m, Ly=115m, L,=7,5m. Marepianu mapis, iXx TOBLIIMHH I
MeXaHiuHl BJIACTHBOCTI OOpaHi HacTymHumu: map 1 — achanbTodeToH
npiduozepuuctuit, h=0,05u, E=5 10°Ia, v=0,2; map 2 — acaibTo0eTOH
nopuctuii kpynuosepunctuii, h=0,1n, E=14-10°Ia, v=0,25; map 3 —
mebins, h=02m, E= 0,4'109Ha, v=03; map 4 — micox, h=0,2m,
E=0,1-10"ITa, v=03; rpyur — h=2,5u, E=0,1-10°ITa, v=035.

Jlns  po3paxyHKY BUAIJICHMH MacuB JOpOrH AOBXHHOIWO [ =18 M.
CKiHYEHHO-EJIEMEHTHA CXeMa MepeTHHY KOHCTPYKIIii JOpOrH Mpe/icTaBlieHa Ha
puc. 5. 3aranbHa KUTBKICTh CKIHUEHHHMX elleMeHTiB Juiss Hel ckiano 331104,
YHCIIO BY3JiB — 236475, 4ucio mykaHux HeBioMux — 687633.

B pobGori [1] ™eTomamu eKCHEPHMEHTAIFHOTO 1 KOMII'TOTEPHOrO
MO/ICTTIOBaHHSI BCTAHOBJICHO, 1110 B3a€EMHHI BIUTUB IOJIIB HANIPYXXEHb Bij KOJIIC,
SIKI 3aKpITUICH] Ha JIBOX HAHOMIDKYMX CYCITHIX OCSIX aBTOMOOuUIS (puc. 2), He
nepesuinye 10%. ToMy Ha MOYaTKOBOMY €Talli BBaXKAJIOCS, IO HA BEPXHIl
miap Jii€ BepTHKalIbHEe HABAaHTAXKEHHS BiJl OJJHOTO KOJieca, SIKe PO3TallOBaHe Ha
OJHIH Oci, 1 sl HABAaHTA)XKEHb BiJl 1HIIUX KOJIIC HE BPaXOByBalach. Y 3B'SI3KY 3
THM, IO 33/1a4a PO3B’s3yBajacs B TPUBUMIPHIN MOCTAHOBIII, & MIAPW TTOKPUTTS
MaloTh Mally TOBIIMHY, BEpPXHIM map OyB anpOKCHMOBAaHHWH BCHOT'O JIHIIE
JIBOMa €JIeMEHTaMH 10 BEPTUKAJII.

3 ypaxyBaHHSM TOrO, IO PO3IJIAHYTa CUCTEMa Ma€ CUMETPII0 BiJJHOCHO
mwiomuHu z =0, sKa MPOXOIUTH Yepe3 OChOBY JIHIIO KOJIC, VI PO3PaXyHKY
BHUJIUUICHUIA MAacHB JOpOrd, oOMexeHud miommHamu z=0 i z=18m. VY
MaTeMaTW4Hiil MoJeni Ha [UX IUIONIMHAX 3aJaBajuCsl TPaHW4YHI YMOBH
CHUMeTPii.

Ha puc. 6 y kombopoBoMy 300pa)K€HHI ITOKa3aHO TMOJSI PO3IOJITY
BEPTUKAJIBHUX IEPEMIIlleHb B Iepepisi TopokHboro macuBy. CrpaBa mojaHa
IIKajia 3Ha4eHb KOJIbOPOBOI MaNITPH, KA BIANOBIAA€ 3HAYCHHSM I€pEMilIeHb

u,(x,y) . SIk BUTHO, MaKCUMaJIbHE TIEpEMIIIIEeHHs CKJIaJo 3 - 10 . IIpu upomy

MaKCHMaJlbHI 3Ha4eHHs (YHKIIH HaIpy>KEeHb JIOKAIi3yIOThCS Yy TPHIETIii 110
KoJieca 30Hi. B 3B'I3Ky 3 MM, TYT IOpEYHO 3BEPHYTH yBary Ha BUCHOBKH, SIKi
3po0JieHI aMepUKaHCHKMMHU BYeHMMH B poOoti [1]. BoHu Bim3Hauwmmy, mio
OCKIJIbKH, KOHCTPYKIliSl JIOPOTH CKJIQAA€ThCS 3 TOHKHMX IApiB ITOKPHUTTS,
JIOBOJIUTHCSL iX aNpOKCHMMYBaTH CKIHUCHHUMHM MallUX pO3MipiB 1 Juist
JIOCSITHEHHSI HEOOXiMHOI TOYHOCTI TPHUXOAMTHCS OyIyBaTH CKiHYEHHO-
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€JIEMEHTHI MOJIeNIi 3 BEIMKUM YHCIOM CTYINEHIB BUIbHOCTI. B pesymbrati
po3B’si3aHHs, C(OPMYJTBOBAaHMX TAaKUM UYHHOM CHCTEM pIBHSHb, BHMarae
BEJIIMKOTO 00CATY PO3PaxyHKOBOIO 4Yacy Ha CYYacHHX IIBHJIKOMIIOUMX
KoMIT'toTepax. Tomy Uit SKICHOrO aHallizy TOJIB HampyXeHb y (parMeHTax
KOHCTPYKIi 1 BCTAaHOBJICHHS HAWOLIBIN 3arajJbHUX 3aKOHOMIPHOCTEH iX
posnoniny B poboti [1] 3ampormoHOBaHO pPO3B’sA3aTH JBOBUMIPHY 3ajady B
mwiomuHi Oxy, sKa TPOXOIUTH Yepe3 BICh aBTOMOOUIA IMEPIICHIUKYISPHO

HanpsiMky Oz J0poru.

0.000299
0.00028

0.000261
0.000243
0.000224
0.000205
0.000187
0.000168
0.000149
0.000131
0.000112
0.0000934
0.0000747
0.000056

0.0000373

0.0000187

o Il

Puc. 6. ITone nepeMilieHs B MapyBaTOMy MacHBI Iif i€I0 HABAHTAXKEHHS BiJl OJTHOTO KOJIECO

VY HamoMy BHWIIQJKy BIiZICTAHP MDK CEpEJUHHHMHU IUIOIIMHAMHU KOJIIC
¢ =0,365.m, HeHTp KpalfHHOTO KoJIeca BiaJICHUH BiJl KPato MMOKPHUTTS JOPOTH
Ha BenmuuHy 0,5.M, mmpuHa KOHTAKTHOI TwisMu e =(0,2 m, IHTEHCHBHICTh
PIBHOMIPHO PO3IOJIJICHOr0 THCKY KoJieca Ha ITOBEPXHIO JIOPOTH JOPIBHIOE
TUCKY B tHeBMaTHui p = 0,8 Mla.

3aBAsSKM MOJICIIOBAHHIO 3a/ladi B JIBOBUMIPHIH TOCTAHOBIN, BIAIOCS
ICTOTHO 3TYCTHTH CKIHYEHHO-E€IEMEHTHY CIiTKy B IomuHi XoY i
anpOKCUMYBAaTH BEpXHIM IIap JecsATbMa psilaMH CKIHYEHHHX EJIEMEHTIB Yy
Bucory. [Ipu Takiit anpoxcuMarii 4uciao CKiHUeHHUX EJIEMEHTIB y BCili Mozeni
BusiBWiIOCsT piBHUM 195028, umcno ByszmiB — 294777, dWucno mIykaHuX
niepeminieHs — 687600.

Ha pwuc. 7 moka3aHo mepeTMH KOHCTPYKII JOpOrM Tij KojecaMu B
AedopmoBaHOMY cTaHi. MaKCHMasbHE NEPEMILCHHS U, 1111 KOJIECAMHU CKJIAJo

3,23-10° m.
[lone posmojisly HOPMAadbHUX HaNpPYKEHb O, Ha TIOPU30HTAJIbHHX

IUIOIIA/IKaX MPYXKHOIO MacuBy IpeicTaBieHO Ha puc. 8. Bonum Bcronu
BiJI’€MHI, TOOTO € CTUCKAIOUMMH 1 IIBH/IKO 3MEHIIYIOTHCS IO BEPTHKAJI.
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0.00823
0.00303
000283 ©
0.00262
0.00242
0.00222

0.00202

0.00182

0.00161

0.00141

0.00121

0.00101

0.000807
0.000605
0.000404
0.000202
0.

Puc. 7. Ilose nepemilieHb B apyBaTOMy MAacHBi i1 Ii€F0 HABAHTAXCHHS BiJl IBOX KOJIiC

al=at

Puc. 8. Ilone nanpyxens Gy nepepisi JOPOKHOTO ITOKPUTTS

Bimermn icToTHWIT iHTepec TpeACTaBIsE XapaKTep pPO3MOITY B Tepepisi
GbyHKIIi HOpMaNbHUX HaNpyXKeHb O, , OCKiJIbKH BOHHM € 3Hako3MiHHMMH. Ha
puc. 9 TUITHKM MaKCUMAaJIbHUX 110 MOJYJIIO BiJI’€MHHX 1 JIOIaTHUX HAaNpYyXEeHb
BUIiJIeHI OKpeMo. BoHM MaloTh Miclie y BepXHiil 1 HWKHIM 30HaX MepIioro i
Jpyroro 1mapiB  ac(ajbTOOETOHHOI'O TOKPHUTTS, MNPUYOMY CTHCKAro4i
HaNpY)XEHHs ICTOTHO TEPEBHINYIOTh 3HAYCHHsS HaNpyXeHb po3Tsary. Takumit
XapakTep PO3MOJiTY HalpyKeHb O, MOMKHA MOSCHUTH THM, IO 3HAYEHHS

MOJyIiB mpyxHocti E;, E, IBOX BEpXHIX HIapiB Habarato OULIbIII MOJIYIIB

MIPY)KHOCTI HIKHIX HIapiB, TOMY JIBAa BEPXHIX [Iapy MOXKHA BBa)KaTH ILIUTOIO,
sIKa JIGKHUTH Ha TPYKHIH OCHOBI, YTBOPEHY JIBOMA IlIapaMH, SIKi HIDKYE JIeKaTh,
1 IPYHTOBHM MAacHBOM, @ KOHCTPYKIIIO TIOKPHUTTS JJIsl 0OpaHOI0 HABAHTAXKECHHS
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MOXXHa MOJIEJIIOBATH SIK 3TMH IUTUTH HA MPYXKHIM OCHOBI. Y IIbOMY BUIAIKy
BEPXHI €IeMEeHTH mapy | CTHCHYTI, a HWKHI €JIEMEHTH HIDKHBOrO mapy 2 —
postsrHyTi. [IpuponHo ovikyBaTH, 110 YTBOPEHHS TPILIMH 1 PYHHYBaHHS i€l
KOHCTPYKIIi Ma€ IMOYMHATUCS 3 HWKHIX €JIEMEHTIB JpYroro mapy, SKIIO
TIPUYUHOIO PYHHYBAaHHS € PO3TATHEHHSI.

Y o,

813642,
634573

256603,
~23367.
~302337,
~£81307.
~$60277. i
~1139246.
14182186,
11..,‘5175!775??1!’!!355",3!‘7’!!!!Fﬂ!'I?Tfft“ff“fﬂiﬂﬂ!}«w. 1007100
ey . 07156,
2266128,
2634006
2813086
~3002036.
IV wap 3371008

Puc. 9. Tlone nanpykenb Oy nepepisi JOpOKHLOTO TIOKPUTTS

3BepHEMOCS Tenep [0 TOJIs PO3MOJLLY AOTHYHHMX HANPYKEHb T, , IO
JIOTh Ha IUIOMIAJKAX X =const B HampsMky oci Oy (puc. 10). 3oHH iX

MaKCUMAJIBHUX BCIUYMH BUJIUICHI B MPSIMOKYTHUKH 1 1X YHCIIOBI 3HAYCHHS
ITOJIaHi TPABOPYY HA KOJBOPOBIiil mikaii. Sk i BHIIE, KOXKEH KOJTIPHUI BIATIHOK
i€l MaTiTpH BiJIIOBIIa€ IEBHOMY 3HAUSHHIO JIAHOT BETMYHHI.

CHiBCTaBISIOYM  Pe3yJbTaTd OOYMCICHh Ha puc. 91 10, Bummmemo

MaKCHMaJlbHi 3HaYeHHsI KX Benuaud: O, = 0,813 MIla, 17 =0,512 MIla.

HeoOximHO miaKpecanTy, M0 MaKCUMaJIbHI 3HAUY€HHS! 3CYBHHUX Halpy>KEHb

+ peaNi3yloThcs B 30HAX, JI€ HOPMalbHi HANpykKeHHs O, G,, O, €

CTHCKAIOUYMMH, TOMY B Hill €I€MEHTH IMOKPUTTSI MOXKYTh YHHUTH OIIP 3CyBHUM
HaBaHTaXeHHsAM. OiHaK Ui BCTAHOBJICHHS KOHKPETHOTO DIBHS HEOE3IEeKH
TUX 1 IHIIMX HANpyXXeHb HEOOXIJHO HA OCHOBI Jiarpam, NpeiCTaBICHUX Ha
puc. 1, mocmipKyBaTH OKPEMO BIUTUB KO>KHOT'O 3 IIMX BUJIIB HANIPYKEHb.
OpHi€r0 3 MPUYKH HPOrPECYIOYOro PYHHYBAHHS JOPOKHBOTO MOKPHUTTS €
TIOPYIIEHHS 3B'SA3KiB MK Horo mrapamu. Jliis aHaiisy BIUIMBY po3IIapyBaHHS
Ha TOJS HAIPY)KeHb B WOro KOHCTPYKIII MpuiiMeMo, 10 Ha JesKid AUTSHIN
JIOPOTH CTAOCs BiANIapyBaHHs IEPIIOTO Iapy Bij JPYroro i mapu MOXYTh
BIJIHO KOB3aTH BiJIHOCHO OJIMH OJHOTO0. [Tpn 11boMy B HanpsIMKy BEpTHKaIBHOL

T
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oci M)XK HUMH PEali3yloThCsl HOPMaJIbHI CTHCKAarO4i HampyXEHHS 1 KOHTaKT
MIXK HAMU 30€piraeThesl.

Puc. 10. ITone po3noainy JOTHYHHX HAPYKeHb T

xy

Jliss Takoi MOCTAHOBKM 337a4i BHKOHAHO KOMITTOTEPHE MOJIEITIOBAHHS
HaIpyXeHO-1eOPMOBAHOTO CTaHy IOKPUTTS TPAHCIIOPTHOTO HABAHTA’KEHHSI.
BBaskanocs, 110 po3LIapyBaHHS OJATY CTAlOCS Ha IUISHII, KA pO3TalloBaHA
Ha BijcTaHi Ha 2,34 M 37iBa 1 mpaBopy4 0,54 M Bij HEHTPY KOIICHOI TapH.

Po3paxyHku mokaszanu, 0 KOHCTPYKINS B I[bOMY BHIIQJIKy CTayia OijIbIn

MiJIATIMBOI0 1 1 MaKCHMalbHUA TIPOTUH  CKJIaB u;nax =351 107
BinOynacst Takox nesika mepe0yaoBa MmoiB HAIIPYKEHb.
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Gaidaichuk V.V., Mozgoviy V. V., Zaiets Yu. O., Shevchuk L.V.
SIMULATION OF STRESS-STRAIN STATES OF ROAD STRUCTURES UNDER
ACTION OF TRANSPORT LOADS

Currently, the intensity of the vehicular traffic enlarged essentially and the share of heavy-duty
transport facilities with increased numbers of axles and boosted pressure in pneumatics rose
noticeably. Therefore, the questions of investigation of the parameter and character of loads
produced by modern transport facilities, acting on the pavement coating, assume great significance.
In this connection, the necessity to elaborate, leaning upon the designing rules and results of full-
size inspections, the classification of computational schemes of the road pavement structures
functioning arose. For this reason, the mathematic models and computational methods, taking into
account the modern characteristics of transport loads and thermo-mechanical properties of the road
materials, should be elaborated with the aim to bring about the practical measures for upgrading of
the pavement coating strength.

The problem on analysis of stress-strain states of a layered road massif under action of
transport loads is formulated. The finite element model of the elastic massif equilibrium is
constructed, the computer analysis of the system is performed. It is demonstrated that the most
dangerous tensile stresses are localized in the lower zones of the second layer, while the maximal
values of the shear stresses take place in the first layer in the vicinity of the external load
application. The question of crack generation and layer destruction are discussed.

Keywords: automobile road, asphalt-concrete coating, transport loads, stress fields, stress-
strain state.
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Tauoaiiuyk B.B., Moseoeoii B.B.,3aey 10.A., llesuyx JI.B.
MOJAEJIUPOBAHUE HANTPSI’)KEHHO-AE®OPMHUPOBAHHOI'O COCTOSIHUS
KOHCTPYKIMH TOPOTH NMOJ JEMCTBUEM TPAHCIIOPTHBIX HATPY30K
IMocrapiena 3aja4a 00 ONpeJeNeHNH HAaNPsHKEHO-1e(OPMUPOBAHHOTO COCTOSHHS CIOMCTOTO
JIOPO)KHOT'O MacCHBA IOJ JEHCTBHEM TPAHCIOPTHBIX Harpy3ok. IlocTpoeHa KOHEUHO-3JIEMEHTHAsS
MOJIeNb YIPYTOro PaBHOBECUS MACCHBA, BHIIOJIHEH KOMIIBIOTEPHBIH aHamn3 cucteMmbl. IlokasaHo,
4TO HanboJee onacHble IS TOKPBITUS HAIPSDKEHUS PACTSDKEHUS JIOKAIM3YIOTCS B HIDKHHX 30HAX
BTOPOr'O CJIOs, B TO BpeMs KaK MaKCHMaJIbHbIC 3HAYEHUsS HANPSKEHUH COBHra UMEIOT MECTO B
IIEPBOM CJIO€ B OKPECTHOCTH HPHIOKEHHS BEPTUKANBHBIX cHI. OOCYXKIaloTcs BOIPOCHI
TPEIMMHOO00Pa30BaHHs U Pa3pyLICHHs CIIOEB.
KiioueBble c10Ba: aBTOMOOWIbHAs J0pora, ac(alibTOOETOHHOE HMOKPBITHE, TPAHCIOPTHEIE
HArpy3KH, I0Jie HaIpsDKEeHUI, HalpshkeH0-1e(OPMHPOBAHHOE COCTOSIHUE.

YK 539.3

Taiioaiiuyk B.B., Mo3zeosuii B.B., 3aeyv 10.0., Lllesuyx JLB. MoneawBaHHS
Hanpy:KeHo-1eOPMOBAHOr0 CTAHY KOHCTPYKHIl AOPOKHBOIO OASITY Mix Ji€io
TPAHCIOPTHUX HaBaHTa:keHb // Omip MaTepiaiB i Teopis copyxa. — 2017. — Bum. 99.
—C.45-57.

Tlocmasnena 3a0aua npo 8usHa¥eHHs HANPYIHCEHO-0ePOPMOBAHO20 CIMANY WUAPYBAMO20
Hanienpocmopy nio Ji€i0 MpaHCNOPMHUX HABAHMANCEHD.

In. 10. Bi6miorp. 6 Ha3B.

Gaidaichuk V.V., Mozgoviy V.V., Zaiets Yu.O., Shevchuk L.V. Simulation of stress-
strain states of road structures under action of transport loads // Strength of
Materials and Theory of structures. — 2017. — Issue 99. — P. 45 — 57.

The problem on analysis of stress-strain states of a layered road massif under action of
transport loads is formulated.

Taiioaiiuyx B.B., Mo3zeosoui B.B., 3aey FO.A., Lllesuyx JIB. MoneaupoBanue
HANPSKEHHO-1e()OPMUPOBAHHOI0  COCTOSIHMSI ~ KOHCTPYKIHMHM  JOPOrM  TOJ
JMeiCTBHEM TPAHCHMOPTHBIX HArpy3ok // CONpOTHBIICHHE MATEPUAIOB M TEOPHSI
coopyxennit. —2017. — Berm. 99. — C. 45 — 57.

Tlocmasnena 3adaua 06 onpedeneHuu HANPANCEHO-0ePHOPMUPOBAHHO2O COCMOSHUSA
CILOUCMO20 DOPOAHCHO20 MACCUBA NOO OCUCIBUEM MPAHCROPNIHBIX HASPY3OK.
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YK 539.3

®OPMYJIIOBAHHS TA PO3PAXYHKOBI CIIIBBIJHOIINEHHA

3AJAUI MEXAHIKA PYHHYBAHHS 1151 TIPOCTOPOBUX TLI
A AI€I0 JMHAMIYHUX HABAHTAKEHD B PAMKAX

HAINIBAHAJIITUYHOI'O METOAY CKIHYEHUX EJIEMEHTIB

B.A. Baxenos,
JIOKTOP TEXHIYHUX HaYK, mpodecop

LI. Coaoneii,
JIOKTOP TeXHIYHUX HayK, CTAPIINH HAYKOBHH CIIBPOOITHUK

M.O. BadimesBuu,
KaH/U/IaT TeXHIYHUX HAYK

0.0. YenypHa,

Kuiscoruil Hayionanwruil yHisepcumem 0yoieHuymea i apximexmypu, Kuis
Hogimpogromcvkuii npocn., 31, m. Kuis, 03680

Po3risiHyTi OCHOBHI BHXIiIHI apaMeTpH 3aJad MEXaHIKU PYHHYBaHHS Ta iCHYIOYi METOIUKH
PO3paxyHKy JJIsl HEOAHOPITHUX MPOCTOPOBHX TiJ 3 TPIIIMHAMH B yMOBaX HETIHIHHUX AUHAMIYHHX
BILTHBIB.

KuiouoBi cioBa: quHamika, TpilWHa, IPU3MATUYHI TiNa, Tijla 00EpTaHHs, HaliBaHAI THIHUH
METOJ| CKIHYEeHHX eJIeMEHTIB, HeNiHiifHe nedopMyBaHHs, Clel[ialbHUI CKIHYEHUIT elIeMeHT.

Beryn. B monepennix po6otax [2, 7, 8], mpUCBIYEHUX 3ajadaM MEXaHIKU
pyHHYBaHHS TIpH JUHAMIYHMX HaBaHTAXXEHHAX, aBTOPH OOMEXYyBaJUCh
JIOCTI/DKEHHSIM ~ [IPOCTOPOBUX MPU3MATHYHHMX TUT Ta TUT 0OepTaHHSA 3
TIO3/JOBKHIMH TPIIIHAMH B MEKaxX MPYXHUX AedopMariii.

JlaHa cTaTTs NpUCBSYEHA TIOCTAHOBIII HOBOI 3ajadi, sIka 3HAYHO PO3IIMPIOE
Kjac 00’€KTIiB, IO JOCIIKYEThCS, SK 3a TEOMETPUYHUM, TaK i (Qi3MIHUMHU
XapaKTEepUCTUKAMHU.

[Tnanyetbes po3pobutu Ha 6a3i HMCE HOBI migxomu Jjisl BHU3HAYCHHS
napaMeTpiB  TPIMIMHOCTIMKOCTI B TPOCTOPOBHX  TilaXx 13  CYTTEBO
HEOIHOPITHUMH (i3UKO-MEXaHIYHUMHU BJIACTHBOCTSMH IIPY HAsIBHOCTI TPIiIIWH,
110 PO3BUBAIOTHCS i JI€0 TMHAMIYHOTO HaBaHTa)KEHHSI.

Jnst mpoBenmeHHs AOCTiKEHb OOpaHi 00’€KTH, KOXKEH 3 SKAX Mae
XapakTepHi OCOOJIMBOCTI, BpaXxyBaHHS SKUX IOTpeOye SIK KOPEKIil METOIMK,
PO3pO0IIEHNX B TIONIEpeIHIX po0OTaX, TaK 1 CTBOPEHHS HOBUX.

OpHuM i3 O3Ha4eHHX OO’€KTIB € OMOPHWI NMPUCTPIH, SKUH SBIISIE COOOFO
LIUKJIIYHO CHMETPUYHE TUIO 3 TPaHWYHUM BHIIAJKOM HEOIHOPITHOCTI (IHB.
puc. 1), To6TO 00’€KT MICTUTH BHPI3H, SIKi IOPYIIYIOTH OCBOBY CHMETPIO
¢dopmu. Kpim toro, sik Oyino mokazaHo B poborax baxenosa B.A., I'ymsapa O.1.,

© Baxenos B.A., Conopeii 1.1, Ba6imesnu M.O., Yenypua O.0.
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Comnozes 1.I. mpyu KBazicTaTUYHKX Ta TUHAMIYHUX HAaBaHTAXKEHHSAX HA TPAHHIIIX
3’€IHaHb IWJIIHAPUYHOI YaCTUHU 3 BHUCTYIIAaMH BHHHMKAIOTH 30HH IUIACTUYHOI
teuii. [Ipy HasBHOCTI TpIIMH B LUX 30HAaX, 32 YMOBH JHHAMIYHOT'O
HaBaHTAXXEHHS, 3aCTOCYBaHHS TpPAIMIIMHUX IIOXOMIB JO0 BHU3HAYCHHS
TPILMHOCTIHKOCTI 00 €KTY € HEMOXXJIMBUM, OCKUIBKM IapaMeTpH 3ajadi He
BIJINIOBIJAIOTh TUM OOMEXEHHSM, sIKi HaKJagaloThcsa Ha 3acrocyBaHHs KIH um
J-interpana. Ha mnpukmazi TOCTIDKEHHS 3alUINIKOBOI MIITHOCTI CTHKOBHX
HaKJIaJIOK KuTiB Jitaka Trmy MII'-29 ta nunamivHoro neopMyBaHHS 3aXHCHOT
00O0JIOHKH peakTopa 3 T03/I0BXKHBOI0 TPIIIMHO0, TIAHYETHCS IPOBECTH aHAaIli3
€(QEeKTHUBHOCTI 3aCTOCYBaHHS HOBOTO ITapaMeTpa TPIIIUHOCTIHKOCTI

3afHiAn NOHXepoH ) Bici ctpnurepis nepeaHin NOHKepoH
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NOWKOAXEeHHA KOPO3IE A Hl —p

Puc. 1. OnopHuii mpucTpiii, KUTb JiTaka Ta 3aXHCHA 000JIOHKA peaKTopa (3arajJbHHI BUIIIS)

1. Buxigni cniBBigHomennsi. Onuc TeOMETPUYHUX 1 MeEXaHIYHHX
XapaKTEepUCTUK O0’€KTIB, MOYATKOBUX 1 TPaHWYHUX KIHEMAaTHYHHX YMOB,
30BHIIIHIX HaBaHTAXEHb 3/IHCHIOEThCS B Oa3WCHIH OPTOTOHAJIBHIA KPYroBiit

LWJTIHIPUYHIA 200 NeKapToBii cucTeMax KoopAuHat Z i,

BBakaeThcs, 0 B Oy/Ib-SKii TOYIN TiJIa BiJOMHI OTHO3HAYHUH 3B'I30K Mixk
0a3MCHOI0 1 MICIEBOI0 CHUCTEMaMH KOOPJHMHAT, SIKMHA BH3HAYAETHCS 3a
JIOTIOMOT' OO MIPSIMOT'O 1 3BOPOTHOT'O TEH30PIB MEPETBOPEHHSI KOOPIUHAT:
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=02 (1)
T T oz
Tyt i Hamami, iHIEKCH, IO MO3HAYCHI JJATHHCHKUMH JTiTepaMH, TPUHAMAaIOTh
3Ha4YeHHs 1, 2, 3; a rpenpkumu — 1, 2; KoMa Tepe] iHISKCOM TTOKa3ye OIeparlito
JdepeHIiFoBaHHSI.
KoBapiaHTHi KOMIOHEHTH METPHUYHOTO TEH30pa MICIEBOI CHCTEMH
KOOPJIMHAT MOXXHA TIPEJICTABUTH Yepe3 KOBapiaHTHI KOMIIOHEHTH Oa3WCHOI
CUCTEMU:

__m'_n
i =Zi Z;8mn- (2)
KonTtpaBapiaHTHI KOMIIOHEHTH 3HAXOAATHCS IO BiJOMUM KOBapiaHTHUM:
i Algy)
g T = > (3)
g

Ae A(g;) - arcOpaiuHe IONMOBHEHHs 10 enemeHra g, g=det[g;]

BHU3HAYHHUK MATPHIII.
B 3arampHOMy BHNaJKy KOMIIOHEHTH TeH30pa nedopmamniii B Micuesii
CHCTEMI KOOPMHAT BU3HAYAIOTHCS CITiBBIIHOIICHHSIM:

1 k
& =5 (ui j+u; )~ Ty, “4)
Ju; .
ae u; ;= gj_, l"f; - cumBonu Kpucrodens apyroro pony, u; - nepeMillleHHs B

MICIIEBill CHCTEMi KOOpJHHAT.
Jlns 3pydHOCTI TmpeicTaBuUMO TiepeMilieHHs 1 cumBonu Kpucrodens ix
3HAYCHHSAMH B 0A3UCHIN CUCTEMI KOOPIUHAT:

U =z e, ®)
oz,

k _ k. _m'| _n'+r ¥
rl] = xr/Z,l' Z,j rm’n’ + a | (6)
Z

ze
s’k s’
Z’kx’r' = 8’.'. (7)
[Micns migcranoBku (5) — (7) B (4) orpuMaeMo QopMmyny Uisi MOAAHHS
KOMITOHEHT TeH30pa zedopMaliii B MiCUEBiif cHCTeMi KOOpIMHAT Yepe3
KOMIIOHEHTH TepeMillieHb B Oa3ucHiil [3]:

1 k’ k’ m’ _n'yk’
& —5(“1«,1'2,./ YUy 2, )‘”k'z,i Zj V- ®)
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Onwuc npu3MaTHYHUX T Ta TiJl 0OEpTaHHS 13 3MIHHUMH T€OMETPHYHUMH Ta
(hi3UKO-MEXaHIYHUMH TTapaMeTpaMu HaWOUIbII IMPUPOJHO TPOBOAWTH B
OPTOTOHAJIbHIN IMITIHAPUYHIMH:

2\2 2 2 =3 3 1
grr =8 =1, gyy =(27)", Tyy ==27 , T3y =Ty -7 ©)

Ta I[eKapTOBifI CHUCTEMAX KOOpAWHAT:

grr = &y =8yy =1, Ff'm' =0. (10)

B npomy BHmajmky KOMIIOHEHTH METPUYHOTO TEH30pa B MiCIEBii cucTemi
KOOPJIMHAT TIOTAl0THCS Yepe3 KOMITOHSHTH B Oa3HCHiH 1o hopmymi:

gy =2l s e g an

3B’A30K MiX NepeMilleHHIMHU 1 jaedopMmauismu (8) MOXHA 3amucaTH y

BUTJISI:

g, = %(ukr,lz,kj + ukr,jzf )—uzfz,}l- z?jl'%ry —u3rz§ zfjri,y —u3fz’3l~ z’zj Fgrzf. (12)

BaknuBMM YacTKOBMM BHNAAKOM, IO Ma€ CaMOCTIHHE IpakTU4HE

3HAYEHHS, € 00 €KTH 3 HANPSIMHOIO KAHOHIYHOI (POpMH, IS SIKUX T€OMETPUYHI

piBasHHsA (12) 3HauHO crpomrytoThes. lle Hacammepen HEOAHOPITHI KPYyrosi

Tija oOepTaHHS Ta TPU3MATHYHI TNPSIMOJIHINAHI Tija 13 3MIHHOIO IUIOLICIO
MIOTIEPEYHOr0 TIepepizy.
B cuny 30ibxHOCTI PR A , Ta OPTOTOHAJIBHOCTI iX /O IUIONMHU
TIOMEPEUHOTro TIepepi3y B WMIiHAPHYHi crcTeMi KoopauHat (0 < x° < 27):
¥ o_ o _ 3 _
zy=23 =0, z3 =1, (13)
B sieKkapToBiii (0< x° <2):
Z:ix:Z% =0,z33=a, (14)
Jie a — IOJOBHHA JAOBXKUHU TiIa.
BpaxoBytoun (13) i (14), crmiBBimHomenHs (12) mpuiiMaroTe BUITISI B
OPTOTOHAJIbHIN HWIIIHAPUYHIN CHCTEMI KOOpAMHAT:

>
1y v 1 v 2z uy
€p = E(Z,a”v’,ﬁ +zp ”y',a): €3 = 3| U3 +Z gy ——Zz, , (15
— 2’
€3 =Uy3+ 72" u,,
B JICKApTOBIIi:
_1( vy Y
€up = E(z,auy',ﬁ +zp uy,ﬂa),
_1 Y 16
€3 =35 auy o+ Z gy 5 | (16)
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€33 = dliy 3.
KoMmmnoHeHTH TeH30pa Hampy)KeHb B MICIEBIfl CHCTEeMi KOOpJIMHAT
BUPAXalOThCS 4epe3 KOMIIOHEHTH TeH3opa Jedopmaiiii Ha  OCHOBI
y3arajnbHeHoro 3akony I'yka [3]:

o’ =d"g,. (17)

B i30TpomHOMY Tijli KOMIIOHEHTH TEH30pa MPY)KHHUX CTANUX d” moB's3aHi 3
koedinientamu Jlsme A i | criBBinHOMmEHHs MU [3, 5]:

d™ =ng"g" +u(g”g" +g"g"), (18)

ne A=—2BV £ E=EZ"), v=v(Z") - 3uauenns

Ta—2v)a+vy’ T 20+
MOJIyJIs TPYXKHOCTI 1 KoedinienTa [Tyaccona B Toui Tina, 0 pO3MISIaeThCs.
[Mpunyckaerbes, MO B MMpoLECi HAaBaHTaXEHHS B 00’€Mi Tila BUHUKAIOTh

e

npyxkHi &, 1 MuUTTeBI Muactuuni ¢ aedopmanii. Onuc mIacTU4HOrO

p
nedopMyBaHHS MaTepially IPYHTYETBCSI HA HACTYITHUX 3arajibHAX TiMoTe3ax Ta
TIPUIYIIEHHSX, 10 0a3yI0ThCS Ha eKCIIEpUMEHTAIBHUX JaHuX [3]:

1. Matepian Tina ogHOPIAHUH 1 130TPOMHUIA, 3MiHa HOro 00’eMy - JiHIHHO-
MpY)KHA:

po_
ey =0. (19)

2. KowmronenTu TeH3opa mpupocty jedopmariii d€; ckuagaoThes 3

IPUPOCTY NPYKHUX d€;; i MIacTHYHUX d€] CKIANIOBHX:

de; =dej; +def. (20)
3. 3BOpoTHa 4YacTWHAa TEH30pa MPHUPOCTY JaedopMalliii  OJHO3HAYHO
TIOB's13aHa 3 TEH30POM HAIPY>KEHb 1 HOr0 MPUPOCTOM:
de = ky,do" + dky, 6" (21)
4. OOmacth TpYKHUX Jedopmariii OoOMeX)eHa ITOBEPXHECK TEKY4JOCTi,
PIBHSIHHSI SIKOi B IPOCTOPI HAMPYXKEHb MA€ BUTJISI;

f(6",0)=0, (22)
Jie X - mapamerp 3MilHeHHS.

5. VY BiamoBigHOCTI 3 acoliffOBaHUM 3aKOHOM IUTACTHYHOI Tedii IUIacTHYHi
nedopmarii po3BUBaIOTHCS IO HOPMaJTi JI0 TIOBEPXHI TEKY4OCTi:

of
p = —_—= .e
dej = dh as, dAS;;. (23)

Jlmst i30TpONMHO 3MIIHIOBAHOTO MaTtepialy MpH YMOBI Tekydocti Miseca
PIBHSHHS OBEPXHI Ma€ BUIVISIL
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f=55,8" -2, (24)

Je T, - TPaHUId TeKydoCTi IPH YUCTOMY 3CYyBi, ¥ = j1 /%deé’.de’; - Iapamerp

Onksicra, SY=0"-0,¢” - KoMIOHeHTH JeBiaTopa  HAMpPYKCHb,
-1
073
Pyx HeomHOpigHOrO i30TpomHOrO TiNa, 00’eMoM V', oOMexeHOro

p
c c’g;.

TIOBEPXHEIO S OITUCYETHCS PIBHAHHAM, IO € HACHIJKOM IPUHIUILY
JI’Anambepa, TOKOMIIOHEHTHa QopMa SKOro B KpPUBONIHIMHINA cucTeMi
KOOpAMHAT MpUMae BUTIIS

ﬁ%(@zﬁgc’mff = pii’ | 25)

OnHO3HAYHICTE  pO3B’s3aHHA  (25) 3a0e3medyeThCsl  3aMpOBaKCHHIM
BiJIMOBIJTHAX MOYATKOBUX 1 TPAHUYHHUX YMOB.

IToyaTkOBI yYMOBH CTaHOBUTH BIJIOMHI pO3MOAUT IEpeMilleHh Ta
HIBUJIKOCTEH B TiMi y Jeskuil (ikcoBaHUII MOMEHT Yacy f,, IKUil puiiMaeTbes
3a TI0YaTOK YaCOBOi KOOP/AMHATH:

u(Z" ty)=uy(Z2"), w(Z" ty) =uy(Z"), Z" eV. (26)

IpunyckaeThbes, 110 HAa YaCTUHI MOBEPXHI S, 3a/aHi KIHEMaTUYHI FPaHU4YHi

YMOBH:
ulZ' . y=uzZ",t),Z" €S, (27)
a Ha MOBEPXHi S, 3 HOPMALIO 7i =ne’ - NOBIILHO OPIEHTOBAHA Y MPOCTOPI
Ta y 4aci cucreMa HaBaHTa)KEeHb!
K i, _ =k K
z;0'n;,=p(Z" 1), Z" €85, (28)
[Mpn HeniniliHOMy nedopMyBaHHI MaTepialy, KOpEKIis HalpyXeHb Ha
KOXKHIH iTepalii KpoKy 3a 4acoM 3IiHCHIOETHCS 3TITHO 3 METOAMKOIO Y iJIKiHCa
3a HaCTyImHOIO (opmyIoro [4]:

t+At
T

pryry (29)

if ,t+ At if t+At if ,t+ At
o/ =l + 8 ,
° Tt+Ar

. 1 . . .
ne 6’ - KOMIIOHEHTH IIapOBOrO TEH30pY, T:JES;SZ{ - 1HTEHCHUBHICTb

JIOTHYHUX HarpyxeHb. Kopekuis HanpyxeHb 3a ¢popMyinoro (29) BUKOHYETBCS

t+At t+At
s <T7.

TiJIBKH 32 YMOBH, KOJH T
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l'eomerpuyHa iHTEpmperamis IHOTO AJITOPUTMY JUI OJHOBHUMIPHOTO
BHIIAJIKy TPEICTABIICHA HA MPUKJIAJI JiarpaMH OJHOOCHOTO JedopMyBaHHS
Marepiainy B ocax T - y (puc. 3.2), ne y - iIHTEHCUBHICTb JiehopMaliiii 3cyBy.

1
; A‘Y[nﬂl
P P
T AYpy ] AV tga =Gy
1_p -
AT 1
n+1) -
. AT W
ATy y:
1
Tsnsn) Tlnﬂl Tslnn]
T[“]:TS[n] Te
a
) Y
3
Yo Y
‘Y[n]
Puc. 2

Hexaii B 1aHuii MOMEHT 4acy n 00’€KT 3HaXOIUThCS y CTaHi, 10 BiIOBiIaE
JAN . . .
HABaHTA)XCHHIO Q i mo3HayaeThcs Ha giarpami Toukow (T(n), y(n)).

[IpupomieHHs HaBaHTa)XEHHS Ha KpOIi 3a yacoM n+1 CTaHOBUTH AQ a

n+1
TIOBHE HAaBaHTA)XXEHHS OOYMCIIIOETHCA 3a (HOPMYIIOO Q(n 1) =Q(n)+AQ(n 1) -

IlpupoleHHs HaBaHTaXKEHHS BeJe 1O 3MiHM TIEPEMIlEHHS Ha BEIMYHHY
AU, - LM nepemilieHHsM Ha nepLuiil itepanii KpoKy 3a 4acoM BiANOBifae
. . - 1 :

IHTEHCHBHICTh Jepopmauiii 3cyBy Ay, . OOuucneni 3a sakonom ['yka
HalpyXKeHHs! Ta iHTeHcuBHiCTh iX jesiatopa T, =T, +A' T(n o
TEPEBHIIYE IOTOYHY IPAHULIEO NIPYKHOCTI MaTepiany T, TOMy HPUBOAUMO ii

Yy BIQNOBiMHICTH 3 Aiarpamoro nedopmyBaHHs, TOOTO 3MEHIIYEMO IO PiBHS
1
Ts(n+l)

Buminuemm i3 TPUPOMICHHS 1HTEHCUBHOCTI JIOTUYHUX  HANpPY)KEHb

A T( =A' T( +A' T(n ) miitcay A T( i (QIKTHBHY YacTHHH

n+1) n+1) n+1)

*p

(n41) —
AIY(M) = AITZ5+1)/G1 1 IPYXKHUX Al'y("n“) = AI'Y(M) —A' y(m nedopmariii

A'T? T(n ) l‘cs(n ) 00YHCITIOEMO MIPUPOILIEHHS MJIACTUYHUX
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Ha mWepmii irepamii Kpoky 3a yacoM. CKOperoBaHi HampyXeHHs, IO
Bi/INOBIIAIOTh  1HTEHCUBHOCTI T(n)+A1Tfn +1y> TPU3BOIATH /0 MOPYIICHHS

piBHOBarm cucTteMu piBHSHb (HEB’s3kM). Ha KokHOMY Kpomi 3a yacoMm
iTepauiiHMi TpoIec 3aKiHIyeThCsl Ha iTepalii /=i, KO0 BUKOHYEThCS 3aJaHa
TOYHICTb PO3B’SI3aHHsL, 1O BIANOBI/A€ Ha Jiarpami HanpyxeHomy crany T, .
ITo 3axiH4yeHHi iTepalifiHOrO mpolecy OTPUMYEMO TIOBHI IPHPOIIEHHS
IHTCHCUBHOCTI IDTACTHYHUX JIepopMartiit

2. Ornsa kputepiiB TpinmHocTiiikocTi. PosrisiaroTecs npocToposi Tina
3 MO3/IOBKHIMH Ta IONIEPEYHNM TPILIMHAMH, 1110 PO3BHUBAIOTECS (pHC. 3).
v

zZ

./
~pOoHT
TPILLMHN

~L

NOBEPXHA  ®POHT
TPILKHA TPINHK

Puc. 3. ®parMeHTH Tij 3 TPilIMHAMA

3acrocyBanHs J-interpana Uepemnanosa-Paiica
1 9u;
(1) = £ {(W+T)nk ~fiod }dS, (30)

SIK OCHOBHOT'O TTapaMeTpa TPIIIMHOCTIHKOCTI, TIPH JOCIIKCHHI CTaIliOHAPHHX
TPILIMH B YMOBax CTaTUYHMX Ta JUHAMIYHUX HABaHTa)KEHb B MEXaxX MPYKHHUX
nedopmaniii  mokazago BHCOKY e(EKTHBHICTh Ta JIOCTOBIpHICTb. TyT

S=8,+S,+S, - moBepxHs iHTErpyBaHHs, s, - TPOEKUis HA Bich x*

OJIMHUYHOI 30BHIIIHBOI HOpMaji 0 HOBEepxHi S, f; - Mpoekiis Ha Bick x*
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BEKTOpa 3yCHJIb Ha MOBEPXHI S, u - nepeminienHs, W i T - moTeHIiaabHa Ta
KiHEeTHYHA eHeprii BiAIOBITHO.

OpHak B yMOBaX PO3BHUTKY TPILIMHH NPH HAsBHOCTI IUIACTHYHOI Tedii Ta
JIOBUTBHOI  ICTOpIT HAaBaHTaXEHHS HEOOXIJIHUM € 3aCTOCYBaHHS IHIIIOTO
rapaMeTpy pyWHYBaHHS, KU MOXKE BpaxyBaTH OCOOJIMBOCTI IMOBEMIHKH Tijia 3
TPIIMHOIO B 3a3HaueHMX ymoBax. OIHHMM 3 TakMX HapamerpiB € 7-iHTerpai,
BUpa3 /IS 3alUCy SKOTO MICTHTh JIOJATKOBHHA WIEH y BHIIISAL 1HTErpaiy 1o
obnacti, SKWA BpaxoBye HASBHICTP MacOBHX CHJI Ta HaBaHTaKEeHb,
MIPUKIIJIEHUX JI0 TIOBEPXOHB TpiHlI/IHI/I

= [+ ,a)W“-f (W +Tn, — ,a)ﬂl

I I'+S.r

oW
-6 ,,a>p(u,a ,a)f }d (31)

A
ne W - moBHa poOOTa HANPY)KEHb B MaTepiaibHIN TOUIl, sIKA BHU3HAYAETHCS
3TiAHO 3 (popMyIorO:

&

W= [o,de,;. (32)

a W
axl

SIK1 3HAXOIATHCS Ha HECKIHYEHHO MaJjliil BIICTaHI OJHa BlJ OQHOI.

PO3paxoByeThesi OE3MOCEPEIHBO IUIAXOM OOYHCICHHS B JBOX TOYKaX,

3. Creniaabuuii ckinyeHwii ejsemMeHT. [Ipy 4mcenTbHOMY JOCIIKEHHI
00’€KTIB 3 PYXOMOIO TPINIMHOK HA OCHOBI METONY CKIHYCHHX CJICMEHTIB, 5K
TIPaBUJIO 3aCTOCOBYIOTH CTallioHapHy [ 1] abo pyxomy citky [1,9,10].

BigMiHHICTB NEpIIOT MOJISTae B IEPEHOCI BEPILIMHU TPIIIMHY 3 OTHOTO BYy3J1a
Ha IHIIMH 6e3 MOopYIIeHHS TOMOJIOTiT CKIHYEHO €IEMEeHTHO] CITKH.

[ (08¢, +piidu,)dv - | Tu,ds - j 8(Tyu, )dS = 0. (33)
v S5
[Tpu 3acrocyBaHHI ApYroro MifXomy MPU POCTI TPIIIMHU 3MIHIOETHCS a00
BCSl CiTKa, a00 PYXaeThCs TUTBKM CiTKa Mayoi 00JacTi, sika OTOYYE BEPIIUHY
TPIIIUHM.
Jls mociipkeHHsT 03HAYEeHUX B CTAaTTi 00’ €KTIB Oy/ie BUKOPHUCTaHUH METON
pYXOMOi CITKM B IIOEIHAHHI i3 3aCTOCYBaHHSM PYXOMOTO CHHTYISIPHOTO
(creniabHOT0) CKIHYEHOTO eJIeMEHTa Ha BEPIIMHI TPIiIUHH.
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TOYKI HTErPYBAHHA
d*(x), p(x). o (x)

Jy1s po3B’si3aHHS qUHAMIYHUX 3a/1a4 NPYKHOIJIACTHYHOTO 1e()OpPMYBaHHS B
paMKax HaIliBAHAJIITHYHOTO METOJa CKIHYEHHHX eJIEeMEHTIB IIPOTMIOHYETHCS
IpoOJIEMHO-OPi€EHTOBAaHUH CKIHYEHHWH €JIEMEHT 3 TPIIIMHOIO, IO BPaxOBYE
HerpoHuKHeHHs 1i OeperiB. HeoOximHicTe Takoi Moam¢ikamii BHKIMKaHA
CTHOCTEPEKEHHSIMH 32 XBUISIMH HAIIPY)KeHb PI3HHUX 3HAKIB B 3a/1a4ax AWHAMIKU
B 00J1aCTi TPILIMHH.

1 1o 13
6 <0,0 " =0,0 " =0,

6" =0 - poskpurrs Geperis TpiruHH,
6" #£0 - xonrakr Geperis TpirHH, (34)
d:ﬂi’lsl — dmi'lS[ _ d;li’lsl _ dcmi'lS[ _ d;ﬂi’lsf (35)
2u A
mnst mn Qst mn mn men
=——8§"s§", S = +CClh,
» TTe (2w u® T
M =W R ), (36)

ms

d(;""‘“ =u(@HE e+
: , Kk oA "
1 =ClinClinys Cil =CCl, Ciu =cos(Z5 M y"). (37
Ilpy BUHHMKHEHHI PiBHA HaNpYKEHb, 10 MEPEBUIIYIOTH MEXY TEKydOCTi,

BHUKOPHCTOBYETBHCS QJITOPUTM 3aCHOBAaHMH Ha IOETHAHHI METOIA JOJATKOBHX
HaBaHTAaXEHb Ta iTepauiiinoi nponenypu H'totona-Kantoposuua.

s _.nt nt_ ms mt_ ns
Byo + 10 e 1 Fyn ),

4. gl=fg d'. ol=1g)
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do’ =dMde,,, (38)
" " 2 ¢ij okl
4 = gt —%, (39)

B ox

2 5P g0
3ale,.jalsp,

y= 41§(G+ 1o, j

§ S.d™de
df:a—f..dS’f +aldx=0, dav="1"_"H"
i

40
oS X ¢“0)

BucnoBku. BukoHaHMii aHali3 iCHYIOUMX MiAXOMIB J0 BHpILIEHHS 3aad

MEXaHIKU PYHHYBaHHS Il HCOJHOPITHUX TiJ 3 TPIlIMHAMH, IO PO3BUBAOTHCS
B yMOBax JMHAMIYHOTO HABAHTA)XCHHS, BKa3ye Ha HEOOXIIHICTH PO3BUTKY
YHCENBHUX METOMIB JUIS PO3B’SA3Ky O3HAYCHOrO KJacy 3ajay. TakuM YHHOM,
mojanemid  po3BUTOK 3actocyBaHHs HMCE g oOvwclieHHS JAMHAMIYHUX
mapaMeTpiB MEXaHIKU pyHHYBAaHHS B YMOBAX POCTY TPIIIUH € aKTyaTbHUM.

N —

W

10.
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Bazhenov V.A., Solodei L1, Vabishchevych M.O., Chepurna O.O.

THE FORMULATION AND THE CALCULATION FORMULAS FOR THE PROBLEM
OF FRACTURE MECHANICS OF 3D BODIES UNDER THE INFLUENCE OF
DYNAMICAL LOADS IN THE FRAMEWORK OF SAFEM

In previous works [4, 8, 9], devoted to the dynamics of destruction, the authors were limited to
studies of spatial prismatic bodies and bodies of revolution with longitudinal cracks within the linear
elastic deformations.

This article is about the creation of a new task, which greatly expands the class of objects is
investigated, both in the geometric and physical characteristics.

To research selected objects, each of which has characteristic features, which requires both
correction methods developed in previous works, and creating new ones.

One such object is a reference device, which is a cyclically symmetric body with the limiting case of
heterogeneity (see Fig. 1), that is, the object contains cuts that break the axial symmetry of the form. In
addition, as was shown in the works of Bazhenov V.A., Guliar O.I, Topor O, Solodey LI., under quasi-
static and dynamic loads at the boundaries of the compounds of the cylindrical part with the tabs having a
zone of plastic flow.
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If there are cracks in these areas, subject to dynamic loads, the application of traditional approaches
to determining the fracture toughness of the object is impossible, because the task parameters do not meet
the restrictions which are imposed on the use of the SIF or the J-integral.

For example, studies of the dynamic deformation containment with a longitudinal crack should be
analyze the effectiveness of the new parameter fracture toughness, which is in contrast to the J-integral
Cherepanov-Rice, not to have restrictions regarding the availability of the loads applied on the crack
edges.

It is planned to develop on the basis of semi-analytical finite element method new approaches for
determination of fracture toughness parameters in the spatial bodies with dissimilar physical and
mechanical properties in the presence of cracks that develop under the action of dynamic loads.

Key words: dynamics, crack, prismatic body, body rotation, semianalitic finite element method,
nonlinear deformation, special finite element.
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BU3HAYEHHS MAKCUMAJILHOI'O 3HAUEHHS
HABAHTAKEHHSI CTUCHYTOI OPTOTPOITHOI OBOJIOHOKH B
YMOBAX BHIIAJIKOBOI, HEUITKOI I HETOYHOI IH®OOPMAIIII

B.O. Bapanenko,
II-p TeXH. HayK, mpodecop kadenpu OyniBenbHOI MEXaHIKH

JI.JI. Boar4ok,
KaH/I. TEXH. HayK, TOLUCHT Kadenpu Oy/IiBeIbHOI MEXaHIKK

Tpuoninposcvka depacasna akademis 6yOIGHUYMEA MA APXIMeKmypu
eyn. Yepnuwescvrozo, 24a, m. Jninpo, 49600

B naniif po6oTi po3rismaeThes 3ajada BH3HAUCHHS MaKCHMAJBHOTO 3HAYEHHS CTHCKAO4ol
CHJIM CTHCHYTOI OPTOTPOITHOI IIUIIHAPUIHOI OOOJIOHKH IPH OJHOYACHOMY BHKOHAHHI YMOB TPhOX
TPaHUYHUX CTaHiB (MIDHOCTI, 3araJbHOI Ta MICIeBOI BTpPAaTH CTiHKOCTi) B yMOBaX HEIOBHOI
inpopmarnii. OOGoNOHKAa BHKOHAaHAa 3 CKIOIUIACTHKY, apMOBaHOIO B JBOX B3aEMHO
MepHEeHIUKYSIPHUX HaNpsAMax, sIKi CIIBIAJaloTh 3 OCHOBUM Ta OKPYXKHUM HampsiMKamu. B pobori
HaBEJICHO pe3yJIbTaTH BIUIMBY XapaKTePUCTHK iH(opMamiiiHOi TpaHynn Toi 9 iHIIOT
HEBU3HAUCHOCTI Ha ONTHUMAJBbHI pO3B’3ku. Po3pobiieHO anropuT™ peamizamil ITOCTaBICHUX
onTUMIi3aniifHuX Mozeneil. HaBeneHo 4ncioBi mpukiam.

KurouoBi c1oBa: mumiHApHYHa apMOBaHa 00OJIOHKA, HEUITKI BEJINYUHY, HETOYHI BEIMYHHH,
BUITA/IKOBI BEIMYNHH, iH(OpMalliiiHa rpaHyIia, ONTHMAIbHE IPOSKTYBAHHS KOHCTPYKILH.

Beryn

B obnacri MeTononorii onTHMaNFHOTO NMPOEKTYBAaHHS KOHCTPYKIIH Ta iX
€JIEMEHTIB 3po0JIeHO 4nMaiio. Y TOH ke 4yac, mpu (GOopMyBaHHI NMPOEKTHUX
pillIeHb 1€ PiJIKO BPaxOBYIOTHCSI HEBU3HAUEHOCTI B 3aBJIaHHI XapaKTEPUCTHK
MaTepiajiB KOHCTPYKINH, (akTopiB cepeloBHINa, MapaMeTpiB CHIOBHX
BIUIMBIB 1 F€OMETpii, CTPYKTYpH Ta iH.

Ha mouaTkoBMX eramax NpOEKTYyBaHHS IPAKTUYHO HE PO3TIISIAIOTHCS
MTUTaHHS HETOYHOCTI BUX1/IHOT MPOeKTHOI iH(dopMalii. BBeaeHHs 11X MUTaHb B
TpaIuIlifiHi CyBOpI METOAM peaii3aiii ONTUMI3aliiHUX 3a7a4 TeX He
posrmsiaytoteest. Cama  3ajada  TOIMIYKY €(QEKTUBHOTO IIPOEKTY CTae
HEKOPEKTHOIO 1 MOYKHA TOBOPHUTH JIMIIE ITPO MPUHHATHE PillIeHHS.

TakuM 4YMHOM, B Teopii NMpPOEKTYyBaHHS KOHCTPYKIiH, B TOMY YHCTi
OINITUMAJIBHOTO, JIe TIepeBaXkae JETEPMIHICTHYHUI IiJIXiJ, BUKJIMKA€E TEBHUM
IHTEepecC po3rJysin OiIbII 3araibHUX 3ajad, B SIKMX OM BpaxoByBajlach Ta YU
1HIIIa HEBU3HAYEHICTh: BUMAJIKOBICTh peallizallii, HEUiTKiCTh ONHCY, HETOUYHICTh
3aBJaHHS BUXIOHOI iH(OpMaIii Mpo mepertiueHi BUIE XapakTepucTuku. Jlis
(hopMyITIOBaHHS ONTUMI3alliHUX 33134 Ta X PO3B’sA3aHHI HEOOXITHHUN TaKHHA
MaTeMaTUYHUH amapaT, SKMd MaB OM MOXJIMBICTH anpiopi BpaxOBYBaTH Iii
HeBu3HaueHocTi [1]. Takum anapatom Juisi ypaxXyBaHHsS YAHHHKIB BUIIAKOBOL
MIPUPOAM CTaJla Teopis WMOBIPHOCTEH, Ha 0a3i sIKOi Oylia PO3BHHEHA TEOopist

© Bapanenxo B.O., Bomaok JI.JL.
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HaJAidHOCTI, IO MIMPOKO BHWKOpUCTaHa B imkeHepii [2, 3,4]. Amnpiophe
BpaxyBaHHS (PakTOpiB, SIKi OMMCaHI HEYITKMM 1 HETOYHMM YWHOM, CTaJIo
MOJKJIMBHM, BiJITIOBIJTHO, B PaMKax TEOpii HEYITKMX 1 HETOYHHUX MHOXHUH [5 -
10]. Meroamu peamizamii 3agad NPOSKTYBAaHHS, IO PO3POOJICHI B paMKax
3a3HAYEHUX TEOpid, a TaKOXX METOAM JOCTI/DKEHHS TakKi, SK TeHEeTHYHI
aNrOpUTMHY, HEHPOHHI MepeXi Ta iH. JEMOHCTPYIOTh 3HauHi YCIIXU TIpH
po3B's3anHHi OaraThox 3amay onrtuMizamii. OO'enrHaHHS 1 KOMOiIHYBaHHS
nepesiueHnx  IIXOJIB  JIOCTI/DKEHHS yTBOPIOIOTH HOBHMH HampsiM B
O0YHCITIOBAIBHI MaTEMAaTHIll, SKUA Ha3MBaeThCs M'ski oOumcnenns". Ileit
TepMiH OyB yBenenuidt B 1994 p. ¢dynmaTtopom Teopii HEWITKMX MHOXHUH
amepukaHchbkuM MarematukoM Jlordi 3age. CyTHICTH Takoro HampsMKy
BiJITIOBITHO /IO BUCJIOBY IILOT'O BUEHOT'O MOJIATAE B TOMY, "IIO HA BiAMIHY Bif
TPAJUIIIHAX JKOPCTKUX OOYHCIICHh METOAM M'SKMX OOYWCIICHb HAIIJICHI Ha
MIPUCTOCYBAHHS JI0 HETOYHOCTI ONHUCY PEAILHOTO CBITY — «TEPIHUMOCTI» J10
HETOYHOCTi, HEBU3HAYCHOCTI Ta 4YAaCTKOBOi ICTUHHOCTI ... JUISI KpPamioro
Y3TO[DKEHHS 3 peaslbHICTIO".

VY naniii poOOTI PO3IISIHYTI TEOPETUUHI OCHOBHM CTBOPEHHS IMiTaIliiHUX,
HEYITKUX 1 HETOYHHX MOJIENIeH CTOCOBHO 3aJaui BU3HAYECHHSI MAaKCHMaJbHOTO
3HAYEHHsS OCHhOBOI CHJIM, SIKA CTHCKYE OOOJIOHKY 3 YpaxyBaHHSIM TPbOX
TpPaHWYHUX CTaHIB (MicleBOi Ta 3aralbHOI BTpaTH CTIHKOCTi, MIIHOCTi) B
YMOBaxX HEBMU3HAYEHOCTI (CTOXAaCTHYHOI, HEYITKOI 1 HETOYHOI IpUPOAN) IIPO
JIesiKi ITapaMeTpH.

1. BusHauyeHHS Ta 00'€KT onmTHMIi3amii

PosrnsmaeThcss OPTOTPOIMHA KPYroBa NWTIHAPUYHA OOOJOHKA, MIAPHIPHO
obrepTa 1Mo KiHIfX, 3 TEOMETPHYHUMHE MTapaMeTpaMu: TOBIIMHOIO /1 , paJilycoM
R 1 nmopxuHoro L. OOonOHKAa BUKOHaHA 3i CKIOIDIACTUKY. Marepian
apMOBaHUI B JIBOX B3a€EMHO NEPIEHANKYJSPHUX HANpSIMKaXx, sKi 30iratoThcs 3
TI03/IOBXHIM 1 OKpY)KHUM HanpsiMKkamu 00omoHkH [11].

[ependavaeTbesi, TaKOXK MI0:

1) xoedimieHT 00'eMHOTr0 apMyBaHHS € ITOCTIHHOIO BETMUYHUHOIO;

2) BiTHOCHUY BMICT apMOBAHHX BOJIOKOH € B IMO3J0BXHBOMY (OCHOBOMY)
HaNpsIMKY € BETMYMHA 3MiHHA.

BinoBitHO 10 NiHIHHAM HAOTKEHHSM B TEOPii apMyBaHHS Ma€ MiCIe JIIs
MO/IYJIiB IPYXKHOCTI OOOJIOHKH

E =0F; E,=(1-0)E, (1

ne E BHU3HAYa€TbCS MOAYJEM MPYKXHOCTI apMyIOYHX BOJIOKOH B OCHOBOMY
HanpsaMmKy [12];

3) 00oJ0HKA CTHCHYTa B OCLOBOMY HAIPSIMKY CHIIOIO F ;

4) Mexa MIIHOCTI Ha CTHCK JIOPiBHIOE O, .
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ChopmymroeMo Taky 3amady ONTHUMI3aIil: TpU 3aJaHUX 3HAYCHHSIX
napamerpis 4, R, L, 0, o,, E 1 yMOB 30epeeHHS CTIHKOCTI 1 MII[HOCTI
3HAHTH MaKCHMAaJbHE 3HAYCHHS CTUCKAIOUOl citH F .

B sxocti ¢iznuHux 0OMexeHb chopMyIbOBaHOI 3a/1adi MPU3HAYNMO HACTYITHI
criBBigHOIIEHHS [ 13]

ﬂsz*; ﬂng*; F,>F", )
ze

M _ 2 i 2w .

F, =g(h,0)=Bh"\0(1-0); B=$E, €)
3

Fy = &,(hR.0)= ChR9; C =" F: @)
F, = 2,(h, R,0) = DhR6*; D =270,. )
Oyukuii g;; j=1,2,3 e npilicnosHauni. Y chiBBigHomenusx (2) - (5)

HaBeJICHI HAaOMMKCHI BUpa3u JUIS: ﬂf — KPUTHYHOTO OCBOBOT'O 3YCHWJUIS MPH
IAPHIPHOMY 3aKpilUICHHI OOOJIOHKM B TPHITYIIEHHI JOCTATHBOI 3CYBHOI
JKOPCTKOCTI B TPAHCBEPCANBHIN IUIOMIMHI 1 IUTONUHI OOOJOHKH; F,;) -
KPUTHYHOTO 3YCHJUIA B pa3i MIAPHIPHOTO OOMUpPAHHS CTEPKHSA 3 KUTBIICBHX
HOIIEPEUHHM IlepepizoM; F, — MIIHOCTI OOOJIOHKH Ha CTHCK.

[epmie oOMexeHHs B (2) BU3HAYa€ MOXKIIMBICTh MICIICBOT BTPATH CTIHKOCTI
obononku. [Ipyre oOmexxeHHs B (2) BH3HA4a€ MOMJIUBICTH TOBHOI BTPaTH
CTIMKOCTI cTep)kHS. MOXIMBICTh pyWHYBaHHS OOOJIOHKHM Ha CTHCK ii CHIJIOIO
F, Bu3Havae Tpere oOMexeHHS B (2).

CcdopmynoeMo neTepMiHOBaHY 3a/ady 3HAXO/KEHHS MAaKCHMalIbHOTO

3HaueHHs F, ska 3ajgoBonbHsAe ymoBaM (2)-(5). Hexaii Buxinmi nami 4, R,
L, 6, o,, E yrBopwwoTs cykymHicts u={u,}; i=12,.,n;(n=6). 3a

3MICTOM 3aj[adi KOMITOHCHTHU IIi€i CYKYITHOCTI € JOAATHUMH BEIHYHHAMHU.
CdopMynr0oBaHy BHINEC ONTHMI3AIIAHY 3a7ady 3aldIieMO B TepMiHaX
YBEICHUX BUIIIC TTO3HAYCHB

F,, :arg{pinglgi(F+F|gj(u)2F*;j:1,2,3}. (6)

Bona Oyme B TMOAQNBUIOMY TPOTOTHIIOM IHIIMX 3aaad B yMOBax
HEBU3HAYEHOCTI.

2. 3agava makcuMizanii KpUTHYHOI CHJIH NPH HASIBHOCTI
HEBH3HAYECHOCTI B 3aBJaHHI BUXi/IHUX MapaMeTpiB

Hexaii B CykynmHOCTI u Jiesika YacTHHa € HeBu3HaueHo & ={&,&,,....¢

r <n . llumu napamerpamu MoxyTts Oyt E ,0,, 6 Ta iHmi. Indopmanis npo
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MIPUPOJy HEBU3HAUEHOCTI KOMIIOHEHTIB BeKTOpa & 3amaeThesi, BiJIIOBiIHO,

(GYHKI€I0 MITBHOCTI WMOBIPHOCTI (Ui BUMAJKOBUX BEIWYMH), (YHKIII€IO
HAJISKHOCTI (JUIs1 HEUITKUX BEJIMYWH), (QYHKIIEIO 3 MPOCTOPY HAOIMKEHb (JIIs
HETOYHHX BEJIUYUH).

Beenemo Bektop & B opmymoBanHsa 3amaui (6). Pynkuii g, B

obmexeHHsIX (6) OyayTh TaKOXX HEBU3HAYEHUMH 1 3a1a4a (6) HaOyne BUIIISALY
F*:arg{maxF|gj(u,§)2F*;j=1,2,3}. @)

Opnak Monenb (7) HE Ma€ CEHCY, OCKUIBKM HasiBHICTb B OOMExeHHAX (2)
nmapamerpa & He BU3HAuyae OyIab-fKy AETEPMIHOBaHY OOJAcTh MOMIIUBHX
(mormyctuMux) po3B's3kiB. JIns mMomonaHHS INi€i CHTYyallii BBEJIEMO B PO3TIISI
[14]:

- Mipy Prob B IMOBipHICHOMY ITpOCTOPi (7151 BUIIAIKOBOCTI);

- Mipy Pos B MOXJIMBICTHOMY IPOCTOpI (JUIs1 HEYITKOCTI);

- Mipy Tr B mpocTopi HaOIMKeHb (AJ1s1 HETOYHOCTI).

Ta um iHmA Mipa peamidye ilef0 BHKOPUCTaHHs Oa)xxaHoro piBHSA f3

(0< B <1) B3angoBoneHHS OOMEXEHb 3 HEBU3HAUYCHUMH MapaMETPaMu.
[epeniveni mipu 06'eanaemo oxuuM nosuavenusm Ch(S;) , To6to
Prob(S,), onseunaokosoi senuuunu & (imosipnicmo)
Ch(S,) =4Pos(S;), 0raneuimkoi seruyunu & (moancusicmo) (®)
Tr(S;), Onsanemounoi senuuunu & (0osipa),

A S}- - HCBU3HA4YCHa HOZ[iH, 100 MoJIsAra€ B TOMYy, 10 BUKOHYETHCA OOMEKEHHS

Sj:gj(u,f)ZF*; J=123.u 0<Ch(S;)<1. 9)
I roni 3amaya (7) 3anumerses sIK:
F’ :arg{maxF|Ch(S].)2ﬁ;j:1,2,3}. (10)

3aysaxennst 1. [lonii S;; j=1,2,3. nepenbavaroTbest HE3ANEKHUMA.

3ayBaxenns 2. 3amauda (10) BimHOCHTBCS 1m0 Tak 3BaHux CCP- mopeneit
HEBU3HAUEHOTO MporpamyBaHHs [14].

3. MeTon Monte-KapJio

Peamizamist 3amaui (6) Oyna BHKOHaHAa Ha OCHOBI YHCEIBHOTO METOMY
CTaTUCTUYHUX BUIIPOOYBaHb, Bimomoro sk merom Monre-Kapmo [15]. Cyrs
BOrO METOAy TMOJIsira€ B TeHepyBaHHI BuUmazakoBoi Bemwuuan & €[0,1],

PO3TONIICHOT MO PIBHOMIPHOMY 3aKOHY. 3a JIOTIOMOT'OIO IIi€i BEIHYHHU i3

ITiICTAHOBKH B 0OMeeHHS (2). SIKII0 BOHM BUKOHYIOTHCS, TO MO>KHa OOMpaTH
MakcHUMajbHe 3HaueHHS F, iHaKIIe BUKOHYETHCS HOBE BUIPOOYBaHHSI.
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Kinbkicte N BUIPOOYBaHb 3aIa€ThCS IOCUTHh BENUKHUM. Lle OJMH 3 HEOIMiKiB
Metoay. OJHAK MOMIIMBOCTI CY4acHOi OOYHCIIOBATBHOI TEXHIKHA JOJAIOTh
BKa3aHy He3py4HicTh. KpiMm TOro, B pa3i He TyKe BEIMKUX 3HAYCHb N MOXYTh
OyTH BHUKOpPUCTaHI METOIM BHUIAJKOBOrO IMONIYKY [16], 3aCHOBaHI TakoX Ha
Metoai MonTe-Kapio.

Po3B's3aHHS TECTOBOTO NMPUKIIAAY JUTSI IETEPMiHOBAHOI 3a1a4i (6) MeToIoM
Monre-Kapiio BHKOHaHO NpH HACTYMHUX BHXiAHMX HaHux: E =35 GPa;
0,=04 GPa; L=30cm; h=0.1 cm; R=10 cm; 6 =0.75; IIpn oMy B35TO
F =10kH;, F" =1000kH - mia 1 ekcepumenty i F~ =10 kH,
F* =200 xH - n1s 2 yTOYHIOIYOro eKcriepuMenTy. B Tabmuii 1 mokasana

30DKHICTE METOIY JO TPAHUYHOI TOUKU cht =54.98 kH nist pi3HUX BEIUIHH

N.
Tabmums 1

. . .. *
36ixKHiCTh 00YHCIIEHB MPOIIECY 710 TPAHUYHOT TOUKH Fy = 54.98 kH
JUTSL PI3HUX BENWIUH N

F', kH
IgN
1 excnepuMeHT 2 eKCIepUMEHT
3 54,68 54,95
4 54,86 54,972
5 54,970 54,976
6 54,977 54,978
7 54,978 54,978
8 54,978 54,978

Meron Monre-Kapiio B pmaniii poOOTI BHUKOPHCTaHWH SIK OCHOBHHIMA
IHCTpYMEHT  iMiTamifHOTO, CTOXaCTWYHOI'O0, HEYITKOrO 1 HETOYHOro
MOJIEIIOBAHHS.

4. CToOXacTHYHHUH MmiaXizn
Hexait Bennuuna & € croxactuuHoi npupond. B npomy BUNajky 3agada

(10) mepenueThCs SIK

F . :arg{maxF|Prob(Sj)2[3;]’21,2,3}. a1
OCHOBHOIO 00YHCITIOBAJBHOIO oreparnieo B Mmozem (11) € BU3HaYeHHS
fimoBipHocTi  momii ;5 j=1,2,3. s BUNaakoBoi BenMuMHH &)

& e [éi',é*} i=12,..,r. CyTHICTb TpOIleCy CTaTHUCTHYHOI'O MOJIEIIOBAHHS
noyisArae B HacTyrmHoMy. Hexali N € 4ncio BCiX BUKOHAHUX BHUIIPOOyBaHb. Y

KOKHOMY  BHIIpOOyBaHHI  ()OPMYETbCS  BHUNAAKOBHUHA  BEKTOP {é’ k};
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Co=& +(&E =& i=12,.,rk=12,.,N;n, €[0,1] - random
Bi/mOBiAHO 10 (yHKIT po3noginy Benuaun & .

Cepen BEKTOPIB §,, OYEBHIHO, € Taki, SKl 3aJOBOJIBHAIOTH momii (9).
Hexaii ix umcno 6yme N, npudomy N < N. BBenemo 10 po3misiay Taky
G yHKIIIFO
Lonag u,g)2F

0, 6 iHwux sunaoKkax.

f(§k)={ (12)

N
Bennuuna Z f(¢,) € B TouHOCTI uncno N* BHNAJKOBUX BEKTODIB, IO
k=1

3a70BONbHAIOTE nofii (9), (11). CriesigHomenns N' /N BU3HAYa€e BiIHOCHY
4acToTy MOSIBU TOJT ;. BiAMOBIAHO 10 MOCHICHOTO 3aKOHY BEIUKHX YHCEIN
(teopema bBopens) 31 30iibIIeHHAM 4Ymcia N HE3aJISKHUX BHIPOOYBaHb
BiHOCHa yactota N / N mparse 10 icTMHHOI HMOBipHOCTI mofii S, To0TO

*

N
=X 1) prob($),j =123 mpu N e (13)
i=1

MaxkcumalnpHe 3HaYCHHS F* J0CATAETECA  TIPpU BUKOHAHHI piBHOCTi

Prob(S;(F))=B; j=1,2,3. VYpaxysauus BusHauenus (13) BuzHauae, wO
N = |_ﬁN _| , e L-J - @ynkiist AuTthe. Togi 3a IykaHe 3HAYCHHS F : , MOXHa

ran

B3aTH N' HalibiIbnii eneMeHT B IOCHITOBHOCTI v ={V,V,,..,vy}, He
v, =min{g,(u.¢)}; j=123i=12..N.
J ;

4.1. UncesbHa inocTpanis
3a 3ampONOHOBAHOK TYT OOYMCIIIOBAIBHOIO IIPOLIEAYPOID BHUKOHAHO
YOTUPH YUCIOBUX €KCIIEPUMEHTH, B SIKMX BUNAJKOBUMM BeIHYUHAMU € & = E

i & =0,, posnonineHi no TpukyrHoMmy 3akony I1(a,m,b) 3 ¢yHKui€O

. e . 2(x—a)
LIJTBHOCTI WMOBIpHOCTI: AKIO a<x<m, T0 f(x)=—————; 5KIO
(b—a)(m—-a)
m<x<b, TO f(x):ﬂ, B iHmmx Bumamkax f(x)=0. Tyr
(b—a)b—m)

a<m<b;, a=m—-A; b=m+A.UYepe3 A MO3HAYECHO BEIMYUHY BiXHUICHHI

(po3Kuy) Bil MONAIBHOTO 3HAYCHHS /7, BUMAAKOBOI BenmuunHU & . Buximai

3
XapaKTCPUCTUKU LIUX eKCHepI/IMeHTiB HaBOJATHCA B Ta6J'II/IHi 2.
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Tabnus 2
[TouaTkoBi JaHi eKCEpUMEHTIB NPU

h=0,1cm; R=10cm; L=30cm; 6=0.75; m, =35 GPa; m, =0,4GPa;
A,, =0,005GPa; N=2-10°

Ne excriepuMeHTy 1 2 3 4

A,, GPa 3 1 0,5 0,1

% BigXuneHHA A Bif m, 8,6 2,9 1,4 0,3
% Bimxunenns F,  Bin Fy, 8,6 1,8 0,4 0,1

PesynbTaT 0O4MCleHh MaKCUMaJIbHOTO 3Ha4eHHs F, ,(f) mpencrapieHi

Ha puc. 1.
Sk i ouikyBasnocs, 361KHICTb &0
sHauewns F, g0 F,, 2
BIIOYBa€ThCA 32  PaxXyHOK %
3MEHIIIEHHS BEIMYUHU Biaxuiie-
HHa A, . Ilpu upomy Benuunna U % -
A, B TPbOX CKCIICPUMCHTAX HE 54 / [ ‘?
3MiHIOBaJIacsl. AHATI3YIOUH JTaHi 4 3
psinka % Tabmuni 2, poOHMO 52 i
BUCHOBOK, mo MIOMMJIKH
3aBJaHHA BHUXiIHMX E 1 0, Y R —— 1
CTOXAaCTUYHOI IIPUPOIH TATHYTh A

32 CcOOOI0 TMOMIUIKH TaKOro Puc. 1. I'padix moBeniHKY 3HAUCHHST KPHUTHIHOI CHIIA

mopsiiKy, i B pe3ynbraTi. Ha E;, , (B) B HOTHPBOX eKCIEpHMEHTAX B 3aJIeKHOCTI
puc. 1 rpadivyHo mpencTaBicHA Bix piBHs 3axaHoi iiMoBipHOCTI
3aJIeKHICTh TOBEMIHKM (YHKIT

F. (B) Bin pisus iiMoBipHOCTI . 3 BOrO PUCYHKY BHJIHO, WO HACIIAKOM

ran

30inbmieHHss piBHA HMoBipHocTi  (0.5< 8 <1) BHKOHaHHA BCIX TpbHOX

obmesxkenb B (11) € 3MEHIIEHHS BETMYMHM cUIH F,

rand *

I HaBmaku, 3MEHIICHHS
piBust iimosiprocTi (0 < < 0,5) € pe3ynbrar 36i1bInenHs 3Hauens £, . [lpu
B =0,5 pesympTar peamizaiii CTOXaCTHYHOI  3aJa4i  HENiHIHHOTO
NpOrpaMyBaHHSI € TaKe >X PO3B'S3aHHSA, SK 1 NMPH JIETEPMIHOBAHHX JaHHX

(F.,,(B)=5498 kH).
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5. HeuiTke Moe/110BaHHS

Hexaifi koMrmoHeHTH BekTopa &  ONUCYIOTbCS HEYITKMM  YHHOM:
CJIOBECHMMH KBaHTH(]IKaTOpaMy JIIHTBICTUYHOI 3MIiHHOI «TOYHICTH AAaHUX» -
«TIPHOSTU3HOY», «OIHM3BKO», «TPOXHU OINIBIE», KTPOXU MEHIIE», «B IHTEpBAID» 1
1.0. Tomi momii S}., Bm3HaueHi B (9), € Takox HewiTki i 3amada (10) 3
ypaxyBaHHSM YBEJIEHHS MipH HEUIiTKOCTI - MOMKJIMBOCTI - Oy/ie TaKoro

F' = arg{maxF|Pos(Sj(u,F,§)) > B j= 1,2,3}. (14)

OcHoBHOWO Tporenyporo B peamizamii moxem (14) € oOuucineHHS
MoxmBOcTi [14]. Tlim HEYITKMM MOJETIOBAaHHAM TYT PO3YMIETHCS IPOIEC
BUKOHAHHS HACTYITHHX €TamiB JOCTiDKeHHS: (asz3udikariii, anami3z (abo
ontuMizamisi) 1 nedassudikamis. CyTHICTH NEpIIOro eTamy IoJsrac B
MOJICTTIOBaHHI HEYITKO 3aJlaHWX BUXIJHUX JaHUX B TEPMiHAX TeOpii HEUITKUX
MHOXuH (THM). TyT BBOOMTBCS B pO3IIISA] Tak 3BaHa (PyHKIIS HaJIEKHOCTI
u(x); 0< u(x)<1. Ipu po3B's3aHHI NMPAKTUYHHUX 337a4 BOHA JAE€ThCS 1032
THM. [lpyruii eram MOCTIOBAHHS MOJSTAaE Yy BCTAHOBIICHHI BiJIMOBITHOCTI
MDX HEYITKUMH JIaHUMH 1 IIPOCTOPOM BiJIOOpaskeHHs pe3ynbratiB. Llel eran
BUKOHYETbCS Ha OCHOBI piBHeBoro miaxony THM, aHamiTHYHEX,
00YHMCITIOBAIEHUX METOIB 1 KOMITIOTEpHUX KOMIUTEKCiB. Ha TpeTrbomy erarmi -
nedaszsudikaiii - BUKOHYETCS MPOIEC MEPETBOPCHHS OTPUMAHHUX HEUITKUX
pe3yNbTAaTIB 10 JeTepMiHOBAHUX.

5.1. Anroputm

Buxonsun 3 Bu3HaueHOi HWKHBOI owinku B, j=1,2,3; MoxauBocTi

Pos(S,(u,F,&)) BukoHanHs mopii S, BU3HAUNMO f3 -piBHEBY MHOXKHHY (),
HewiTkux Benuuud & (a,,m,,b,) sk
OB =X, (BLX (B i=12,r, X, 2 X, , (15)
ne X, , X, pe3yabrar po3B'a3aHHs piBHAHHA [ = u(x). Tpiiika napamerpis
a,,m.,b, € XapaKTepUCTUKa HEUITKOI TPaHyIIH, SIKa 3a1a€ThCL.
Tak, Hanpukmazg, s HewiTkol BenumuumHH ¢ 3 (YHKINE HaJIeKHOCTI
TPUKYTHOT'O BHILY

x—a’ o a<x<m
m-—a
b—x
H(x)= , 018 m<x<b (16)
b—m

0, Ona iHwux x;

Ma€EMO MHOXKXHWHHA
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X, (B)=pm,+(1=P)a; Xy (B)=pm +(1=p)b; 0<p<1. (17)

Jnst pyHKIIT HANEKHOCTI BUTY

—(x-m)*

u(x)=e 2 (raycoBa (yHKIIis) (18)

MaeMO
X, (B)y=m —k; Xp (B)=m +k; k=0,2Inj, (19)
ne m,, O, — napamerpu iHhopMaLiiHOI rpaHynu.
CdopmynoeMo HAaCTYITHI KPOKH allTOPUTMY ONTHMI3allii:
1. TloOynyBatu wMHOXMHY (), sKka BKIO4ae B cebe [ —piBHEBI

migvaoxuau Q (B); i=L2,....r, Q=0 x0,x..x0..

2. BUnajkoOBHM YHHOM OTPHMATH B MHOXKHHI () BEKTOp V, KOMIOHCHTH
AKOro  OOYMCIIOIOTBCA  3TiJHO: vi=x, +(x, —x,)&; ¢ e[0.1];
V= {vl 3 Vyseens vr} - BeJIMYUHA, PO3IOIIICHA 32 PIBHOMIPHAM 3aKOHOM.

3. O6umciutn U =max(U,s); G=min(G,q), ne s=min(g,(u,v));
J
g =max(g;(u,v)); j=1,2,3. lloyarkosi 3Hauenus U i G NpU3HAYaIOTHCS
J

gk U =—o00; G=+0.

4. TloBroputn N pasiB eranu 2-3, ne N — IiiJie YUCIO BHUIIPOOYBaHb,
JIOCUTH BEJIHKE.

B pesynbrari 6yae orpumano F, (8)=U; F,(B)=G; nia 0< B <1.

Busnauenns [14]. Hexail F, - HediTKa Benu4MHa i o € (O, l] .

Toni

1) F,(a)=supiF,|Pos(g,)zF,}2a; j=1,2,3 nasusaetbcs «a —
ONTHMICTHYHUM 3Ha4YeHHsM cuii F, . BoHO siByisie c00010 HaHO1MbLITy BEPXHIO
MEXY, MOJKJIMBICTh OCATHEHHSA SIKOT JUIst £, CTaHOBHTH « .

2)  Fy(o)=inf{F,|Pos(g,)<F,}20; j=1,2,3 HasuBaethcs «a —
NIECUMICTUYHUM 3HAYEHHSIM cvii £, . BoHo mpezcrasisie coboio HaiMeHny
HIDKHIO MEXY, MOXKIIUBICTb JOCSTHEHHS AKOi Ul F, CTAHOBHUTH .

BigmoBigHo 10 X BU3HAYEHH MAEMO, WO F, R - e [ -ONTHUMICTHYHE
3HAueHHs, a F, - 1e [ -necuMicTHYHE 3HAYEHHS /ISl BENUUUHE F ;my B).

Fo(B)—> F,

et *

BayBaxenns. [Ipn B — 1 mae micue F, (B) — Fy,;

et ?
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5.2. YucenbHi npukiagm
A. Hexaii HewiTkuMH OyJIyTh BEIMYMHM MOIYJH MPYKHOCTI 1 Mexa
MinHocti, To0T0 & =F 1 &, =0,, a QyHKIS HalIeKHOCTI IX ONHUCYeEThCA B
Bursizi (16).
Tabmuus 3
Buxiznsi gaHi 1 pe3yabTaTH eKCIIepUMEHTIB
mg =35GPa; m, =04GPa; A, =0.005GPa; a; =m, —Ag;

b,=m,+A,; a, =m —A_; b =m_+A_; h=0,1cu; R=10cwn;
L=30cm; 0=0,75.

No ek-Ta. 1 2 3 4
A, ,GPa 3 1 0.5 0.1
F (B 4718+5027 | 1.578+53.41 | 0.798+54.19 | 0.168+54.82
F(B) | —4718+59.69 | ~1.578+56.55 | —0.798+55.77 | —0.163+55.14
% 8,6 2,9 1,4 0,3
BignoBimHO 10 NPOMOHOBAHOTO  AJITOPUTMY  BHKOHAHO  YOTHUPH

EKCIIEPUMEHTH, BUXiJHI XapaKTEPUCTHKH 1 pPe3yJbTaTH SIKMX HaBeJEeHI B
Tabmuii 3 1 Ha puc. 3. Y rpadi % Tabmuii 3 HaBeIeHI BIiTHOCHI OIIHKA

. . . .
BiaxuiieHHs poss's3ky F,_ (0) Bix Bennuuuu

#

F

o - BOHH € TaKMMH X, fK 1

BiAXWIeHHS napamerpa A, (y %) (tadu. 2).

)k b. Jlns Heuitko 3afanux E 1 o,
70 3 (yHKUiE0 Hanem§OCTi raycoBa
Buay (18), B sKkii npHHAHITO
60 A, =0,1 GPa; m; =35GPa; i
A, =0.005 GPa; m, =0.4GPa.
50 [IpoBeneHO MOCTIIKEHHS BIUTUBY
napamerpa 6 Ha BENMYUHY CHIU
40 *

F,..,(1) (puc. 4), 3 IKOr0 BUJHO, 110
30 HAWOINbIlE  3HAYCHHS  BEIMYUHU
F,.. (1)=63,5kH nocsraeTbcst mpu

20 0=0,5.
B. Ilpu 3HaYeHHAX BUXIJHUX
10 He3MiHHUX napametpiB E =35 GPa;

0 0.2 04 06 08 1

P o0, =0.4 GPa; L =30cm BHKOHaHO

Puc. 4. 3anexHicTh F/;:v )]

Bix mapametpa 6

OOYHCIIEHHS MaKCHMaJbHOL

F ;lzzy(F;,F; ) B TpUINYIIEHHi, IO

CUIIn
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BenuuuHA h, R, 6 OynyTth HeuiTKo 3amaHuMu. Hexail QyHKIis HaiexHOCTI
JUId IIMX TPbOX mapamerpiB Oyne 3amana B Bursimi (16). Buximni mani mpo
HewiTki BenmwuuHU &(a,m,b) 1 pe3yapraT OOYHMCIEHb TNpENCTaBICHHHA B
Tabnuui 4.

Tabnuus 4

Jlani ipo HewiTKi BenuuuHu /i, R,0 1 pe3yabraTu oOuuciaeHHs F ;my (0)

7 > 7 F,(0),|F, (0),
Ne h R 0 xH xH

1| £(0.09,0.1,0.11) | R(9.5,10,10.5)| 6(0.705,0.75,0.8) 41,1 70,4 | 28
2 | £h(0.09,0.1,0.11) |R(9.5,10,10.5) | 6(0.745,0.75,0.755) | 44,2 67 22
3 | £(0.095,0.1,0.105) | R(9.9,10,10.1) | 6(0.74,0.75,0.76) 48.4 61,4 | 12
4 | h(0.099,0.1,0.101) | R(9.9,10,10.1) | 6(0.695,0.75,0.755) | 53,5 56,5 3

%

Sk BUAHO 3 TaOMUII 4, HATPUKIIAM, ISl €KCIICPUMEHTIB 1 1 4 BiIXWICHHS
A Bif MOJAJIBHUX 3Ha4EHb m, , My, ,m, CKJIaJal0Th: 1)
A, =10%;A, =5%;A, =6.7%;2) A, =1%A, =1%A, =0.7%.
Big F.

"« BIITMOBIJHO JIOPiBHIOIOTH:

Haii6inpimi Bigxunenns pesynpraty F, fizzy

1) 28%; 2)3%, T0OTO HEe payke Tpydl JaHi TEPIIOr0 CEKCICPUMCHTY
CIPHUUYHHSIOTh TPyOMii pe3yabTaT. Y YETBEPTOMY EKCIIEPUMEHTI MPUIHSATHI
MOMHJIKU B JJAHUX JAI0Th TAKOX MPUUHSITHHI PE3yJIbTAT.

6. ITinxix mo 3amayi 3 mo3uIii HETOYHUX MHOKHH
6.1. BusHa4yeHHs Ta aNITOPUTM
[purryctumo, 1110 KOMIIOHEHTH BeKTOpa £ € HETOYHUMU BEITMYUHAMH, SKi

3aJ]af0THCSl y BUIIISII
éi ([ai’bi]’[ciﬂdi]) s (22)
npuaoMy ¢ <a,<bh <d;i=123. Ilpu ¢ =a;b =d,  oTpumylTh

i
IHTEepBaJIbHY BenuuuHy [17].

BimnoBimHo 1m0 Teopii HEeTOYHUX MHOXKUH [8, 14] HeTouHa BETMYUHA
MIPEJICTaBIIsAE COOOK0 BUMIpHY (DYHKINIO 3 TaK 3BAHOTO MPOCTOPY HAOIMKCHb B
I[II/ICHy npsimy. Llei mpocTip CKIIATaeThes 3 TBOX HEMYCTUX, YITKUX MHOXHUH
A 1 A. DBOHM TOpPOMKYIOTHCA BIJHOIICHHSIM  EKBIBaJICHTHOCTI:
pedurekcuBHOCTI (TIOAIOHOCTI), CUMETPUYHOCTI, TPAH3UTUBHOCTI 1 BiJIOBITHO
HA3WBAIOTHCA  BEPXHIM 1 HWKHIM  HaOmmkeHHsM  (puc. 5), TOOTO

A={x|c£x£d} 1A={x|a£x£b}; E(x)=x; VxeA.
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[lependavaerpcsi,  mo  Bci
€JIEMEHTU MHOXHH A, A MOXYTb
3'SIBUTHCSL 3 DPIBHOIO MOXKJIMBICTIO.
Miporo Vs LHUX MHOXUH,

A
2l _x
b od

C

a . . .
A BIIOBIAHO [ai,bl.],[cl.,di] , € ix
i JIOBXKUHA (moTYXHICTBH
Puc. 5. Jlo BU3HAYEHHS HETOUHOT BeTMIUHH & KOHTI/IHyyMy).

Hesusnayena monist S, (u,$) 'y
BHITIQJIKy HAasIBHOCTI HETOYHUX BeTWYMH & € HeToyHa. Mipor HETOYHOCTI
BUKOHaHHA wi€i moxii € posipa 7r(S;); j=1,2,3. 3anava (10) BusHauenus

BCJIIMYMHU CHUJIN CTHCHCHHA F* HI/IJ'IiHI[pI/I‘IHO.I. 000JIOHKHU B IbOMY BHUIIAJIKY
OIMMCYETHCA TAKUM YHMHOM!

F =arg{maxF|Tr(g,(u,§) >F)> B )= 1,2,3}. 0<pB<l.
Mipa noBipu s Herounux nomi f(&)=F-g,;u,§)<0; j=1,2,3 B
Teopii HETOYHNX MHOXKMH BU3HAUYAETHCS SIK [ 14]
Tr(f(X)SO)=%(T;(f(f)S0)+T£(f(§)S0)),
ze
- _m(xeA] f(§)<£0) _m(xel| f(§)=0)
Tr(f(&)<0)= 2 (M) » Tr(f(6)<0)= 20 :

O6uncmoerbest Tr( f(x) <0) HACTYITHUM YHHOM:

1. BunaaxoBum 4YMHOM pOOUTBCS BHOIPKA X, X,,..Xy, 13 A 1
X ,;2 ,...,;N , 13 A 3rigHO Mipi 7 .

2. [lns Oyap-sikoro v € [F oLF *J BimmykyeTbess N(V) , sIke 03HAYa€ YHUCIIO
X, , O 33/10BONbHAE YMOBI v—g (u,&(x,)) <0 mst j=1,2,3;i=12,.,N, a
ﬁ(v) O3HAYAE YHCIO X, IO 3aIO0BONBHSE YMOBI v-g; (u,f(;i )N<0 s
i=1,23; j=12,..,N. Bemmuunu F~, F" - 3a1a10ThCs K TPaHUIl iHTEPBAITY
MOSKJIUBOTO 3HAYEHHS CHIH F .

Cepen gmcen OTpUMAHOI MOCTIIOBHOCTI {v} BHOUPAETHCS TaKe YHCIO V,
sIKE 337I0BOJILHSIE YMOBI
N +N()

2 .
2N A

V' =arg{ max
v

#

3HAYEHHS V TPH LBOMY € IIYKAHOKO OLIHKOO F, . .
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6.2. Yncenbuuii npukiaaj

Ipu nanux £ =35GPa, 0,=04GPa, L =30cm 1 BUXIIHUX IapaMeTpax
omucy HeroyHuxX BemwuuH &(a,b,c,d), 3amaHux y TaOmuii 5 mpoBeneHi
YOTUPU YMCENIbHUX EKCIIEPUMEHTY NPU HACTYITHUX JETEPMIHOBAHHX JAHHX:
h=001; R=10; 6=0.75; F =30xH ; F* =120xH ; N=5-10.

Tabnuusg 5
Buxinna iHpOpMaIis po HETOUHI BUXIiTHI TaHi
Ne |Herouni
€Kc- |mapame-| @ % b % c % d %
Ty TpH
h 0,08 20 0,12 20 0,05 50 0,15 |50
1 R 9,5 5 10,8 8 8 20 11 10
6 0,72 4 0,76 1,3 0,7 6,7 0,8 |6,7
h 0,095 5 0,102 2 0,094 6 0,105 | 5
2 R 9,95 0,5 | 10,06 | 0,6 9,99 0,1 | 10,08 |0,8
6 0,745 0,7 | 0,752 | 0,3 0,74 | 13,3 | 0,755 (0,7
h 0,09 10 | 0,104 4 0,088 12 0,11 |10
3 R 9,9 1 10,12 | 1,2 9,86 1,4 | 10,16 |1,6
6 0,74 1,3 | 0,754 | 0,5 0,73 2,7 0,76 |1,3
h 0,099 1 0,101 1 0,097 3 0,103 | 3
4 R 9,975 |10,25] 10,03 | 0,3 | 9,965 | 0,35 | 10,04 (0,4
6 0,7475 | 0,3 | 0,751 | 0,13 | 0,745 | 0,7 | 0,7525 0,3

VY rpadi % HaBOAWTHCS BIAHOCHE BiIXWICHHS mapamerpiBa, b, ¢, d (B
%) Big Tounux A, R, 6.

Pe3ynpraTi 1MX eKCIIEpUMEHTIB BinoOpakeHi y Tabmumi 6. 3a IaHUMH
Tabmuii mnoOynoBaHi rpadiku (puc. 5) BIUIMBY piBHA [ Ha BEJIWYUHY

KpUTHYHOI cuti F(f) - 36iiblIeHHs piBHA JOBipHM Beje 1O PO3B’S3aHHSA,

OTPUMAHOTO NpH To4HMX Aanux ( F,, = 54.98 xH).

et
Tabmuns 6
3uavensst kpurnanoi cum F ., (B); 0< B <1 B 90THPHOX

CKCIICPUMCEHTAX IMPHU HETOYHUX JaHUX

3HayeHHA F, zu gh o xH
B /Ne exc-ty 1 2 3 4
0,05 - 60,18 65,27 57,96
0,1 - 59,20 63,29 57,51
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0,2 79,44 57,10 59,59 56,25
0,3 72,19 56,22 57,43 55,84
0,4 66,52 55,31 55,90 55,49
0,5 59,32 54,37 54,90 55,17
0,6 54,31 53,51 52,72 54,81
0,7 47,32 52,58 50,37 54,55
0,8 41,55 51,53 48,49 54,21
0,9 35,78 50,68 46,37 53,55
1 15,6 49 43,54 51,92

BIJIXUIIEHHS 71,6 10,7 20,7 5,6

F:mgh () Bim | Hyxe 5 HpI/H:/'IHﬂTHI/H‘/'I pr6’1/11‘/'1 ):[061’)1/11‘/'1

F (%), rpy6’1/m PO3B'SI30K PO3B'I30K PO3B'I30K

det PO3B'SI30K

ABTOpCBKA

eKCIIepTHA

OIliHKA

3a nmanmmu Tabmuni 6 moOymoBaHi rpadiku (puc. 6) 3MiHM BEIUYHUHH
cumu F, | on BIJL PiBHS 10Bipu [ . BpaxyBaHHs HETOYHOCTI MIOYATKOBHX JIAHHX

MIPU3BOJUTE 10 OTPUMAaHHs, SIK 1 OYiKyBajocs, HETOYHOrO pe3yibrary. Tak,
HaNpHKIaA, y JAPYroMy eKCIIEpUMEHTI MaKCHMMalbHa HETOYHICTh I A

cranoBuia 6%,

#

mist R

pesynsrar F,, ., (1) = 49 kH

BIJIPi3HAETHCS

80
FW
70
60
50
40
30
0 0.2 0.4 0.8 1
B

"
Puc. 6. 3MiHa BEIMYUHH CHIIA qugh BiJI pIBHS

ToBipu ﬂ (1,2, 3, 4 — HOMepH eKCIIePHMEHTIB)

- 0,7%, nast 0 - 13%. OTtpumaHuil npu LBOMY

BiJ JeTepMiHOBAHOI'O
(F' 4 =55kH) na 10,7%. Ha
pUCYHKY 6  TpeAcTaBIEHO

rpadiuHe 300paXkeHHsT (PYHKIIIT
F, . (B) Biz piBHS I0BipH 11t
YOTHPHOX EKCIICPUMCHTIB,
iH(opMaIlisl mpo BUXITHI JaHi
SKMX 3afaHa B TabOmumi 6.
XapakTep TMOBEIIHKU KpPUBUX
F, e TYT MaibKe Takuii xe, sk

#

i1 F,, (puc.2). Tobro 3i

r

30UIBIIEHHSAM pIiBHS  JOBipH
(0.5<B<1) no BHUKOHAHHA
HETOYHOI TOAil € 3MEHIICHHS

#

BEJIMYMHU CUJIA F

rough
(onTumMicTHYHA OLIIHKA).
3MeHIIeHHS xK piBHA
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#

noBipu (0< <0.5)  mpussoauth 10  30UIblUCHHS — 3HA4YeH»  F, .

#

(mecumicTUYHA OIliHKA). A 30DKHICTH 3HAYCHB rough 11O F,

BiOyBa€eThCS 32
paxyHOK 3MeHIIEHHs "po3MipiB" HM)KHBOTO i BEPXHBOTO HAOJIMKEHB.

6.3. 3agaua 3 iHTepBAILHUMH YHCJIAMHA

[MoknagemMo, MmO y BU3HAUEGHHI HETOUHOTO 4HCHA S ([a,b];[c,d]);

c<a<b<d wmoxe Oytu c=a i d=b (Bumamoxk A) abo a=c;b=d
(Bumagok B). Tomi Mae micre Tak 3BaHe iHTepBambHe yncio [17]. B pamkax

BU3HAYCHHS HETOUHOro uncia maemo &[a,b|= 5([a,b];[a,b]); a<x<b;

(eumagox  A) abo &[c,d]= &([cd]i[c.d]); c<x<d; (sumamox B).

CKOpI/ICTaBHII/ICB nmpoueayporo 00uKCIIeHHS KpI/ITI/I‘lHOI CUJIM JJI1 HETOYHHX

#

yyceNl, BU3HAYMMO 3HaueHHd F, (1) y Bumazaky iHTepBaJIbHUX 3Ha4eHb /1,

interval
R,0O.
[HTepnpeTyroun  pe3yabTaTH  pO3paxyHKy JUIS  J@aHUX  JPYroro
eKCIIepUMEHTY (Tabi. 6), poOMMO HACTyIMHHH BHCHOBOK: «CTHCKAIOUM»
30BHILIHE HaOIKEeHHS 70 BHYTPIIIHBOTO (BHIa10K A),

orpumyemo £, (1)=48.40xH, mo ua 1.2% MeHme BiI BeITUYHHH
F zugh(l) =49 kH; «po3TATYIOUM» BHYTpIIIHE HaONWKEHHS Yy BU3HAYCHHI

HETOYHOr 0 yycna, 10 30BHIIITHEOT'O (BUMamox B),
orpumyemo F,  (1)=49.68 xH, mo Ha 1.4% Oliblle BiJ BeIUYUHH

F (1) =49 kH, 10010 pesynbrar y BUnaaky B «rpybiuie», Hik pe3ynbTar,

orpuMmaHuii y Bumaiaky A. Takum 4YWHOM, METOH, HIO ONUCYE HETOYHI
MHOXKHHH, Ja€ MEHIIY IIOMHJIKY, HIX TIPH ITIAXOA1 10 ONTUMI3aliiHOI 3a1a4i 3
MTO3UIII Y THTePBAIIEHUX YHCEIT.

BucnoBkn

1. Ha npuknami 3amavi  HENIHIHHOI ONTUMI3amii - BU3HAYCHHS
MaKCHMaJIbHOTO 3HAYEHHS! OChOBOI CHJIM, IIJ0 CTUCKA€E OPTOTPOIHY OOOJIOHKY,
sIKa 3HaXOIUTHCSI B yMOBaX TPhOX IPaHUYHMX CTaHiB (IO MIIHOCTI i CTIMKOCTI)
1 3aBOaHHS JISIKMX I1IapaMeTpiB HEBU3HAUEHOI IpUpOAM (BHIIAIKOBOI,
HEYIiTKOIO, HETOYHOI, 1HTEepBaJbHOI), IIOKa3aHa IPHUHIMIIOBA MOXIIHUBICTh
3aCTOCYBaHHS Cy4aCHHX METO/AIB MaTeMaTUKH M'SIKMX OOYMCIeHb -
IMITaliHHOT0, HEYITKOr0, HETOYHOTO MOCITIOBAHHS.

2. Ha ocnoBi merony MonTe-Kapio ta BipoBa/ikeHHs Mip HEBH3HAY€HOCTI
- WMOBIPHOCTI, MOJIIMBOCTi, JOBIpH pO3pPOOJIEHO YHCENbHI TNpOLenypH
OOYMCIIEHHS! MAaKCUMaJbHOTO 3HAYeHHS OCbOBOi CHJIM, WIO CTHCKAaE
LIWTHIPUYHY O0OJIOHKY.
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3. TlpoBeneHHS YHCIOBHUX EKCICPUMEHTIB MOKA3aJio, IO BpaXyBaHHS
rpy0OCTi BUXITHUX NaHUX Ti€l YU IHIIOI HEBU3HAYCHOCTI, IPUPOTHO, BEIEC TaK
camo JIo TpyOHuX pe3yiabTaTiB. bynu oTpuMaHi OIIHKY TPYOOCTI ITYKAHOI CYITH
[UISTXOM TIOPIBHSHHS 3 PO3B'I3aHHAM 3aJ1a4i MPY TOYHUX JAHUX.

4. OnwmcaHi TyT MIXOAW 3 YBEIEHHSM BiJIIOBIIHUX E€KCHEPTHUX OIIHOK
o0 TPyOOCTI 3HAYEHb MapaMeTpiB JO3BOJISIOTH MPOAHATI3yBATH TPAHHUIL
«TEPIIHMOCTI» TPOEKTOBAHOI CHCTEMH JI0 MOXIUBUX ITOMIUIOK B 3aBJaHHI
BHXI1IHUX JJAHUX BHIIAJKOBOTO XapaKTepy, HEUITKOTO 1 HETOYHOT'O OIHUCY.
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Baranenko V.A., Volchok D.L.
METHODS OF SOFT CALCULATIONS FOR OPTIMUM DESIGN OF ORTHOTROPIC
CYLINDRICAL SHELLS IN CONDITIONS OF RANDOMLY FUZZY AND ROUGH
INFORMATION

In this paper we consider the problem of determining the maximum value of the compressive
force of a compressed orthotropic cylindrical shell while simultaneously meeting the conditions of
three limiting states (strength, general and local loss of stability) under complete and incomplete
information. The shell is made of fiberglass reinforced in two mutually perpendicular directions,
which coincide with the axial and circumferential directions. The shell has swing joints at the ends.

Realization of the problem was provided with Monte Carlo method. Two experiments for
deterministic problem show that the method has convergence and can be used as a basic method
for different experiments with uncertain information in initial data. To make optimal problem with
uncertain information useable the measures such as probability, possibility and trust was involved.

The paper presents the results of the influence of the information granule characteristics of the
uncertainty on optimal solutions. An algorithm to implement the optimization models is developed.
Numerical examples are given.
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The approaches described here with the introduction of appropriate expert estimations of the
uncertainty of the parameter values allow us to analyze the boundaries of the "tolerance" of the
projected system with possible errors of initial data. Also for uncertain data of a random character,
fuzzy and rough description we can estimate influence intensity of different uncertainties on final
result of calculation. Special case of rough information such as interval numbers is considered. On
the base of proposed problems and theirs calculations we are able to estimate the most dangerous
kind of uncertainty on expected result for different levels of probability, possibility and trust.

Keywords: cylindrical reinforced shell, fuzzy values, rough values, random values,
information granule, the optimal design of structures.

bapanenxo B.A., Boauok /[.JI.
OIPEJEJEHUE MAKCUMAJIBHOI'O 3HAYEHUSI HATPY3KH CKATOMN
OPTOTPOITHOM OBOJIOYKH B YCJIOBUSIX CIYYAMHOM HEYETKOM U
HETOYHOM HH®OPMALIUU

B nanHOit paboTe paccMarpuBaeTCs 3ajadya ONpPEACICHHS MAaKCUMAalbHOTO 3HAYCHHUS
C)KI/IMa}OIJ_[ef/'I CHIJIBI C)KaTOf/'I OpTOTpOHHOfI I.IPIHPIHZ[prI'{GCKOﬁ 060H0'{KI/I IIpu OAHOBPEMEHHOM
BBIIIOJIHEHUH YCIIOBUH TpeX IPENeNbHBIX COCTOSHHU (IIPOYHOCTH, OOINEHl M MECTHOW MoTepu
YCTOHYHMBOCTH) B yCIIOBHSAX HEHOJHON HH(popManuu. O60I04Ka BHITONHEHA W3 CTEKIOILIACTHKA,
ApPMHPOBAHHOI'O B ABYX B3aWMHO IMEPICHAUKYISPHBIX HAIIPABJICHUAX, KOTOPBIE COBIIAAAIOT C
OCEBBIM U OKPY’KHBIM HaIllPpaBJICHUAM. B pa60Te TIPUBEACHBI PE3YJIbTAThI BIIUSAHUS XapaKTEPUCTUK
I/IH(bOpMaLII/IOHHOI‘/'I TpaHyJIbl TOfI I HHOﬁ HEONPEACICHHOCTH Ha ONTUMAJIBHBIC PCHICHUS.
PaspaﬁoTaH AJITOPUTM pean3allii IMOCTABJIICHHBIX ONTHMHU3AIMOHHBIX Mo;[eneﬁ. HpPIBeZ[eI—ILI
YHCJIOBBIC MTPUMEPHL.

K.]IlO‘leBLle CJIoOBa: IHWIMHApPUYECKAss apMHUpPOBaHHasA o6onqua, HCUYCTKHEC BCJIIMYHUHBI,
HCTOYHBIC BCIIMYHUHBI, Cﬂy‘{af/'lHLIe BCIIMYHUHBI, PIH(i)OpMaIlPIOI—IHaS{ TpanyIia, OIITUMAJIBHOC
TIPOCKTUPOBAHUE KOHCprKLII/If/'I.

YAK 517.11+519.92+539.3

bapanenko B.O., Bonwox J[JI Bu3dHaueHHI MAKCHUMAJIBHOT0 3HAYEHHS
HABAHTAKEHHSI CTHCHYTOI OPTOTPONMHOI O000JOHOKH B YMOBAaX BHIAJAKOBOI,
HediTKoI i HeTOUHOI indopmanii // Omip maTepianis i Teopist cnopyn. — 2017. — Bum.
99.-C.71-89.

Poszensanymo 3a0auy eusnauenHs MaKcuManbHO20 3HAUEHHSI OCbOBOI CUNU, AKA CMUCKYE
Kpyeosy YumiHOPUYHY OpMOMPONHY 0O0IOHKY 3a YMO8 CHMIUKOCMI ma MIiyHOCMI, npu
BUNAOKOBOMY, HEUIMKOMY | HeMOYHOMY 3A80AHHI GUXIOHUX OQHUX.

Tabun. 6. Im. 6. Bibmiorp. 17 Ha3s.

Baranenko V.A., Volchok D.L. Calculation of the maximum load value of a
compressed orthotropic shell under conditions of random, fuzzy and rough
information // Strength of material and theory of structures. — 2017. — Issue 99. — P. 71
—89. — Ukr.

The problem of calculation of axial force maximum value that compresses a circular
cylindrical orthotropic shell under the conditions of stability and strength, with a
random, fuzzy and rough initial data is considered.
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bapanenxo B.A., Bonuox /[JI. Onpenenenne MaAaKCMMAJILHOIO 3HAYCHUSI HATPY3KH
CHKATON OPTOTPOINHOI 000J0YKH B YCJOBHMSIX CJIy4YaiiHOI, HEYeTKOH U HETOYHOI
uHpopmannu // ConpoTHBIEHHE MaTepHaIOB U TeOpHst coopyxeHuH. — 2017. — Brrm.
99.-C. 71 -89.

Paccmompena 3a0aua onpedenenus MaKxCUMAaibHO20 3HAYEHUA 0CEBOU CUMbL, KOMOPAs.
colcumaem — Kpy2oeylo  YUIUHOPUYECKYIO  OPMOMPONHYIO  0DONOYKY 6  YCIOBUAX
YCMOUYUBOCU U NPOYHOCMU, NPU CIYYAUHOM, HEYemKOM U HEeMOYHOM 3a0aHuu
UCXOOHBIX OAHHBIX.
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LYAPUNOV EXPONENTS ESTIMATION FOR STRONGLY
NONLINEAR NONSMOOTH DISCONTINUOUS VIBROIMPACT
SYSTEM

V.A. Bazhenov,
Doctor of Technical Sciences, Professor, Academician of the National Academy of Pedagogical
Sciences of the Ukraine

O.S. Pogorelova,
Candidate of Physico-mathematical Sciences, Senior Research Officer, Senior Research Officer

T.G. Postnikova,
Candidate of Engineering Sciences, Senior Research Officer, Senior Research Officer

Kyiv National University of Construction and Architecture
Povitroflotsky ave., 31, Kyiv, 03680

Lyapunov exponents are ones of the most important characteristics for the definition of the
dynamical system state. Their estimation for nonsmooth discontinuous system that is vibroimpact
system has got certain difficulties. We study their calculation by following the evolution of two
nearby orbits in phase space and use three formulas for such estimation. We check this calculation
for three different oscillatory regimes: periodic, quasi-periodic and chaotic. We also define the
largest Lyapunov exponent by Benettin’s algorithm and compare obtained results.

Keywords: nonsmooth dynamic system, Lyapunov exponent, nearby orbits, Benettin’s
algorithm.

1. Introduction

There is famous book “Chaotic vibrations” by F. Moon [1]. In preface the
author writes:

“Had anyone predicted that new discoveries would be made in dynamics
three hundred years after publication of Newton’s Principia, they would have
been thought naive or foolish. Yet in the last decade new phenomena have been
observed in all areas of nonlinear dynamics, principal among these being
chaotic vibrations. Chaotic oscillations are the emergence of random like
motions from completely deterministic systems”.

This discovery essence is that completely determined (deterministic)
dynamic system begins to behave by unforeseen chaotic manner when any
accidental influence is absent. However, in this unpredictability (chaoticity) it
is possible to identify a number of regularities in the system behavior which
distinguishes this phenomenon from the classical random processes. Moreover,
in contrast to the classical random processes, the phenomena of deterministic
chaos can be reproduced in natural, laboratory and numerical experiments. Just
deterministic chaos is not an exceptional mode of dynamical systems behavior;
on the contrary, such regimes are observed in many dynamical systems in
mathematics, physics, chemistry, biology and medicine. Such deterministic

© Bazhenov V.A., Pogorelova O.S., Postnikova T.G.
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chaotic modes are more typical modes than fully predictable (regular) modes.
Recently such phenomena are more often described in studies on economics,
sociology, philosophy, history. Therefore, the studying of chaotic dynamics is
one of the main ways of modern natural science development.

The phenomena of deterministic chaos are possible one only in nonlinear
systems.

Therefore the earlier illusions about the possibility of real processes
adequate description were dispersed when deterministic chaos was discovered.
So the nonlinear dynamics methods are gaining extraordinary weight in
modern scientific researches.

Vibroimpact systems (VIS) are strongly nonlinear ones. The right-hand
sides of the differential equations describing their movement are discontinuous
due the repeated impacts between their elements. Periodic regular regimes can
lose stability when system parameters or external influence parameters are
changing. Then other modes are arising: quasi-periodic, chaotic, and regimes
with great period and with a large number of impacts per cycle — so-called
chatter or rattle.

The technique of regular modes studying is well designed; there are a large
number of articles and monographs about it (for example, [2-6]). The
methodology and the theory of irregular regimes occurrence in nonlinear
smooth systems also exist (for example, [7-12]). Also there are some
investigations about nonlinear nonsmooth systems (for example, [13-20]. But
today there are many unexplored and unknown in such systems.

Vibroimpact systems are exactly such systems - strongly nonlinear, non-
smooth, with a discontinuous right-hand side. The investigation of their
behavior when both the system parameters and the external influence
parameters are changing is of great interest and importance. Vibroimpact
systems are just such systems where strong nonlinearity caused by the repeated
impacts. Their dynamic behavior studying contains many difficulties because
chaotic movements are being implemented in them except regular behavior. It
requires an analysis in the field of bifurcation and chaos theory. Bifurcation
analysis of smooth systems is sufficiently studied. But the bifurcation analysis
of nonsmooth systems with a discontinuous right-hand side in particular
mechanical systems with impacts is studied insufficiently. This fact is
emphasized by the analysis of world scientific literature.

In addition to the general significance of studying the dynamic behavior of
a strongly nonlinear non-smooth vibroimpact system, it is also important to
study the dynamic behavior of specific vibroimpact systems. For example, a
vibroimpact platform that is widely used in the building industry for concrete
mix compaction and concrete products forming [21]. Second example is
vibroimpact system depicted at Fig. 1 where the attached body can play the
role of percussive or non-percussive dynamic damper.
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Thus the chaotic vibrations are the phenomena that are peculiar for
nonlinear systems. More than that chaotic vibrations occur when some strong
nonlinearity exists. Examples of nonlinearity in mechanical systems include the
following:

- nonlinear elastic or spring elements;

- nonlinear damping such as friction;

- backlash, play, or limiters or bilinear springs;
- fluid-related forces;

- nonlinear boundary conditions.

In mechanical continua, nonlinear effects arise from a number of different
sources which include the following:

- kinematics; for example, convective acceleration, Coriolis and
centripetal accelerations;

- constitutive relations, for example, stress versus strain;

- boundary conditions, for example, free surfaces in fluids, deformation-
dependent constraints;

- geometric nonlinearities associated with large deformation in structural
solids such as beams, plates and shells.

For nonlinear problems with chaotic dynamics, the time history is sensitive
to initial conditions, and precise knowledge of the future may not be possible
even when the motion is periodic.

Now system routes to chaos are studying very attentively. But first of all we
must know how discern the chaotic vibrations. Sometimes this task is not
simple; it is difficult to distinguish such attractor from quasi-periodic or
periodic with large period and with great number of impacts per cycle (chatter
or rattle). There are some system characteristics that allow distinguishing the
chaotic attractor — strange attractor. Ones of such characteristics are Lyapunov
exponents in particular the largest Lyapunov exponent.

2. Lyapunov exponents

The tests for chaotic vibrations are qualitative and quantitative and “involve
some judgment and experience on the part of the investigator” [1]. Quantitative
tests for chaos are available and have been used with some success. One of the
most widely used criteria is the Lyapunov exponent.

Chaos in deterministic systems implies a sensitive dependence on initial
conditions. The Lyapunov exponent test measures exactly the sensitivity of the
system to changes in initial conditions. Conceptually, one imagines a small ball
of initial conditions in phase space and looks at its deformation into ellipsoid
under the dynamics of the system. If ¢ is the maximum length of the ellipsoid
and d,, the initial size of the initial condition sphere, the Lyapunov exponent

A is interpreted by the equation

d(t)=dye™" ™

1)
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Here we can consider d,, as a measure of the initial distance between the

two starting points, at a small but later time the distance is d .

In other words Lyapunov exponents for dynamic system with continuous
time define the degree of distance or rapprochement for different but nearby
trajectories at infinity that is the exponentially fast divergence or convergence
of nearby orbits in phase space. This means that if two trajectories start close to
one another in phase space, they will move exponentially away from each other
for small times on the average.

If largest Lyapunov exponent is positive then the distance between initially
nearby trajectories is increasing in the course of time. If it is negative then near
trajectories is approaching each other some more, if it is zero then near
trajectories are staying at the same distance approximately. Let us note that
Lyapunov exponents may be different ones for different initial values. So one
measurement is not sufficient and the calculation must be averaged over
different regions of phase space. This average can be represented by

v 1 4
=m0, ———In—. 2
* }flil}oN i=1 i =y, do; ( )
Lyapunov exponents may be obtained analytically extremely rarely. There are
numerical methods which allow their obtaining with acceptable accuracy.

The calculation of largest Lyapunov exponent is especially important for
diagnostic of complicated dynamics regimes. More than that it is enough very
often to know the sign of largest Lyapunov exponent — the presence of positive
largest exponent is one of the chaos criterion. There are three possibility for
such calculation:

- we numerically integrate two copies of dynamic system with nearby
initial conditions and follow the distance evolution between them,;

- we jointly numerically integrate the main equations and equations in
the variations;

- we determine Lyapunov exponents from time series.

The first method may be used when we have got some difficulties with
obtaining or numerical solving the equation in variations [22-24]. The second
method is the most used. There is famous algorithm by Benettin and all
[25, 1, 24] and the special software for its realization. The third method is used
when we have not the dynamical equations and must estimate Lyapunov
exponents from an experimental time series

126 .

We have got some difficulties under £ )
obtaining and numerical solving the equations m m,
in variations because our mechanical system 3 k>

(Fig. 1) is nonsmooth vibroimpact system with
discontinuous right hand side. Therefore we
attempted to use the first method. Fig. 1




94 ISSN 2410-2547. Onip matepiaiis i Teopis cnopyx. 2017. Ne 99

It is necessary to note that now there are several propositions for Lyaounov
exponents calculation for nonsmooth system. The authors of these propositions
describe own methods for such estimation [27-38].

3. Lyapunov exponents estimation by following the evolution of two
nearby orbits in phase space

We had investigated the dynamic behavior of mechanical vibroimpact
system depicted at Fig. 1 in previous studying and had published many results
[39]. Now we are studying the system behavior in narrow range of external
frequency. We are observing the system route to chaos via destruction of
invariant tour that is quasiperiodic regime with two incommensurate
frequencies. Therefore we must determine whether oscillatory regime is
chaotic one or not. We must estimate the largest Lyapunov exponent for this.

As we said above we’ll try to estimate the largest Lyapunov exponent by
the first method because we have got some difficulties with obtaining and
numerical solving the equation in variations. These difficulties are caused by
the nonsmoothness and discontinuity of differential equations right hand sides.
We consider the vibroimpact system depicted at Fig. 1. The differential
equations of its movement are:

.. . P . .
i = =28,0% — 0y x = 28,0, (%; —X;) -

—@(% =X, + D)+ =L [F(0)= Fyy, (5 = 3,)],
1

. . . 1
K%y = 28,0, (%, — %)) —®F (x, —x; — D)+ EFW (X, —X,), (3)

k k c c m

_ | " _ |2 e G _ & o m
where ®, =, [—, 0, = —,il—z ,&2—2 PN =—=.
m, m, mo, My, m

External loading is periodic one: F(f) = Pcos(wt+,), T =2n/® is its

period.
The term F, , is determined by formula (4):

con

F(2) = KIH()=(0] 2,

49
K_3(81+82)«/A+B’ @

S, = 1- Mlz S, = 1- M%
""" Em’ P Em’
where z(¢) is the relative closing in of bodies, z(¢) =x, —x,, 4, B, and q are

constants characterizing the local geometry of the contact zone; p; and E; are

respectively Poisson’s ratios and Young’s modulus for both bodies,
The step Heviside function is discontinuous function:



ISSN 2410-2547. Omnip matepiaxnis i Teopis cnopya. 2017. Ne 99 95

1, z=20
H(Z):{o z<0.

)
Therefore its differentiation has got some difficulties. When we use the first
method for the largest Lyapunov exponent calculation we integrate the motion
equations (3) with two nearby initial conditions. Let us note by the way that we
integrate these equations by the program ode23s ( MATLAB® ODE solvers).
This program integrates the systems stiff differential equations. So we obtain
two nearby trajectories. We must follow their distance evolution. It may be
fulfilled by the different three formulas. We introduce the following notations.
The coordinates of representing point in phase space for the first and the

second trajectories are setting by the vectors X (0, Y (¢) accordingly:

X (o (2), x5 (), %, (£), X%, (), %5 (1)) - (6)
The five coordinate is connected with transition from no autonomous
problem to autonomous one and introducing the new variable x; = ot .

Then the initial conditions for two trajectories are X (0), Y (0).

Three formulas for largest Lyapunov exponent A are as follows:
a) We consider one trajectory piece and observe the changing of distance
from d,, to d between two trajectories. Then

e Lin-L where d = [x@)-¥@|.dy = |70 -F(0).
T d,
T — the trajectory piece length in time.

b) We consider M trajectory pieces of the same time length 7 and compare
the distance between two trajectories at beginning and at the end of each piece.
Then

1 & d; - =
Ax— 1n— where d; =|X(T)-Y(T)) - 8
i | -van)| (8)

¢) We consider M tra]ectory pieces of the same time length 7 and compare
the distance between two trajectories at the end of each piece with initial
distance. Then

1 ¥ g S N
A~ W;lnz , where d, = HX(:T) - Y(zT)H , dy = “X(O) —Y(())H :
In spite of difficulties under obtaining and numerical solving the equations
in variations we have succeeded to use the algorithm of Benettin and all
[1, 24, 25] for comparing the obtained results. This algorithm is described in all
textbooks, so we will not repeat its description. Note only the following.



96 ISSN 2410-2547. Omip matepiainis i Teopis copy. 2017. Ne 99

When we calculate the largest Lyapunov exponent by Benettin’s algorithm
we follow the evolution of variations vector

The largest Lyapunov exponent is given as

| i
xzmgln"xi". (10)

If system of motion differential equations (1) is described in vector form as
i=X(x), (11)

then evolution of small excitement Xx(¢) in linear approach is described by the
equation:
= A0)%. (12)
The matrix of equations in variations A(¢) for our vibroimpact system
(Fig. 1 and formulas (3), (4)) have got the form:
o o0 1 o0 0
o o0 0 1 0
A =|ay ay ay ay| as |- (13)

g1 Qg dg3 Ay 0
0 0o 0 o0 0

Here
2 2 1 aFao,, 2 1 aFcon
a3 = =0 —Wy ————0, Az =) —— sy =260, = 28,0,
m; 0Ox, m; Ox,
P . 2 1 aFcon
3y =28,0;, 35 = ——sin(x; + @) , Ag) = Oy +————
m my 0x
2 1 aFcon
Ay = —0)2 +— , a43 = 2&2(’)2 5 a44 = _2a2(02 .

my X,
3
According to formula (2) F,,,(x;—x,) =K -(x; —x,)? - H(x; —x,) . Then
1
F —
aﬂ:K'H(xl —x2)~3(x1 -x)7,
ox, 2
1 (14)
OF, 5
—=-K-H(x —x2)~g(xl -x)7%.
aX2 2
Since this really is a periodically driven oscillator, changes of distances in
the phase space direction x; = -t are zero, as manifested by the row of

zeroes in the matrix A (13).Thus to find the largest Lyapunov exponent in this
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problem one can work in the projection of the phase space (x;,x,,X;,%,,X3)
onto the phase plane (x;,x,,%,X,), using the inner bracketed matrix in (13).
We see (5) that step Heviside function H(x; —x,) is discontinuous one.

Therefore under integration both initial equations (3) and equations in
variations (12,13) we must take into attention zero and nonzero for this
function.

4. Numerical results

We have obtained the amplitude frequency response for vibroimpact system
(Fig.1 and formulas (3), (4)) before [39,40]. Now we investigate the narrow
frequency range and estimate the largest Lyapunov exponent for three
oscillatory regimes — periodic, quasiperiodic and chaotic. Underline once more
that it depends on initial conditions and may be found only after averaging of
several results. We make conclusion about regime kind after the sign of
Lyapunov exponent.

a) Periodic regime with 7-period and one impact per cycle
(0=740rad-s7").

The phase trajectories are attracted to closed curve, Poincare map — to one
point. This regime is depicted at Fig.2. The initial points are shown at this
Figure.

. 1 5 -
X, M-8 XOI xz,m-sl on

0,1

0 0,005 0,01 0,015 X, M

Fig.2

We represent obtained results in Table 1.

Table 1
ilrilé?lvl;?;,(;\f[ Formula (7) | Formula (8) | Formula (9) al;?il;t;n( ls 0)
100 -0,058 -0,058 -2,35 -0,038
500 -0,031 -0,043 -13,0 -0,061
1000 -0,017 -0,023 -17,4 -0,064
5000 -0,0034 -0,0038 -19,7 -0,066
10000 -0,015 -0,0017 -19,0 -0,067
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The number of intervals M given in first column is used for Formulas
(8),(9) and Benettin’s algorithm. The interval length is the same in this
formulas, it is 7' =21t/ . In Formula (7) there is only one interval, its length is

T =M -2nt/®. This definition is the same one for quasiperiodic and chaotic

regimes.
For periodic regime we can estimate the largest Lyapunov exponent by

Floquet multiplier value as A = %ln|p| . This value is A =—0,056 .

What does speak this Table about?

Firstly we see rather big difference in Lyapunov exponent values in
different Table cells. The strong dependence on initial conditions and
calculating formulas explains this fact.

Secondly we see much unexpected result under calculation by Formula (9).
This fact has got such explanation. The phase trajectories for periodic regime
are attracted to closed curve therefore they become intimate to this curve
shorter and shorter with time. So the distance d; between two neighboring

trajectories becomes smaller and smaller. Then lni becomes smaller and
0
smaller too.

Thirdly all obtained Lyapunov exponents are negative ones. Exactly the
sign of the largest Lyapunov exponent is important one because we make
conclusion about the kind of oscillatory regime via this sign.

We can conclude that Lyapunov exponents estimation by following the
evolution of two nearby orbits in phase space gives good result for periodic
regime. Let us see how this method works for quasiperiodic regime.

b) Quasiperiodic regime (= 7,46 rad -s ™).

This regime is depicted at Fig. 3. It is shown the phase trajectories and
Poincare sections at this Figure.

. -1
X, m-s

. -1
Q Xp,m-s <

0,05

0 0
-0,05

_0’5 T T

01 -0,02 0,03 0,08 X,,m

-0,013 -0,003 0,007 xl’ m

Fig.3
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We represent obtained results in Table 2. The calculations by Benettin’s
algorithm were made twice for two different initial conditions (I and II).

Table 2
Number of Formula Formula Formula lBer'lgtltln’ls 0
il I ®) ©) gon m( 1)1
100 0,000243 0,024 0,022 0,019
500 3,81E-05 -0,015 -0,0050 -0,0037
1000 0,000243 -0,026 -0,0069 -0,0067
5000 3,46E-05 -0,035 -0,0089 -0,0089
10000 0,000243 2,76E-05 -0,036 -0,0091 -0,0091

The largest Lyapunov exponent for quasiperiodic regime must be equal to
zero. Formula (9) gives the most bad result.

¢) Chaotic regime (©=7,92rad -s~").
This regime is depicted at Fig.4. It is shown the phase trajectories and
Poincare sections at this Figure.

. -1 . -1
X, m-s Xp,m-s"

-0,02 0 -

-0,24 -0,9 :
-0.03 0 X, m -0,01 0,09

X5,M

Fig. 4

We represent obtained results in Table 3. The calculations by Benettin’s
algorithm were made twice for two different initial conditions.

Table 3
Number of Formula Formula Formula lBer'lgtltln’ls 0

il I ®) ©) — ity il
100 0,0106 -1,16 0,012 0,069
500 -0,0007 -0,73 0,0094 0,027
1000 8,6E-05 -0,70 0,014 0,018
5000 0,00016 -0,84 0,0060 0,014
10000 0,00018 0,00019 -1,64 0,0030 0,014
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We see again the difference in results and bad values after Formula 9. It is
importantly that the sign of the largest Lyapunov exponent is positive. Exactly
positive sign characterizes the chaotic regime. The largest Lyapunov exponents
estimated by Benettin’s algorithm for two different initial conditions (two right
columns in Table 3) are depicted at Fig. 5,a,b for clearness.

A

1

0,05

0 1000 2000 3000 4000 5000 6000 7000 t,s

0,1

0,05

[0] 1000 2000 3000 4000 5000 6000 7000 1,8

Fig.5

The comparison of the largest Lyapunov exponents by Benettin’s algorithm
for different oscillatory regimes is shown at Fig. 6.

7\‘|
0,1 ]
®=792 rad-s’ ©=746r1ad -s"
0 . v,
1000 2000 3000 4000 5000 6000 7000 t,s
0,1 - /
w=74 rad-s”
Fig. 6

3. Conclusions

- Lyapunov exponents estimation by following the evolution of two
nearby orbits in phase space allows to obtain their values roughly and to
determine their signs.
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- The calculations after Formula 7 and 8 are preferable. Formula 9 is
recommended in several textbooks. None the less it gives worse result and we
don’t recommend its using.

- We have succeeded to estimate the largest Lyapunov exponent for
strongly nonlinear nonsmooth discontinuous vibroimpact system after
Benettin’s algorithm and have obtained well sufficiently reliable results.
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baowcenos B.A., [locopenosa O.C., [locmuixoea T.I.
OLIHKA JIINYHOBCBKUX XAPAKTEPUCTUYHUX INOKA3HHUKIB /U151 CWJIBHO
HEJITHIMHOI HEIJIAJIKOi PO3PUBHOI BIEPOYJAPHOI CHCTEMHU

JIAIyHOBCBKI NOKa3HUKH € OJHUMHU 3 HalBaXKIMBHUX XapaKTEPHCTUK , [0 HEOOXimHI s
BU3HAYEHHS CTAHY JJMHAMIYHOI CHCTeMH. [XHs OILliHKa [/Isl HerJa Kol PO3PUBHOI CHCTEMH, SKOIO i €
BiOpoyJapHa cHCTeMa, BUKIMKA€ IEBHI CKIATHOCTI. B crarTi BHBYaeThCs IXHE OOUMCIECHHS
HUISIXOM CJIIIKYBAaHHS 32 XapaKTepOM €BOJIOLIT BIICTaHi MiXk 300paXyl0ud MU TOYKAMH Y daci JUIs
JIBOX KOMiff JWHAMIYHOI CHCTEMH 3 ONM3bKHMH IOYaTKOBHMH yMoBamu. Jlms oOumclieHHs
BUKOPHCTOBYIOTECS TPU Pi3HUX (hopMysH. OLiHKa IPOBIPSETHCS ISl TPHOX PI3HUX KOJIMBAIBHUX
PEKHMIB: HEpiOANYHOro, KBa3ilMepioJUIHOr0 Ta XaOTHYHOro. Bmamocs Takox 3HAWTH cTapiumit
JIAmyHOBCHKMII MOKa3HHK 3a JOIOMOTOI0 BIiJOMOro anropuTMy beHerriHa Ta TOpIiBHATH
pe3yJbTaTi 00YHCIICHD yCiMa IIUMH CIIOCo0aMHu.

Karwo4oBi cjioBa: Herjiaaka JWHAaMiuHAa cHCTeMa, MOKa3HUK JIAmyHOBa, ONu3bKi OpOiTH,
anroput™ benerrina.

baowcenos B.A., [locopenosa O.C., [locmnuxosa T.I'.
BbIYUCJIEHUE JANYHOBCKOI'O TOKA3ATEJIS 1151 CUJIbHO HEJITMHEMHOM
HET'JIAJIKOM PA3PBIBHOM BUBPOY JAPHOM CUCTEMBI

HS[HyHOBCKI/Ie IIoKa3aTejn — 3TO OJHH H3 Ba)KHeﬁmHX XapaKTEpUCTUK, HeOﬁXO}:{I/IMLIX JUIA
ONPEeACICHUST COCTOSTHUSA I[HHaMH‘{eCKOﬁ CHUCTECMBI. nx OLICHKa JIs1 I-Iel"J'IaZ[KOﬁ paSpLIBI—IOﬁ
CUCTEMBI, KaKOBOf/'I U ABJIACTCS BI/IGpOyI[apHaSI CucTeMa, NpeaACTaBJIACT ONPEACICHHBIE TPYAHOCTH.
B CTaTb€ H3Y4YAC€TCA HUX BBIYUCIICHHUE IIYTEM OTCICKHUBAHUSA XapaKTEpa DSBOJIIOLUU PACCTOSAHUSL
MEXKIOY I/1306pa)Ka}OIlH/IMI/I TOYKaMHU BO BPEMEHU I ABYX KOHHﬁ Z[I/IHaMI/I‘IeCKOﬁ CUCTEMBI C
6J‘II/13KI/IMI/I HavdaJIbHBIMH YCIIOBUSAMH. HpI/I OTOM IJIs1 BBIYUCIICHUS HCIOJB3YHOTCSA TPU pa3IMUHBIX
CbOpMyJ'ILI. OI_IeHKa TIPOBEPSETCA 1A TpEX Ppa3InIHBIX KOJ‘IeGaTeJ‘ILHLIX PEXKUMOB!
TIEPUOANIECKOr0, KBa3UIIEPUOIUIECKOI0O U XaO0THUIECKOT 0. TaK)Ke yAanocCe OnpeacInuTb crapumﬁ
HS[HyHOBCKPIf/'I TI0Ka3aTeyb ¢ IOMOIIBIO U3BECTHOI'O aJIrOpUTMa BeHeTTI/IHa 1 CPAaBHUTH PE3YJIETATHI
BLI‘{I/ICJ'ICHI/II‘/’I BCEMH 3TUMHU CHOCOGaMI/I.

K.]'llO‘leBLle CJI0BA: HErjaakas JHHAMHYCCKasd CHCTEMaA, II0OKa3aTClib .HS[]'IyHOBa, 6J‘II/I3KI/I€
0[)6I/ITI)I7 AJITOPUTM BeHeTTI/IHa.

YK 539.3

Baosicenos B.A., [loeopenosa O.C., Ilocmuixosa T.I. Ouinka JSANYHOBCBKHX
XapaKTePUCTHYHUX MOKA3HHKIB 1151 CHJIbHO HeTiHiiiHOI Herjiagkoi po3pHMBHOL
BiGpoynapuoi cucremu// Omip marepianis i Teopist cnopyn. — 2017. — Bum. 99. — C. 90
—105.

JIAnyno6ceki nokasHuku € OOHUMU 3 HAUGAICTUGUX XAPAKMEPUCMUK , WO HeO0OXiOHi 0.
susHaAueHHs cmany Ounamiunoi cucmemu. Ixus oyinka 015 neanadkoi po3puenoi cucmemu, aKoio i €
6IOpoydapHa cucmema, SUKIUKAE NeGHI CKIAOHOCMI. B cmammi eueuaemuvcs ixne oOuucienus
WIISIXOM CTIOKYBAHHSL 30 XAPAKMEPOM eBONIOYIl 8IOCMAHI MIdC 300padcylouu Mu moykamu y 4aci
0151 080X KONIll OUHAMIMHOT cucmemu 3 OMUBLKUMU NOYAMKOSUMU YMOBAMU. J[is 0O4UCIeHHs
suKopuCmogylomvcsi mpu pisnux gopmyau. Oyinka nposipacmvcs 05l MPbOX PI3HUX KOTUBATLHUX
PpedcuMi6: nepiooutnozo, Keainepiooutnozo ma xaomuyno2o. Boanocs maxooic snatimu cmapuiuii
JIanynoecokuii nokasHuk 3a 00noMo2010 ioomozo aneopummy benemmina ma nopiensmu
pe3yrbmamu 004ucIenb ycima yumu cnocobamu
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Bazhenov V. A., Pogorelova O.S., Postnikova T.G. Lyapunov exponents estimation for
strongly nonlinear nonsmooth discontinuous vibroimpact system // Strength of
Materials and Theory of Structures. —2017. — Issue. 99. — P. 90 — 105.

Lyapunov exponents are ones of the most important characteristics for the definition of the
dynamical system state. Their estimation for nonsmooth discontinuous system that is vibroimpact
system has got certain difficulties. We study their calculation by following the evolution of two
nearby orbits in phase space and use three formulas for such estimation. We check this
calculation for three different oscillatory regimes: periodic, quasi-periodic and chaotic. We also
define the largest Lyapunov exponent by Benettin’s algorithm and compare obtained results.

Table 3. Fig. 6. Ref. 37

YK 539.3

baocenos B.A., Ilozopenosa O.C., Ilocmnuxoéa T.I. BbIYMCIIEHHE JISIIYHOBCKOIO
noKa3aTesisi Uil CWIHLHO HEeJIUHEHHOH Herjaajgkoi pa3pbIBHOI BUOpPOYyIapHOM
cucrembl // ConmpoTHBIICHHE MaTEPHAIOB M TeOpHsl coopyxernuit. — 2017. — Beim. 99. —
C. 90— 105.

ﬂﬂnynoeckue noxkazamenu — M0 OOHU U3 BANCHEUUUUX xXapakmepucmuk, HE0OX00UMbIX O
onpeodenenust CcoCMosiHUsL OUHAMUYECKOU cucmembl. Hx oyenka O1si He21aoKol paspuleHOl
cucmempl, KAKOBOU U SIGIAeMCs  6UOPOYOAPHAsL CUCMeEMA, NpedCcmasisem OonpedesieHHble
mpy()Hocmu. B cmamve uszyuaemcs ux evlyucjienue nymem omciedcueanust xapakmepa 360J110Yuu
paccmosinusi Mexcoy Uuz00padcaowumMu moykamu 60 epemenu 015 08YX KONUU OUHAMUYECKOU
cucmemvl ¢ OAUBKUMU HAYATLHBIMU ycaosusimu. Hpu 2MOM OISl BLIYUCACHUSL UCNONB3YIOMC mpu
pazauunvlx opmynvt. Oyenka npogepsemcsi 05 Mpex PA3IUdHbIX KOAeOAMENbHbIX PeNCUMOS:
nepuoduwecmzo, Keasunepuobuvecxozo u xaomuuecxoeo. Takoce y()aﬂocz, onpe()wlumb cmapmuzZ
ﬂﬂnynoeckuﬁ nokasamejlb C HOMOWDbIO U36ECMHO2O aleopumma Benemmuna u CpasHumsv
pe3yiomamol BBIMUCTCHULL 6CEMU IMUMU CROCODAMU.
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IUTAHHA NOBYI0OBU CYYACHUX MATEMATUYHHUX
MOJAEJIEM BIOMEXAHIKMU ITPU BUPIINIEHHI ITPOBJIEM
EHIOINNPOTE3YBAHHSA KYJIbIIIOBOI'O CYTJIOBA

LB. T'ykeBchKHii',
KaHIUAAT MEJHIHUX HayK, IPOBIIHHI HAyKOBUI CIIBPOOITHHK

&2
L.I. Costoneii-,
JIOKTOP TEXHIYHUX HayK, CTAPIINH HAYKOBHH CIIBPOOITHUK

! Inemumym mpasmamonoii ma opmonedii HAMH Yipainu, Kuis
Bynvseapno-Kyopsscoka ya., 27, m. Kuis, 01601
? Kuiscokuii nayionanbuui yuisepcumem 6yoienuymea i apximexmypu, Kuie
Hogimpogromcvkuii npocn., 31, m. Kuis, 03680

B po6oTi mpoBeaeHO aHalli3 Cy4acHOro CTaHy MPOOJEMH BUBUYCHHS MEXaHIUYHHX acIeKTiB
€HIOIPOTE3yBaHHS KyJIbIIOBOrO cyrioba. OcoOIMBY yBary IpUALICHO HHTaHHIM BHOOpPY (i3HKO-
MEXaHIYHUX XapaKTEePUCTHK MaTepianiB, KPHTEpiiB MII[HOCTi, MOAENI HABaHTAXECHHSI Ta YMOB
3akpimiaeHHs. HaBeleHi pe3ylabTaTH po3rLIAy HH3KH PO3PAXyHKOBHX CXEM, SIKi JO3BOJIHIN
OKPECIIHTH MOAAIBINI KPOKH IPU MOIIYKY HAWOINbII epEeKTHBHUX NUIXIB PO3BUTKY O3HAUCHUX
OGioMexaHIYHHX MOJeNeil.

KirouoBi cioBa: OiomexaHika, MaTeMaTHYHa MOJeEJb, CHAONPOTE3yBaHHS, IMIUIAHTAHT,
KICTKa, KYJBIIOBHH CYyrio0, METON CKIHYEHHHX €JIEMEHTIB, (i3MKO-MEeXaHIUHI XapaKTepHUCTHKU
MartepiaJiB, KpHTepii MIITHOCTI, MOJIe]Ib HABAHTAXKEHHSI, yMOBH 3aKPiIlICHHS.

Beryn. EnnonporesyBanHs B JaHWH 4ac € MIMPOKO IMOMIMPEHHM CIIOCOOOM
JIKyBaHHSI 3aXBOPIOBaHb ONOPHO-PYXOBOTO amapary. IMImaHTalis mTy4HOTrO
cyrigoba 103BOJNISIE YCYHYTH a00 3HAa4yHO 3MEHIIMTH OOJBHOBHH CHHIPOM,
3a0e3MeunTH OMOPO3JaTHICTh KiHI[IBKH, BITHOBUTH PyXH B CyIJIO0I.

Xoya TOTanbHE EHIONPOTE3YBaHHS € OJHUM 3 HaWyCHIIIHINMX 3 yCiX
XIpypriuHuX MpoOLeAyp, psAA NMUTaHb, MOB'S3aHUX 3 JU3alfHOM, MarepialamH,
pO3TallyBaHHSAM IMIUIAHTAHTY 3aJIMIIAIOTHCS BIAKpUTUMH. Ha choroani Hemae
IIOBHOTO PO3YMIHHS pealbHUX MPOIECiB, IO BHU3HAYAIOTH OiIOMEXaHIYHY
MOBENIIHKY IITYYHUX CYIIIO0IB B peajbHUX (i310JIOTUYHUX YMOBax MPH Pi3HUX
aHaTOMIYHMX BapiaHTaXx OyJIOBH CyrJIOOOBHX CTPYKTyp. ToOMy BHBYEHHS
TIOBEIHKM CHUCTEMH IMIUIAHT-KICTKa EKCIIEpUMEHTAJbHUMHU METOJaMH, a
TAaKOX METOJaMH, 3aCHOBAaHMMH Ha MaTeMaTHYHOMY aHali3i, HaOyBae Bce
OinbIIOro 3HaYeHHs. Bennka KUTBKICTh JOCHIKEHb HalpaBiieHa Ha BUBYCHHS
MeXaHIYHHUX aCIIEKTiB B3a€MOJIii €HI0NpoTe3a i KiCTKOBOI TKAaHWHH, OCOOJIHMBY
yBary TMpHAUIEHO BU3HAYEHHIO BIUIMBY KOHCTPYKLIi €HIONMpoTe3a Ha
HaIpyXeHO-1epOpMOBaHHIA CTaH KiCTKH.

ExcriepuMeHTanbHi  IOCHIJDKEHHST  BHSIBJISIIOTH  OCOOJNIMBOCTI  BIUIUBY
KOHCTPYKIIi €HJO0NpoTe3a Ha Mepepo3NO/iil 30BHIIIHHOIO HABAaHTAXKEHHS B
KicTKOBiH TkaHuWHI [12, 13]. Arje, Bce X Takd, HEIOJNIKOM € TEXHIYHI

© T'yxescekuii I.B., Cononeii L1.
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0OMEXEeHHsI, 1[0 HE JO3BOJISIOTH MOJIEIIIOBATH CKJIQJHI YMOBH HaBaHTa)KEHHS
CHCTEMH KiCTKa-IMIUTaHTAT, 00yMOBIIEHI (hi310JI0TiYHOI0 aKTUBHICTIO JFOJIMHU.
Kpim Ttoro, s ommcy mpomeciB, IO NPOTIKAlOTh B KICTKOBIM TKaHMHI,
HeoOXilHa peecTpallisi HamnpyXeHb BCEpeIrHI KICTKH, SiKa BKpail Ba)kka NpHU
eKCIIepUMEHTaIbHOMY Tijgxonai. ToMy Bce OinblIol momynsipHOCTI HaOyBalOTh
METOJM MAaTeMaTUYHOTO MOJCTIOBAHHS MEXaHIYHOI TOBEMIHKM CHCTEMH
Kictka-eHgonpore3 [5, 11]. Ilpu mpomy, orpuMaHi eKcnepUMEHTalbHI AaHi
BUKOPHCTOBYIOTBCS Ul TIEPEBIpKM MapaMeTpiB 1 OIIHKKA aJeKBaTHOCTI
MaTeMaTUYHUX MOJIEIIEH.

B 3aranpHOMY BHIJISIII cHCTeMa DIBHSHb MEXaHIKM TBEPAOro Tijla TpH
ypaxyBaHHI 3MiHH BCiX (AaKTOpIiB Ta aHI30TpOIi CTPYKTYpH TKaHHWH JyXKe
CKJIaJiHA, TOMY JUIS BUBUYEHHS (DYHKIIOHYBaHHsS 0i0CHCTEMH, BUSIBIECHHS 30H
MOXIIUBHX pYHHYBaHb BHKOPHUCTOBYIOTbCS pi3HI MeToau (i3HM4HOrO 1
MaTEeMaTU4YHOrO MOJENOBaHHs. JJii MeXaHIYHOro ommcy IpoOJieM Hepiako
3aJTy4ar0Th MOJCIBHI 3a/adi, sIKi MAarOTh aHATITUYHI PIlICHHS, BiJl OTHOOCHO
pO3TATHYTOrO a00 CTHUCHYTOrO CTepxHS 10 cdepu abo I1uiIiHApa,
HaBaHTaXeHWX THCKoM [4]. Taki Mozenmi, $SK TpaBWIO, MOXHA
BHUKOPHCTOBYBATH JJIsl OTPUMaHHS SKiCHOI KapTHHHU PO3MOJTYy HAIpYXeHb 1
Juis  OOYMCIIEHHS 1HTepBally MOXJIIHMBOI 3MiHM TapamerTpiB mpH  ii
HaBaHTa)KEHb.

CydacHe mporpamHe 3a0e3IeUYeHHs JTO3BOJISE CTBOPUTH OiNbII aJeKBaTHY
MaTeMaTu4yHy MOJIeJIb TaKoi CHCTEMH 1 NpOpaxyBaTH HAIPYXKEHHs, 10
BUHHMKAIOTh TPH PI3HUX yMOBax eKciuryatamii eHpompore3a. Orisin
JIOCITI/PKEHb, CHPSIMOBAaHMX Ha PO3POOKY KPUTEPiiB MPOrHO3YBaHHS TPIMIMH i
TepesioMiB B KicTKax 3 Je(eKTaMu 1 HEyMIKO/KEHUX KiCTKax, IMOKa3ye, II0
HAMOIIBII  PO3MOBCIOPKEHUMH €  CKIHYEHHOEJIEMEHTHE  MOJISIIOBaHHS,
PEHTTCHIBCbKa KOMM'IOTepHa ToMorpadis abo pyTHHHa peHTTreHorpadis.
BimoMo, 1m0 Ha CHOTOAHINIHINA JeHb MeTon cKiHueHHHX enemeHTiB (MCE) €
HAMOIIBII TOTY)XHMUM IHCTPYMEHTOM JUIS aHalizy npoOJieM MeXaHiKu
nedopmiBHOTO TBEpAOro Tina. 3a ocTaHHI JeKijgbka pokiB po3mipHicte MCE
MoJleJiell Pi3K0 BHpPOCTA, IO BHU3HAYAETHCS IJBHIICHUMH BHMOT'aMH JI0
TOYHOCTI 1 JJOCTOBIPHOCTI PE3YNbTATiB, CHOHYKaI0UYM BUKOPHUCTAHHS BCE OLNIBII
1 OLTBII JOKJIATHUX PO3PAaXYHKOBHX CXe€M. MeTOl CKiHYEHHHMX EJIEMEHTIB
BUKOPDHCTOBYETBbCS  JUIS  PO3B’SI3aHHS  MPOCTOPOBUX  33j7a4, 3a7ad 3
ypaxyBaHHIM (Pi3UYHOT 1 TEOMETPUYHOI HENMIHIHHOCTI, 3a/1a4, IO 3aJIeKaTh Bij
Yyacy, MeXaHIKM pYHHYBaHHs, IOB3y4OCTi, CTIMKOCTI, TEIUIONPOBIJHOCTI 1
6ararpox iHmux [1-3, 9].

1. PDizmxo-MexaHiYHi XapaKTePUCTHKH KICTKOBOI TKAaHHHM Ta
cydyacHHX MatepiamiB mnpore3yBanns. Jliteparypui ngani npo ¢izuko-
MEXaHiuHI BJIACTUBOCTI MaTepialliB ONOPHO-PYXOBOI'O amapary BelbMH
HeonHO3HAuHI. lle OOYMOBIEHO $K BIAMIHHICTIO y BJIACTUBOCTSX CaMHX
BUNIpOOYBaHMX  TpernapaTriB, IO TOB'SI3aHO 3  BEJHMKOK  KIiJBKICTIO
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¢i310JI0T1YHNX, AHATOMIYHHMX 1 IHIOUX TPHYMH, TaKk 1 BIIMIHHOCTSIMHU B
METOJMKAaX BHM3HAYEHHS Ta TPYAHOUIAMH BHYICHYBAaHHS 3pa3KiB JuIs
BUIIPOOYBAaHb.

JIis KiCTKOBOI TKaHWHH, IO YTBOPIOE KOMITAKTHA PEYOBHHA Yy JIFOIUHH,
MOJYJIb TPYKHOCTI EKT KOJIMBa€eThCs, 3a pi3HUMHE JaHUMH, B Mexax 4-20 [1la
(B cepenubomy 14 [Tla) [15] abo 10-22 [T7la (B cepenavsomy 16 [Tla) [19].
Ilpn crapinHi 1le 3HaYEHHS 3MIHIOETHCS, TaK SK BiAOYBAETHCS 3HIKEHHS
Moaynst mpyxkHocti EkT Bim #oro piBHS B 35 pokiB Ha 2.3% 3a KOXHE
HACTYIIHE ACCATWIITTS [25].

He MeHm BakimBe 3HAa4YeHHs /IS aHANI3y MIIHOCTI KiCTKOBOI TKaHWHH
MaloTh, TaK 3BaHi, XapaKTePUCTUKU. Hampukian, MilHICTh KiCTOK CTETHOBOL
KICTKH MPH PO3TsA3i, CTUCHEHHI, BUTHHI Pi3Hi i CKIajaloTh BiANOBIAHO G, = 74-
134 Mlla, o, = 120-200 MIla, 6y = 180 MIla [7]. Mexi MIITHOCTI KiCTKOBOT
TKaHWHU BIANOBIHO 1O MaHWUX JOCHIPKEHHs [22] MaroTh 3HAYCHHS: NpHU
po3tsizi 140 MIla, npu cruchHenni 200 MIla, a wMakcuManbHE JIOTHYHE
HaNpY)XeHHs, sIKe BUTPUMYE Matepiai, nopiBHIoe 65 Mlla. Y pobotax [6, 20,
24] HaBeneHi ONMM3BKI 70 BXKE pO3MISIHYTHX AaHi. Tak A KOPTHKAIBHOTO
(cyOXoHIpasbHOr0) Mmapy MOIyNb NMpYKHOCTI ckianae 10-17 [7la, koediieHT
[Tyaccona nopiBHtoe 0.3, HanpyxxeHHs pyHHYBaHHS - 80-160 MIla. Tlpu ibomy
JUI CITOHTIO3HOI TKAaHWHHM KICTKM IIi 3HA4YeHHS 3HAYHO HIDKYE: MOAYIb
npyxHocti - 0.5-1.5Tla, xoedinient Ilyaccoma - 0.3, HampyXeHHsS
pyinyBanns - 3-4 MIla nipu po3tszi i 10-12 MIla nipu cTUCHEHHI.

®i3nKo-MexaHiuHI XapaKTEepUCTHKM CIIEMiai30BaHUX MarepiaiiB, sKi
BHUKOPHCTOBYIOTBCS TP BUPOOHMIITBI €IEMEHTIB IPOTE3iB MOXKHA 3HANTH
Hanpukian B [24]. ns crami 3161 momyne mpyxkHocTi ckiamae 200 [11a,
koediuient [Tyaccona - 0.3, mexa mirHocti 500 MIla. TuraHOBHH crtaB Mae
Moxynb npyxHocti 110-130 /7]a, a kopynaosa kepamika 300-400 /77a. Yacto
BHUKOPHCTOBYETHCS KICTKOBHH IIEMEHT, IO XapaKTepH3YEThCS MOIYJIEM
npyxHocti 2 [7la, xoedinientom ITyaccona 0.3 i mexero minHocti 38 Mlla
npu po3ts3i i 75 MIla ipu CTUCHEHH.

2. Orasia kpurepiiB minHocTi. [lepenoMu KiCTOK BUHUKAIOTh B PE3Y/bTaTI
HaBaHTa)XEHHS, 1[0 MEPEBUIIYE MEXY ix MimHocTi. [yt KOXKHOI KIiCTKH, IO
PI3HUX OCSIX, BEIMYMHU TPAHUYHOIO HABAaHTA)XXEHHS BIJPI3HAIOTbCA. THI
mepesioMy B KOKHOMY KOHKPETHOMY BHIAJKy 3aJIeKHTh BiJ HANpsIMKY
BEKTOpa MpUKIaJeHoi cuin. Konmn My roBOpMMO Npo KiCTKH TO B OUIBIIOCTI
BUIIaJKaX MaeEMO Ha YyBa3i KpUXKHH MaTepian, SKHH OE3yMOBHO €
OPTOTPONHUM, ajieé MpH IbOMY IIe N mnopuctuM. Bce e Hakimagae Ha
JIOCTTITHUKA BETMKHUI BaHTaX YpaxXyBaHHS BCiX IMX ocoOmmuBocTed. CTpyKTypa
KiCTKM (CTpYKTypa OCTEOHa - SIK OCHOBHOTO €JEeMEHTa, 1o 3abe3reuye
KOPCTKICTh KICTKOBOi TKaHWHHM) B TIEpPIIOMY HaOIMKEHHI Moxke OyTh
TIPE/ICTaBIIeHA SIK CTPYKTypa KoMIOo3uTHOro Marepiany [8, 10]. PeansHi Mmonemni
B CY4aCHHUX CKIHYEHHO-EIEMEHTHHX IMaKeTax MPaKTHYHO BiJICYTHI, Ll 3aHaTO
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criewianizoBana o0iacTb J0ciipKeHb. ToMy pyWHYBaHHS KiCTKU pO3IIISAAIOTh
TOJIOBHUM YHHOM SIK MAKpPOCKOIMIYHE SBHIIIE, IPU SKOMY KiCTKa JIAMA€EThCS HA
nBi abo Oinpme wactuH (puc. 1). 3a3Buuail 10 pyHHYBaHHS 3'SBIISIOTHCS
MIKpOTPIIIUHA.

Puc. 1. 3ona pyitHyBaHHs

Benuka yBara mnpu TNpOrHO3yBaHHI MIIHOCTI TpyO4YacTHMX KICTOK 3
TIOCTPE3EKI[IOHHUMH 1 METacTaTUYHMMHU JAe(eKTaMM, a TaKOXX BHHUKHEHHI B
HUX IIaTOJIOTIYHHUX TIIEPEIOMIB IPHUIUISETHCS 3HAXOKEHHIO TOJIOBHHX a0o
eKBIBAICHTHUX HamnpyxeHb [17]. Orusig mociipkeHb, BHUKOHAHHX B ILBOMY
HaNpsIMKy, TpeACTaBleHuid B podori [23]. [3 BU3HAYEHHSM TOJNIOBHHUX
HaINpYKeHb TAKOX IOB'SI3aHMH MiJIXif OIIHKHM MIITHOCTI KiCTKH, 3aCHOBaHHWI1 Ha
BH3HAYCHHI TIONIKOMKCHOCTI KICTKOBOI TKaHWHH. 30KpeMa, B poboti [18]
3arpoIOHOBAaHO BHUKOPHUCTAaHHS Koe(ilieHTiB Oe3neku (ado KoedilieHTiB, Mo
XapaKTepU3yIOTh  3amac  MIIHOCTI), SKi BU3HAYAIOTBCA  BiTHOIICHHIM
JIOIYCTUMOT'O BI/MOBIZAHO IO TIEBHOI TEOPI€I0 MIIHOCTI, HANpYXEHHS 0
PO3PaxXyHKOBOT'O HATIPYXKCHHS. 3HAYCHHS KOC(IIIEHTIB OC3IIEKN BU3HAYAFOTHCS
JUTSE KO)KHOTO 13 CKIHYCHHHX CJICMCHTIB. Bemwumna koedimieHTa MeHIa
ONIMHHMII, BKa3ye Ha IMONIKO/PKEHICTh BIJIMOBITHOrO €JIEMEHTa i JO3BOJISE
MIPOTHO3YBATH JIOKATI3AIIIIO 1 XapakTep mepenomy. besmocepeane BUMiproBaHH
00'eMy TMONIKOUKCHUX CKIHYCHHHX €JIEMEHTIB JUIS OIIHKH MIITHOCTI
JIUCTAJILHOTO BiJUILTY MTPOMEHEBOI KICTKH i MPOKCUMAJIBHOTO BTy CTETHOBOI
KICTKH 3alporioHOoBaHO B poborax [16,21]. TyT HOMIKOIKEHHM BBAXKAETHCS
€JIEMEHT, UISl SIKOTO HEe BUKOHYETHCS NMEBHUH KpuTepiil MimHocTi. [lepeBaroto
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TAKOro MiZXOAY € HE TIJIbKM MOXKJIMBICTh IPOTHO3YBaHHSI BUHUKHEHHS TPiIMHA
abo mepenoMy, a TaKOX MOMJIMBICT BH3HAUEHHS JIOKaMi3alii i Xapakrepy
HepenoMmy.

Orinka Tinore3 pyHHYBaHHS y TOPIBHSHHI iX 3 EKCIIEpUMEHTATBHUMHU
JIAHUMH JI03BOJISIE 3pOOMTH HACTYIHI BUCHOBKH. JIJIst i30TPOITHUX MarepiaiiB,
SKi ~ pyHHYIOTBCS  KpUXKO,  HalKpamle  BHKOPHUCTOBYBATH  TilOTE3y
MaKCHMaJIbHOTO HOPMaJIbHOTO HampyxXeHHs. [y i30TpomHuX MaTepialiB, sKi
PYHHYIOTBCS LUISIXOM IUIACTUYHOTO PO3PHBY, HalKpalle BHUKOPHUCTOBYBATH
rimoresy mnuromoi eHeprii (opMo3MiHM ab0 MAaKCHMAaJbHOTO JOTUYHOTO
HaNpyKeHHs. Y THX BHIIQJIKaxX, KOJIU 1€ MOXIIMBO, CJIijl 3aCTOCOBYBAaTH METO/IN
MeXaHiK{ pyHHYBaHHSI.

BosokHa KiCTKOBOI TKaHWHM 3a3HAIOTH MEPEBAYKHO MPYKHI Aedopmarii, a
MaTpuL - mactuyHi. [nsxoM ekcnepruMeHTiB BCTaHOBJIEHO, 1110 IS KiCTKOBOT
TKaHWHU HaliHEOE3NEeUHIINM € HampyXeHHs po3Tsary. MIIHICTh KICTOK IpH
CTUCHEHHI BUCOKA.

3. Moaeab 30BHIillIHIX HABaAHTaKeHb. J[OCTIDKCHHS MTOBEIIHKA CHCTEMU
“KiCTKa—IMIUTaHTaT’ 3 BHKOPUCTAHHAM METOJIB MaTeMaTHYHOIO aHali3y
aKkTyaJlbHE Ta Ma€ BaXJIMBE 3HAYEHHS JUIi OLIHKH Ipale31aTHOCTI
OioMexaHIYHOI CHUCTEMM ‘‘damia arneraOyJspHOrO KOMITOHEHTa — KICTKOBa
TKaHWHA”. 30HM Ta BEJIMYMHU CTPECOBHX HAaBaHTAXEHb, SIKI BUHUKAIOTH Ha
JIUISTHKaX KOHTAKTYIOUHMX ITOBEPXOHb YAIKH 1 TOJIOBKH ITPOTE3a € OCHOBHUMH
YMHHUKAMHU TIpY aHaji3i MIIHOCTI MOMiOHMX cucreM. B nmaHoMy BHMaaky
BaXXJIUBOTO 3HAYEHHS HAaOYyBAlOTb CXEMH NPHUKIAJAHHS HaBaHTAXECHHS Ta
yMoBH (ikcamii 00’€KTa JOCITIHKEHHS y IPOCTOPI.

Jns moOynoBu Ta OOIpYHTYBaHHS MOl HAaBaHTXXEHHS Ha IEPUIOMY
eram  po3poOJIEHO PO3PaXYHKOBI  CKIHUCHHO-CIEMEHTHI  ampoOKCHMAITii
€HJIONpOoTe3a, SIKMHA BCTAHOBJIIOETHCS HIISIXOM 3alpecyBaHHS Y BEPTIIIOTOBY
3anaauHy. [IpoBeneHO OIIHKY KOHTaKTHUX HaNpyXeHb Ha BHYTPILIHIA Ta
30BHIIIHIA IOBEPXHSAX YAIIKW MNpW Jii BJIAcCHOI Barum MaiieHTa (HANpsIMOK
BiJITIOB1/1a€ TTOJIOXKEHHIO CTOSTYM) [UISl PI3HUX MOJIeNIe HABaHTa)KeHHs CHCTEMH.

Jlst mociiypkeHHsT POIeciB HABAHTAXKEHHS 010JTOTIYHUX 00'€KTIB ITOKH HE
CTBOPCHI  CIEIlialli30BaHi MporpamMHi 3acodu, TOMY JUIA aHAT3y MH
3aCTOCYBaJlM  yHiBepcaJbHy KoMm'iorepHy mporpamy SAFEM [2, 3]
po3pobiieny  HaykoBO-OCHITHUM  iHCTHTYTOM  OYIiBEIBHOI  MEXaHIKH
KuiBChKOro HalliOHaIBHOTO YHIBEPCUTETY OY/AiBHHUIITBA 1 apXiTEKTYpH.

Po3rnsigatoun mMopiBHSHO TOBUIBHI JIOKOMOIIiT, HEXTYEMO SIK 1HEPILIHHUMHU
BJIACTHBOCTSIMH €JIEMEHTIB HIDKHBOI KIHIIBKH, TaK 1 MOMEHTaMHU CHJI TEPTS B
cyrnobi. ['eoMeTpudHi mapamMeTpu MOJIENI HIXKKH CHJAONPOTE3a TOYHO
BIJIMOBINAIOTH iX peajbHUM po3Mipam. il po3paxyHKIB NPUHHATO AiaMerp
yamr 36 mm, TOBIIMHA CTIHOK 6 MMm. BenwdunHa CTaTHYHOTO HABAaHTAXKEHHS —
810 H, o € eKBiBaJICHTOM CEpPEIHLOI MACH Tijia JIFOUHHU.
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Po3paxyHKkd TpPOBOJWINCH BUXOISMYHM 3 TOTO, IO B3a€EMHOTO 3MIIICHHS
KOMITOHEHTIB HE BiOYBa€ThCs, a CyMICHICTh nedopmamii gocsraeTbest 3a
PaXyHOK TPYKHOI Jedopmariii IOBEpPXHEBUX IAPiB MaTepiaiB KOMIIOHCHTIB.
B3aemMonist mapu «roJIOBKa - Yaliay MOJCITIOETHCS CeiaTbHUMU KOHTAKTHUMHU
CKIHYCHHUMH €JICMEHTaMH, IO CHPUHMAIOTh TUTbKA HOPMAaJbHE JIO MOBEPXHIi
KOHTAKTy HaBaHTa)KeHHs [3].

OpHuM 3 HaWOLIBII  BIANOBIZAJBHUX MOMEHTIB  MOIEIIOBAHHSI €
(opMyBaHHS MEXaHIYHOTO HaBaHTAKEHHS. AHAJI3 JliTepaTypH MOKa3ye, 10 B
0araThOX BUMAJKaX MOOYJOBH YUCEITLHUX MOJEICH CHJIa Bard MPUKIIATA€ThCS
BEPTHUKAJIBHO JIO TIOBEPXHI TOJIBKH EHAONPOTE3y Ta MPOXOJHUTh dYepe3 ii
LEHTpaJIbHY TOUKY [5].

Ha nmeprromy erami nociimkeHs 0ys10 3po0JIeHO MOPIBHSHHS JABOX MOJIENEH
M1 ta M2 3 BimMiHHMMH cHCTeMaMH Cwi. M1 — MOBTOpPIOE TpaHIliHHMIHA
miaxing (puc. 2), M2 — MOIENOe HAaBaHTAXKEHHs, SKi IPUKIAJCHI
0e31oCepeIHRO 0 CTETHOBOI KiCTKH, TOOTO 13 JICSIKMM 3MIIIICHHSAM BiJl ICHTPY
romiBky (puc. 3).

Wwap KOHTaKTy

“7~_ronieka
eHponporesa

Q2 || Q2
Puc. 2.Mogens M1
[IpencraBneHO pO3MOALT BiJHOCHUX BEIMYMH KOHTAKTHUX 3YCHIIb MiXk

TOJIBKOIO 1 YAIITKOKO Ta HATPY)KCHb Ha IMOBEPXHI YalIKKM Ha KyTi po3TBOpy 180
rpajyciB 3HU3Y 10 BepXy (puc. 4).
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eHponportesa HEEH

9x9 |||

Puc. 3. Mogens M2

SIK BU/IHO 13 OTpUMaHMX pe3yJIbTaTiB, MAKCUMaJIbHI 3HAYEHHS KOHTAKTHHX
3ycuiib Maiike He 3MiHIOI0ThCS. Ha mpoTuBary npomy, Micue iX po3ramryBaHHs
3MILIYETHCS y HAIIPSMKY Ta30BOi KiCTKH.
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Puc. 4. POSHOI[iJ'I BiI[HOCHI/IX BCIIMYMH KOHTAKTHUX 3YCHUIIb

XapakrepHa 3MiHa MOMiTHa Ha 000X rpadikax. s ClpuiHATTS 3araibHOI
KapTUHA PO3MOALIEHHS BH3HAYaJIbHUX HAIPYXeHb, IM0OYyIOBaHi 130MiHIT
pajiialbHUX KOMIIOHEHT S, TEH30pa HanpyKeHb(puc. 5a, 0).
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Puc. 5. I3omniHii pagialbHUX KOMITOHEHT S, TEH30pa HAIPYXKEHb
(a - mozess M1, 6 - Mmonens M2)

KoHTakTHE HaBaHTa)XEHHsI, K€ NEPEAaeThCsl Bifl TONIBKH E€HIIONPOTE3a 10
BEPTJIIOTOBOI 3allaJIiHU, MOXKE OYTHW TNPENCTaBICHO y BUIJISIAI TOJOBHOTO
BekTopa F. Y cBOIO 4epry piBHOIIIOYA cHia F Moxke OyTH rmojaHa y BUTIIsIIL 3-
X CKJIQJIOBUX KOMITOHEHTIB, OTPHMaHMX NpH pO3KJIadi F Ha OCi JIOKaJbHOI
JIEKapTOBOI CUCTEMU KOOPJAUHAT, SIKa [OB'3aHa 3 TOJIOBKOIO eHjonpore3a (abo
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TOJIOBKOIO CTErHOBOI KICTKH, y BHMNAJKy 310poBOi Kictku) (Tab.1). X -
(poHTaTbHA Bick; Y - cariTajibHa Bich; Z - BEpTHKAJIFHA BiCh.
BigmoBimHo 1o pobotm [14], ropu3OHTaJIbHA KOMIIOHEHTa B3JIOBX
(poHTaIBHOI OCi X cTaHOBUTH 52% BiJ| BarH TiJia JIFOTUHU.
Y Tabmumi 1 pansg TMOpIBHSHHS HaBEAEGHO MaHi pPO3MOAITY IPOEKINH
TOJIOBHOI'O BEKTOpa CHJI BUXOASYM 3 CyMapHHX 3HAu€Hb B IIApi KOHTAKTHHX

CKIHYEHHUX E€JIEMEHTIB.

Tab6mums 1
Bara Bara
Monens Tina, H Fo H Tina, %
M1 810 1 <1
M2 810 481 59

CriocTepiraerscst 1o0pe y3romkeHHs AaHux [14] 3 qaHuMH, siKi oTpuMaHi
Ha OcHOBI Mozeii M2, 52% i1 59% BiamnoBigHO.

4. Bubip ymoB 3akpimieHHsa Momesi. YMOBU 3aKpiIUICHHS ITOBUHHI
3a[1aBaTUCh BiJIMOBIIHO JI0 TOTO, SIK KiCTKa pO3TalIOBYeThes B Tiii (puc. 6).Ha

CHOTOIHIIIHIN JeHb ICHYe JBa MiAXOAM IX MoJemoBaHHsA. HaliOinbmn

Puc. 6. KynpmmoBuii cyriod

PO3IIOBCIOIKEHU - KOPCTKE
3aleMIIEHHs 3a(HIX BiJUILTIB Ta30BO1
KiCTKH.

Taxnit MAXi MOKHA
criocTepiraTd B JIiTepaTypl SK IS
YHUCENbHUX, TaK 1  HATYpHHX
ekcriepuMeHTiB (puc. 7). OpHak, B
nepenHiii obnacti JsiBa 1 mpaBa
YaCTMHU Ta30BHUX KICTOK TaKOX
3'€MHYIOTBCS MiXk co00r0 (puc. 6). YV
[[bOMY BHIAJKy MOXHa TOBOPHTH
PO MOJIENTb, CKOpillIe SIK PO Oanky
Ha JIBOX OIOpax - JKOPCTKiH 1
PYXOMili, IO MOJENIOE IUIOUIMHY
CHMeTpii, a He JKOPCTKO 3allleMJIeHi i
KOHCOJI.

[IpoBeneHO TOPIBHSHHSA — JTBOX
BapiaHTIB PO3PAaXyHKOBOI CXeMHU i3
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3aKpIIUICHHAMHU TPH OOMEXKCHHI TOPH30HTAJIBHHUX TIEPEMIlllCHh HUKHBOT
yacTuHY Ta30Boi Kictku PO2 (Pyxoma Onopa) i mpu BinbHOMY Kpai (BO2 - 6e3
omopu). Po3paxyHkoBa cxema mokasaHa Ha puc. 8.

Puc. 7. YMOBU 3akpiluleHHs (YHCEIbHUI, HATYPHUH KCIICPUMEHTH )

810H

Puc. 8. PospaxyHkoBa cxema
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PesynmpraTi mpencTaBiieHi Y BUIJIINI 130MiHIA HAHOLIBII HEOE3MEYHUX
TOJIOBHUX HanpyxeHb N; (puc. 9, 10), ockinbku B OUIBIIOCTI CBOIH BOHU €
PO3TATYIOYMMHU KOMIIOHEHTaMH TeH30pa HanpyxeHb. JloOpe moMiTHI, OCHOBHI
BIIMIHHOCTI MiXX JTBOMa MOJEIISIMU 3aKpIiIUICHHS. BHIHO, MO KOHIIEHTpAIlis
HaNpy)XeHb JIOKATI3yeThCsl B 00JIAcTi 1aXy BEpTIIIOrOBOI 3amaJuHU Al 000X
BrnaakiB. OHAK /IS TIepIoi MOJIETi, TT0JIe HAIPY)KEHb NepPepO3TOIIISETHCS.

PiBeHp mamae Maibke BBiWi, IO TOSICHIOETHCS BKIIIOYEHHSM B POOOTY
npyroi  omopu. CrmiBCTaBHI 3a BEIMYHMHOIO PO3TATYIOYl  HaNpy>KeHHS
CIIOCTEpIraroThCs TETep TaKoX HaJ KYIOJIOM BEpTIIIOrOBOI 3amajJfiHd B
HANOLIBII TOHKIHM yacTuHi Mojeni (puc. 9).

T W

A HEr
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Prinann; H

Puc. 9. Hanpyxenns N,, mogens PO2

BucnoBku. OueBuiHO, 10 1MOOY/IOBAa CYy9aCHUX MaTeMaTHYHUX MoAenei
OiomMexaHIKM TpH BUPILIEHHI TPOOJIEM MpOTEe3yBaHHS KiCTKOBOI TKaHWHH TiCHO
MOB’si3aHAa 13 IIOCTAaHOBKOIO  3a/a4  Omopy  MarepiamiB,  Teopii
NIPY’KHOIUTACTHYHOCTI Ta MEXaHIKH CYIIIBHOTO cepeioBrIna. B 1iboMy ceHci, Ha
TIepIIU TJIaH BUXOAATH MTUTAHHS BHOOPY (hi3MKO-MEXaHIYHUX XapaKTEPHUCTHK
MaTepiaiiB, ypaxyBaHHS 1X HENiHIHHOI poOOTH, KPHUTEpiiB MIIHOCTI, Mojeni
HaBaHTa)KEHHS Ta YMOB 3aKpiIUICHHS, SIK BOYKJIMBUX YNHHHUKIB, TOUHICTH OMHCY
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SIKMX JIO3BOJISIE 3HAYHO ITiBUIIUTH BIEBHEHICTh P MPUHHSATTI THX Y 1HIIHX
MIPOEKTHHX PillICHb.
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Puc. 10. Hanpyxenns Ny, mogens 5O2

[MpoGnemaruuHicTh Onmcy OiOMEXaHIYHUX TIPOIECIB BU3HAYAETHCS HE
TITBKM  HEOMHOPIJHICTIO CTPYKTYpHM cCaMoOi KICTKOBOi TKaHWHH, aine 1
EBOJIIOIITHIM XapaKTepoM 11 3MiHM y Yaci, TOOTO MOXIIHMBICTIO ajmamTarii
CTPYKTYPH JI0 30BHIIITHIX YMOB, B TOMY YHCJI1 3MiHI TOKa3HHUKIB MII[HOCTI.

CkJaiHICTh TIPOBEACHHS HATYPHUX EKCIIEPUMEHTIB ISl OLIHKH peasbHUX
npoueciB  1eOpMyBaHHS, a IHKOIM IX HEMOXIJIHBICTh, CHOHYKAalOTb [0
pO3IIISY NEKTBKOX YHCENBHUX MOJeNel, Bif OOIpYHTOBAaHMX CEHCOM JI0
KOPCTKMX KOHCEpPBAaTUBHMX. TINBKM aHaTi3 KOMIUIEKCHHX DE3YJbTaTiB Ja€e
HaKO1IBII TOBHE PO3YMIHHS NPHUHIIMIIIB TIOBEIHKA 010MEXaHIYHOI CHCTEMHU.
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Guzhevsky LV., Solodei 1.
CONSIDERATION OF THE MODERN MATHEMATICAL BIOMECHANIC MODELS
TO SOLVE PROBLEMS OF HIP JOINT ENDOPROSTHETIC

Endoprosthetics is now a widespread way of treating diseases of the musculoskeletal system.
Implantation of an artificial joint allows to eliminate or significantly reduce the pain syndrome, to
ensure endurance of the limb, to restore movement in the joint.

Although total endoprosthetics is one of the most successful of all surgical procedures, a
number of issues related to design, materials, implant placement remain open. Nowadays, there is
no complete understanding of the real processes that determine the biomechanical behavior of
artificial joints in real physiological conditions under various anatomical variants of the structure of
articular structures. Therefore, the study of the behavior of the implant-bone system by
experimental methods, as well as methods based on mathematical analysis, becomes more and
more important.

A large number of studies aimed at studying the mechanical aspects of the interaction of
endoprosthesis and bone tissue, special attention is paid to determining the impact of the design of
the endoprosthesis on the stress-strain state of the bone.

Experimental studies reveal the peculiarities of the influence of the design of the
endoprosthesis on the redistribution of external load in the bone tissue. But, nevertheless, the
disadvantage are technical limitations that do not allow to simulate complicated loading conditions
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of the bone-implant system due to human physiological activity. In addition, to describe the
processes occurring in the bone tissue, it is necessary to record tension within the bone, which is
extremely difficult in the experimental approach. Therefore, methods of mathematical modeling of
mechanical behavior of the bone-endoprosthesis system are becoming increasingly popular.

The paper analyzes the current state of the problem of studying the mechanical aspects of hip
arthroplasty. Particular attention is paid to the choice of physical and mechanical characteristics of
materials, strength criteria, load models and boundary conditions.

The results of a several design schemes consideration that allowed to determine the further
steps in the search for the most effective ways of development of these biomechanical models are
presented.

Key words: biomechanics, mathematical model, endoprosthetic, implant, bone, hip joint,
finite element method, physical and mechanical characteristics of materials, strength criteria, load
model, boundary conditions.

Tyocesckuti U.B., Conooeit M.U.
BOIIPOCHI TIOCTPOEHUSI COBPEMEHHBIX MATEMATHUYECKHUX MOJEJIEN
BUOMEXAHUKMU MPU PEIHEHUU ITPOBJIEM DHOINPOTE3UPOBAHUS
TA3OBEJIPEHHOI'O CYCTABA

B pabore mpoBeeH aHAIN3 COBPEMEHHOTO COCTOSHHS MPOOIEMbl M3yYEHHS MEXAHUUECKUX
ACIIEKTOB SHJIOIPOTE3NPOBaHNs Ta3o0enpeHHoro cycraBa. Ocoboe BHUMaHHE yIEIEHO BOIPOCaM
BBIOOpa (DHBHKO-MEXAHMYIECKAX XaPAKTEPHUCTHK MATEPHANIOB, KPHTEPHUEB MPOYHOCTH, MOIEIH
HATPY3KH M YCIOBHH 3aKperuieHust. [[puBeIeHbl pe3ybTaTsl PACCMOTPEHHS PSIIa PACIETHBIX CXEM,
KOTOPBIE TIO3BOJIMIIM ONPENENTUTh TATbHEHIINE Al P MOMCKe Hanbosee 3GPEKTHBHBIX MyTel
Pa3BUTHS YKa3aHHBIX OHOMEXAHUYECKHX MOJIEIEN.

KiioueBble ci10Ba: OHOMEXaHMKA, MATEMATHYECKas MOJIENb, OHIOMPOTE3UPOBAHHUE,
HUMIUIAHTAHT, KOCTh, Ta300€IPEHHBII CYCTaB, METO/I KOHEYHBIX DJIEMEHTOB, (PU3UKO-MEXAHUUECKHE
XapaKTePUCTHKHA MATEPHATIOB, KPUTEPHHU TPOYHOCTH, MOJIENb HATPY3KH, YCIIOBHUS 3aKPETLICHHS.

YK 539.3

Tyocescokuiil B., Conodeiil.l. TlutanHss mOOYI0BH CYYaCHHX MaTeMaTHYHHX
MozeJeli 6ioMexaHiky mMpu BUpileHHI MPoG/IeM eHI0NpPOTe3yBaHHS KYJIbLIIOBOIO
cyra06a// Omnip marepianis i Teopis copya. — 2017. — Bum. 99. — C. 106 - 122.

B pobomi nposedeno ananiz cyyacnoeo cmawy npoonemu GUEHUEHHs MeXAHIYHUX
acnekmie eHOONPOmMe3y8aHHs KYavuiogoeo cyenoba. Ocobnusy ysazy npuoiieHo
NUMAHHAM ~ 8UOOPY  (DI3UKO-MEXAHIUHUX XAPAKMEPUCMUK Mamepianie, Kpumepiie
MiYyHOCMIE, MOOE] HABAHMAIICEHHSL MA Y MO8 3AKDINICHHSL.

Ta6u. 1. Im. 10. Bi6miorp. 25 Ha3s.

Guzhevsky LV., Solodei I.I. Consideration of the modern mathematical biomechanic
models to solve problems of hip joint endoprosthetic// Opir materialiv i teoriya
sporud. —2017. —Issue 99. —P. 106 — 122.

The paper analyzes the current state of the problem of studying the mechanical
aspects of hip arthroplasty. Particular attention is paid to the choice of physical and
mechanical characteristics of materials, strength criteria, load models and boundary
conditions.
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JAE®OPMYBAHHI ITPYKHUX HEOJHOPIITHHUX
OBOJIOHOK I AI€IO HECTAIIIOHAPHUX
JANHAMIYHUX HABAHTAKEHb

B.K. Yubipsikos,
JIOKTOP TEXHIYHUX HayK, podecop, 3aBiyBad Kadeapu BUIOT MATEMATHKU

O.I1. Kpusenko,
KaHJUIAT TEXHIYHUX HAyK, CTapIIHil HAYKOBHI CIIIBPOOITHUK, IIPOBITHUI HAYKOBHUIl CIIIBPOOITHUK

AJL. Jlerocraes,
KaH/IU/IaT TeXHIYHUX HAYK, JOLCHT

H.A. I'peuyx,
HayKOBUH CIIIBPOOITHUK

Kuisckuii hayionanwnuti ynisepcumem 0yoisHuymea i apximexmypu
Hogimpogromcvkuii npocn., 31, m. Kuis. 03680

3anpornoHOBaHO AITOPUTM JOCITIIKEHHS HECTalliOHAPHUX KOJMBAaHb 000JIOHOK HEOXHOPIIHOT
CTPYKTYpH IIPH Aii KOPOTKOYACHUX JHHAMIYHMX HaBaHTaXeHb. MeTOMUKY MOOYTOBaHO Ha OCHOBI
pO3po0IIeHOi aBTOpaMH CKiHUYCHHOEIEMEHTHOI MOJelNi TOHKOI NpPYXKHOI OOOJOHKH 3 Pi3HUMH
TeOMETPHYHHMH OCOOMBOCTSMH 32 TOBIIMHOIO i CTBOpeHOI Ha ii 0a3i Juit 3amad JUHAMIKH
penykoBaHoi Mozeni. JlaHo KiIbKicHe OOIPYHTYBaHHS MeTORY. BUKkOHAaHO MOpPIBHSHHS PO3B’SI3KIB 3
TEOPETHYHIMH TaHUMHU Ta Pe3yIbTaTaMU PO3PaxXyHKIB, OTPHMAHUMH 3a IIPOrPAMHUAM KOMIIIEKCOM
Scad.

KiouoBi cioBa: TOoHKa IpykHa O00OJOHKA, YHIBepCaIbHHN HPOCTOPOBUH CKIHYEGHHHI
€IIEMEHT, PeIyKOBaHa MOJIEIb, IMITYJIbCHE HABAHTAXKCHHS.

Beryn. Illupoke 3acrocyBanHs 000JOHKOBUX KOHCTPYKIiHM y OyIiBHHUITBI
Ta PI3HUX TaNTy3IX CyJacHOI TEXHIKM BH3HAYAETHCSI BUMOTaMHM MIITHOCTI Ta
Ha/iHHOCTI, apXITEKTYpHUMH DIlIEHHSIMH, TEXHOJOTIYHUMH TOTpedamy,
€KOHOMIYHUMH (haKkTOpaMH Ta IHIIUMH 4YMHHHKaMu. OOOJOHKOBI cHCTEMH
MOXYTb NOEIHYBAaTH y €001 pi3HOMaHITHI KOHCTPYKTHBHI HEOJHOPITHOCTI:
IJIa/IKO-3MiHHY TOBIIMHY, peOpa Ta HaKJaJIKH, MiAKPIIUIeHI Ta HemiAKpiIieHi
OTBOpH, BHIMKH{, MICIEBi IOTOBIIEHHS Ta CTOHIIEHHS, 3JIaMH CEpeAWHHOL
TIOBEPXHI Ta 1HII 0COOJIMBOCTI, a BCIO KOHCTPYKIIiI0 HEOOXiTHO PO3TIISAATH K
000JIOHKY 3MIHHOI XOPCTKOCTi. Y IIbOMY BHIAJKy KJIACHYHI PO3paxyHKOBI
CXEMH, METOIU W aJNrOpUTMH BUSIBISIOTHECS Manoe(peKTHBHUMH a00 30BCIM
HeNpUAATHUMHU.

Binpmricte  pobiT, MmO BIiZHOCATHCS /O  JOCIHIIKEHHS  OOOJOHOK
CTYMiHYaCTO-3MIHHOI TOBIIMHHM, MPUCBSIYEHO cTatumi obomoHok [1-3].
HesBaxatoun Ha 1HTEHCHBHI JOCIHI/PKEHHS, IO TPOBOJSTHCS BIPOIOBXK
OCTaHHIX POKIB, Ta TEBHI JIOCSTHEHHs, SIKI OTpUMaHi B Teopii Ta MeTojaax
pPO3paxyHKy HECTalliOHApHOTO Ae(pOpMYBaHHA OOOJNOHOK, HA ChOIOJCHHSI

© Yubipsxos B.K., Kpusenxo O.I1., Jleroctaes A.JI., [peuyx H.A.
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3aJIMIIAEThCS e 0araTo He3’sICOBaHUX INUTaHb 1 HEBUPILIEHHX IpoOIeM B
o0yiacTi BUBUEHHS MOBEIHKA OOOJIOHKOBHX KOHCTPYKILIH NPH JAWHAMIYHOMY
HaBaHTaXeHHI [4-14]. Y meprry 4epry e CTOCYEThCS 3aad PO PEaKINio
00OJIOHOK Ha KOpOTKodacHe (ymapHe W iMIyIbCHE) HaBaHTaXeHHs [5, 8, 10-
14]. BuBueHHS 0cCOOJIMBOCTEH TOBEIIHKM OOOJNIOHKOBHX KOHCTPYKIIH
(HanpuKIaja, JITAIFHUX arapaTiB, CyAeH, aBTOMOOUIIB i T.I.) mpu Aii pi3ko
3MIHIOBaHUX HaBaHTAXXEHb BUKIIMKAE IHTEpEC HE TIIBKM y TEOPETUUYHOMY
wiaHi, a ¥ 3 mpaktuyHoi Touku 30py [13]. Tomy mnpomoBxyrooTh OyTH
aKTyaJIbHUMHU JIOCH/DKEHHS B 00JacTi MOJENIOBaHHS HECTal[lOHAPHUX
MPOLIECIB  KOPOTKOYACHOTO XapakTepy, LI0 MAaloTh Miclle B NPYXKHHX
HEO/HOPIMHUX  oOomoHkax. Takuit BUX  JUHAMIYHMX  HaBaHTAXEHb
3yCTpiYaeThcsl, HAINpPUKIAZ, TpPU TPOEKTYBaHHI CIOPYA 3 YpaxyBaHHIM
eKCTpEMaJIbHUX BIUIMBIB THIY: YAapy BiJ JIETIOUMX TiJ1 DI3HOI HPUPOAH,
BHOYXY, TOPHAJIO Ta INITOPMIB, MAJAiHHSA BaHTaxIB Tomlo [14]. Bigomo, mo mis
3a3HAYEHOTr0 JMHAMIYHOTO HABaHTa)KEHHS BEJHMKOI TOTY)KHOCTI MOXe
CHPUYMHATH e (OPMO3IMIHY MEXaHIYHOI CHUCTEMH, a cami OOOJIOHKOBI
00’€KTH MOXYTh CIIPUAMATH IMIYJIbCHI HAaBaHTa)XKEHHS IOCHTH BHCOKOTO
piBHS, He pyHHylounch mnpu 1upoMmy. Lleii edekt BHUKOpPHCTOBYETHCH,
HaIpHKJIAA, Y TEXHONOril opMyBaHHS 00OJOHKOBUX KOHCTPYKIIHM 3 TIOCKHX
3aroTOBOK HpH [ii iMITyibcHOro HaBaHTaxxeHHd [10]. BusineHo, mo nmoseinka
MIPY>KHOI OOOJIOHKH, SIKa 3HAXOAWTHCS TiJI AI€I0 IMIYJIbCHOTO HaBaHTa)KEHHS,
ICTOTHO BIJpI3HSAETHCS BiJ aHAIOTIYHOI ITOBEAIHKM TPH CTaTUYHOMY
HaBaHTaXeHHI [ 15]. KpiM Toro BoHa MOXe HE BTpavaTH CTIHKOCTI, HABITh KOJIU
CTaTUYHE HanpyXeHHs (BiJ IMITyJIbCY MEBHOI BEJIMYMHU) JIOCATAE KPUTHYHOTO
sHaueHHs [5]. Tomy mpu ¢opMyBaHHI OOOJOHKM 3 BHUKOPUCTAHHSIM
JIMHAMIYHOTO HaBaHTAXXEHHSI BJAETHCS, HA BIIMIHY BiJl CTATUYHOTO, YHUKHYTH
MOSIBH  BTPATH CTIHKOCTI Ta BIANOBIJHOTO XBWJICYTBOPCHHS Matrepiay
3arOTOBKH BHACJII/IOK ITiIBUIIEHHS PIBHS KPUTUYHUX HaBaHTAXKEHb.

Ipu nocnmimkenHi aehopMyBaHHS OOOTOHKOBHX KOHCTPYKIIN Mia Ji€r0
JUHAMIYHUX HaBaHTa)KEHb YHCEIbHE MaTeMaTHdHEe MOJENIOBAHHS CTaJlo
OCHOBHUM 3acO0OM BHMBYEHHS IXHBbOI IIOBEHIHKM 4Yepe3 CKIAJHICTh
PO3B’sI3yBaHMX 3aj[ad, OCOOJHMBO I1€ CTOCYETHCS HEOAHOPIIHMX OOOJOHOK.
Haii6inpmr  ycmimuo ns mnpobieMa Moke OyTH BHpillleHa 3  IO3HIH
TPUBUMIPHOI TEOpii MPYKHOCTI Ta peajizallii MeToJa CKIHYCHHHX CJICMCHTIB
Ha OCHOBI pO3pOOKM Ta 3acTOCYBaHHS YHIBEPCAIBHUX IPOCTOPOBHX
CKiHUEHHHUX eJeMeHTiB [1-2, 7-9]. V tenepimHiii yac Takuii 3arajJbHUMA TiIXi]q
NIPU  JIOCII/DKEHHI TOHKMX OOOJIOHOK HaOyBae Bce OIIBIIOro IOUIMPEHHS 1
BiJITIOBi/1a€ CY9aCHUM TEHJICHIIISIM PO3BUTKY HOBHX METOJIB X PO3PaXyHKY.

1. IToctanoBka 3ama4i. Y poOOTI miJ iMIYyJIbCHUMH HaBaHTAXKEHHSIMHU
PO3YMIIOTBCS KOPOTKOYACHI CHIIM W yAapH, IO XapaKTepH3yIOThCsl TIOMipHOIO
BEJIMYMHOIO IMITYJIbCY Ta HE 3[aTHI BHUKJIMKATH B €JIEMEHTax OOOJOHKOBOI
KOHCTpYKLii MakporutacTnyHux aedopmauiid [11, 16]. Takum uymHOM, I
IMIYJIb,CHUMH ~ HaBaHTKEHHSIMH  (OXHOpa3oBoi  1ii) OyneMo po3yMiTH
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KOpOTKO‘IaCHi CUJIK CTAJIOro HaIlpsAMKY, MO MAarTb HE OinpIe OIHOI'O

MaKCUMyMY 3a 4ac ii HerepepBHoI aii T (puc. 1)
t) npu te€|0,t
F(l‘)zPO f() p [ ]
0, mput>t

jge t=0 — moyaTok Jii HaBaHTaxeHHs, F, — il MakcuMyM (iHTE€HCHBHICTB),

f(t) — Qyukuis, mo xapakrepusye (HopMy iMIYIbCY, TPUIOMY | f (t)|:l.
3a3HayeHl HaBaHTAKEHHS  XapaKTEepU3yeTbCs  TphOMa  IapaMeTpaMu:
1) TpuBasictio nii T; 2) dopmoro iMnynscy f(¢) ; 3) HaMOUTBIIOW BETMYMHOO
Fy. Ha puc.2 nokaszaHi geski (OpMH KOPOTKOYACHHX HABAHTAXKEHB!
MPSIMOKYTHA, TPUKYTHA Ta napabotiyHa.

F(t) f(t)
Pob-- 1

T t,c Tt Tt Tt

Puc. 1. ®yukuis Puc. 2. Ipuknaau GopM KOPOTKOUACHHX HABAHTAXKEH [ (1)
HaBaHTaXXeHHs y yaci F(t)

TpuBamicts [1ii eKCIUTyaTalliiHUX IMITYJIBCHHX HaBaHTaXXEHb, MIO €
XapakTepHUMH, HaNpUKIad, Ui TPOMHUCIOBHX OyJiBeldb, Ma€ CBOIM
MIiHIMyMOM BENMYMHY, sIKa € ONM3BKOI 10 T, =0,001 ¢ [16]. Peakuis

MIPYXKHOI CHCTEMH Ha KOPOTKOYaCHE HaBaHTa)XKEHHS 3aJI€KHUTh Bl BiJJHOLIEHHS
T 710 HaMEHIIOr'o MepioAy BIACHHX KOJIMBAaHb CHCTEMH, IO BPaXOBYETHCS
T,. Sxumo T/TnSO,l, TOMI IMIYIEC CHJIM MOXHA BBaXXaTH MHUTTEBUM, a
PEaKIilo CUCTEMH TaKOI0, IO 3aJISKUTh TIJIBKH BiJ BEMUUWHH iMIyinscy. [Ipu
1/T, >0, peakuis cuCTeMH 3aIeXUTh BiJ yciX TPbOX Mapamerpis

HaBaHTaxeHHs. Slkmo t/7,>25, nge T, — OCHOBHHii Tepioj BIACHHX

KOJIMBaHb CHCTEMH, TOJAI TakKi HABaHTAXEHHS BXXE BTPAyalOTh XapakTep
IMITYJTBCY.

3 TPhOX MapameTpiB IMITYJIbCY BUPIMIATGHUN BIUIMB Ha PEAKIi0 CUCTEMH
CHpaBIISIIOTh HOTO BEJIMYMHA Ta TPUBANICT, (opMa K IMIOYIbCy Mae
Jpyropsaauii BIuus [16].

Meroauka AOCTI/KEHHsI HECTAl[lOHAPHUX KOJIMBaHb OOOJIOHOK Bix mii
KOPOTKOYaCHUX HAaBaHTAXXEHb IPYHTYETHCS Ha 3aCTOCYBaHHI IO pO3POOJICHHX
B [1, 2] cKiHUEHHOEGIEMEHTHUX MOJeNeil 00OJIOHOK HEOJHOPIAHOI CTPYKTYpH
peIyKOBaHUX Mojeleil 3a MeTojoM 0a3ucHUX BY3:iB [9].
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Ilin o0OONOHKO  HEOMHOPIMHOI CTPYKTypu (abo0  HEOTHOPITHOIO
00O0JIOHKOI0) y pPOo0OTI po3yMieThcss OOOJIOHKA, IO Mae: 1) reoMeTpuyHi
OCOOJIMBOCTI 3a TOBIIMHOIO Y BHIVISAI AUISHOK CTYIMIHYACTO-3MiHHOI Ta
IJIa/IKO-3MIHHOT TOBIIMHH 31 3J1aMaMHU CEpeIMHHOI TOBEPXHI Ta OTBOpaMH;
2) pi3HI YMOBH 3aKpilUIEHHS! KOHTYPY Ha pi3HHUX JAUISHKAaX; 3) HEOAHOPiMHI 3a
TUTAHOM HaBaHTa)KEHHSI.

Meroauka [1,2], 1m0 BHUKOPUCTOBYETHCS y poOOTI, Oa3zyeTbcs Ha
CHIBBI/IHOIIEHHSAX TPUBHMIPHOI TeOpii TEPMOIPYKHOCTI 3 BHKOPHCTaHHSIM
amapaTta TEH30pHOI'O YHCJICHHS, T€OMETPHUYHO HeNiHIHHOMY (OpMYIIOBaHHI
3a/1avi B IPUPOCTaX i 3aCTOCYBaHHI MOMCHTHOI CXEMHU CKiHUCHHUX €JIEMCHTIB
(MCCE). Ilpu po3po0ii MeTony BHUKOPUCTaHA MOJCTH JIHIHHO-TIPYKHOTO
CYLUIBHOTO CEpE/IOBHINA, BIIACTUBOCTI SIKOT'O BiANOBIJAIOTH Y3araJlbHEHOMY
3akoHy [lroamens—HeiiMaHa, TpH BeNMKUX TEPEMIIIEHHSAX 1 MaJHx
nedopmarrisix. Meron [1, 2] mpusHaueHWHd JUIS YHUCEITBHOTO JTOCHIKCHHS
CTaTUYHHUX TMPOILECIB TeOMETPUYHO HeJiHIHHOTO JedopMyBaHHS, BTpaTH
CTIMKOCTI Ta 3aKPUTHYHOI MOBEIHKN IIMPOKOrO KJIACY TOHKUX OOOJIOHOK IpH
TEPMOCWJIOBUX HaBaHTa)XEHHSAX. MO/IeNIOBaHHS HEOJHOPIHOI O00OJIOHKH
peani3yeTbcst MOAM(DIKOBAHUM YHIBEpPCAaJIbHUM HPOCTOPOBHM CKiHYEHHUM
enementroM (CE), skuii, 3a paxyHOK BBEIEHHX JO/JATKOBUX 3MiHHHX
rapameTpiB, MO)Ke OyTH €KCIEHTPUYHO PO3TALIOBAHUM BiJTHOCHO CEpEIMHHOL
TIOBEPXHi OOLTMBKH Ta 3MIHIOBATH CBOI PO3MIpH B HaNpsIMKY TOBIIMHH.

ITpn moOyxnoBi ckinuenHoenemeHTHOI Mozeni obomonkn (CEMO) Tonka
00OJIOHKAa PO3IJISIIAE€ThCA SIK TPUBHMIpHE TUIO, SIKE MOJEIIOETHCS 3a
TOBUIMHOIO OIHHMM i3omapaMerpuyHuM npocropoBuM CE 3 mnomininidiHUMEU
¢yukmismu  popmu. OcobmuBocti HAC TOHKOI HEOTHOPITHOI OOOJOHKH
BpaxoBaHI BHKOPHCTaHHSIM JBOX HEKJIACHMYHUX TillOTE3: MpO CTaJiCTh
HOpPMaJIbHUX HAalpyXeHb OOTHUCHEHHS BOJIOKOH IIapy IO TOBIIMHI Ta
nedopmiBHOI mpsMiii B HampsMKy TOBIIMHH. 3acTOCYBaHHS OCTaHHBOI
KiHEMaTHYHOI TIOTE3! J03BOJIMIO BUKOHATH CTUKYBAaHHS €JIEMEHTIB OOIIMBKH
1 i AUTSTHOK 3 TEOMETPHYHUMH OCOOJIMBOCTSMH 0€3 OPYIIEHHS! HEPO3PUBHOCTI
3a KoopAMHATaMH 1 nepemimeHasMu. Ha 6a3i yriBepcamsHOro CE po3pobieHa
€IMHAa PO3paxyHKOBa MOJIENb, IO BPAaxOBYE T'EOMETPHYHI OCOOIUBOCTI
KOHCTPYKTUBHHX €JIEMEHTIB HEOJHOPIAHOI OOOJIOHKH: OOIIMBKY 3MiHHOL
TOBUIMHY, pedpa 1 HaKJIaJIK{, BUIMKH, KaHAIW W OTBOpPH, 3JIaMU CEpeINHHOI
TIOBEPXHI, TOIIO.

VY poboti mobymoBa peaykoBaHoi moxeni CEMO (minmxinm, mo 3a3Buyait
BUKOPDHCTOBYETBCS TIPH PO3B’sI3aHHI 3a7ad JWHAMIKM) BHUKOHYETBCS 13
3aCTOCYBaHHSIM MeToAy OasucHHX BY3niB [9, 17], skuii He moB’s3aHUi 31
crocoboM auckpeTn3anii BuxinHoi 3anadi. CyTs MeToay, 10 Ha0YB PO3BHUTKY
CTOCOBHO  CKiHYEHHOENIEMEHTHOI ~ Mojeiai  OOOJIOHKOBOI  KOHCTPYKIIi{
HEOJTHOPITHOI CTPYKTYpH, JOKIaaHo omucanuii y [9]. Cming 3a3HauuTH, MO
pO3B’s130K 3amavi MoOyJoBaHO O€3 ypaxyBaHHS CHJ OIOpY. 3arajioM Ipu
JIOCITI/PKEHH] HecTalliloHaApHUX KOJIMBaHb Ha 3HAYHMX MPOMIKKaxX IO 4acoOBii
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KOOpJIMHATI HEOOXi/IHO 10 BUXI/IHOI MaTeMaTHYHOI MOJIEINI 3alydaTH CKJIaJ0Bl,
SIKI TPHUBONATH IO 3racaHHd KoiuBaHb. OCKUIBKH JeMI(ipyBaHHS HE
BpPaxoBYEThCS, TOMY pO3poOJieHa  METOIWKa  JIO3BOJISIE  a/IeKBATHO
JIOCITI/PKYBATH TLIBKY ITOYaTKOBUH MPOIIEC HECTAIIOHAPHUX KOJIMBAHb.

BuBueHHs mOBeliHKM TIPYXHOI OOOJOHKM MpH Aii KOPOTKOYACHOTO
HaBaHTa)XEHHS BBAXKAETHCS TMOBHHUM, SKIIO B JIOCIIDKEHHI PO3TIISIAOTHCS
BENUKI TEpeMIllleHHs] 3 TMO3MLid TI'eOMETPUYHO HeJiHIHHOI Teopii. Aue
JIOCITI/PKEHHS TIOYaTKOBOI CTaJii MepexiJHOro Mpouecy Moxe OyTH BUKOHAHO
HA OCHOBI BiJINOBITHUX JIIHEAPU3OBAHUX CITiBBIHOIICHB [§].

TakuM 4YMHOM, METOAMKA € ePEeKTUBHUM X04a i HaOIMKEHUM 3aco00M, 1110
JTO3BOJISIE 3pOOUTU OIIHKY MapaMeTpiB HECTAIlIOHAPHUX KOJIMBAaHb OOOJIOHOK
HEO/IHOPITHOI CTPYKTYPH ITpH J1ii KOPOTKOYACHOTO HABAHTAKEHHSI.

2. YuceabHa MeTOOAMKA [JOCJHIMKEHHSI NPY:KHUX OOOJIOHOK Bix il
HeCTAIOHAPHHUX  AMHAMIYHUX  HABaHTa’KeHb 3  BHKOPHCTAHHAM
penykoBanux mopuedei. [loOynoBa piBHSHB pyXy CKiHYEHHOEIEMEHTHOL
MozeNni 00OIIOHKN BHKOHYETHCSI HA OCHOBI NMPUHIMIY MOXKJIMBUX T€pPEMIillIeHb
y noenHanHi 3 npuHmunom JI’Amnambepa [4]. Ilpu cKiHUEHHOENEMEHTHOMY
(dopMyTIOBaHHI TUHAMIYHOI 3a1a4i y GopMi METOAy INepeMillleHb 3a3BUYaii
Tyt JiHeapu3allii BUXIJHUX CITIiBBIJHOLIEHb MPUXOANMO 10 PO3B’SI3YyBaJbHOL
CHCTEMH PIBHSIHb y BHIVIAJI CHCTEMH 3BHYANHMX NU(EpEeHLIaIbHUX PIBHIHB
JIpyroro nopsaky [7-9]

[} (KK qf-{ P}=0. (1)
ne {u}, {ii} — N -BUMipHi BEKTOpH y3aralbHEHHX MEPEMILIEHb i TIPUCKOPEHD
BY3JIB JUCKPETHOI Mopneni KoHCTpykmii (N — 3arajbHe 4HCIO CTYIEHIB
cBobomu Mogieni); [M] — ysromkena maTpuis mMac yciei MOjeni KOHCTPYKILi,
BOHA XapaKTepu3ye iHepIiliHi BmacTMBOCTI obonmonku; [K| — Marpuis

xopctkocti CEMO; {’ P} — BEKTOp Y3araJlbHEHUX BY3JIOBHX CHJI; BEpXHiH
JIBUI 3HAYOK « f » TIOKa3ye 3aJIKHICTh BEKTOPIB Bij 4acy.

Jnst Toro mo0 posp’s3ok cuctemu (1) MaB ceHC, HEOOXiTHO 3a7aTH
MOYaTKOBi YMOBH, SIKi TIOBUHHI BU3HAYaTH Yy MOYATKOBUH MOMEHT 4acy f=f,

(Oe3 BTpaTu 3arayibHOCTI — y HYJIIBOBUI MOMEHT 4acy ¢ = () mosie nepeMilieHb
{Ou} 1 mBHUAKOCTEH {Ou} , TOOTO

{u(t)}|t:t0 = {O”}ﬂ {l;l(t)}|t:t0 = {O”} 2)

Meroauka AOCTI/KEHHsI HECTAl[lOHAPHUX KOJIMBaHb OOOJIOHOK Bix mii
KOPOTKOYaCHUX HAaBAaHTAXKEHb Oa3yeTbcsi Ha 3aCTOCYBaHHI DPEAYKOBaHHX
MOJIeNICH, YHCIIO CTYIEHIB CBOOOMM SKUX ICTOTHO MEHIIEC aHDK BHUXiTHOI
JIMCKPETHOI CKIHYEHHOEJIEMEHTHOI MOJIETi OOOJIOHKH, ajie TPH IbOMY HIKYa
YacTMHA CHEKTpa BJACHUX 4YacTOT BHXIJHOI 1 pexyKoBaHOI Mojenei
30iratothes. PemykoBana cucrema po3B’sS3yBaJbHUX PIBHSHB, IO OTPHUMaHa
METO/I0M 0a3HCHUX BY3JiB [9], Mae BUIIISA
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[i7) i)+ [K]a}-{P}=0, 3)
i (]

[¥7]= 10T M, )

[]=[vT [x]v]. 5)

{P}=[UT {*P}, (©6)

BiJITIOBITHO MaTpHIIi Mac i dKOPCTKOCTI, SIKi XapaKTepU3YIOTh PyX pPelyKOBaHOI
MOJIETi, @ TaKOX BEKTOp y3araJlbHeHHUX cwil Jast HoBoi Moneni. [IpaBumit
BEpXHill 3Ha40K «7 » O3HAya€ TPAHCIOHOBaHY MaTpuio. [U] — martpuis
MIEPETBOPCHB, SIKa BCTAHOBIIIOE 3B’ SI30K MiX mepeMimeHHsaMu BuxinHoi CEMO
{u} Ta HOBUMM HeBimOMMMM (IIO MalOTh Ha3By — HOBi y3arajbHeHi

xoopmuHath) peaykosanoi CEMO {gq}. Lleii 3B’A30K BuU3HA4aeThCs 3a
(hopmymnoro
ful=[u, g}, k=LN, r=10, ()
ne N i € —49ucio CTymeHiB CBOOOIHM BUXIIHOI Ta PEAYKOBAHOI MOJICIICH.
BiamosinHo n0 (2) HeBigomi nrykani QyHKii {’q} MaloTh 33JI0BOJIBHATH

MOYaTKOBUM yYMOBaM IIpH ¢ = tO

{Fogf={ng}, {=0g}=1{v g}, (8)

a0o, He BTpavalo4y 3araJibHOCTI IpH ¢ =0
af={"a}, {='aj={"d}. (8"
3a HOBi 3MiHHI (HOBi y3arambHeHi koopauHaTH) {g} mNpHUIMarOTHCS
nepeMilieHHs Jesikoi CyKymHocTi By3iniB BuxigHoi CEMO, mo noBiabHUM
YMHOM pO3TAlllOBaHiI y CITKOBiM oOsacti moneni (TOOTO AOBUTBHMM YHHOM
BUAiJIeHI 13 mOBHOro HabOopy By3miB Mozemi). Lli By3nu Ha3zuBaroTbes
0azucaumu (abo omopHmMHU) By3namu peaykoBaHoi CEMO. Takum dmHOM,
3TiIHO 3 METOJOM 0a3MCHHX BY3JIB YHCIIO CTYIIEHIB CBOOOMM ) peayKoBaHOL
MOJIEITi Bi/IMTOBIIa€ YHMCITY TIEPEMIIIeHb TUTBKY 3aJaHOl (CIemniaabHO BUOPaHOL)
CYKYITHOCTI 0a3MCHHX BY3JIB, @ YHCIO KOMIOHEHT Oa3HMCHHUX BEKTOpIB, IO
BXOJIATH 10 CKJIady MaTpuili meperBopenb [U] y (7), 36iraethcs 3 umciom
cryneHiB  cBoboau mmoBHOI CEMO. Omxe, KUIBKICTh PSIIKIB MAaTpPHIIL
nepetsopens [U] mopiBHIOE "nciy cTyneHiB cBo6onu Buxizaoi CEMO N, a
KUTBKICTh CTOBITYUKIB — KUTBKOCTI y3aralbHEHHX KOOPIHHAT pPEIyKOBaHOI
Mozgeni Q. Takum ymHOM, MOOY/O0Ba pEeIyKOBaHOI MOJENI BHKOHYETHCS 0e3
TIOTIpIIEHHsT TpOocTOpoBOi  anpokcumanii  BuxigHoi CEMO. Meronuka
n06y10BH MaTpHIL TiepeTBopersb [U] noknamuo onucana B [9].
3a CBO€O CyTTIO, MaTpuyHe piBHSHHA (3) € CHUCTEeMOIO 3BHYANHHHX
mudepeHIiadbHUX PIBHAHb 3a YacoBOIO KoopiauHatoro. Lls cucrema €
3B’SI3aHO0, 1 TOMY OJIHMM 13 BapiaHTiB MOOYIOBH Ii 3arajIkHOrO PO3B’A3KY, 110
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BH3HAYA€E MOBENIHKY PEAYKOBAHOI MOJEINI 332 4acoM, IOJIArae B MEPETBOPEHHI
3B’s13aHOI CHCTEMH JU(EpeHIiaIbHAX PIBHIHB 10 He3B’si3aHoi. Lle MoximBo,
OCKIJIBKM MaTpHlli Mac [A7[ ] 1 YKOpPCTKOCTI [I?] B cmiBBigHomenHi (3) €
CUMETPUYHMMHU Ta JIOJATHO-BM3HAYEHHUMHU BEJIMYMHAMH, a TaKoX €
pPEIyKOBaHUMHM 3aBISIKM 3aCTOCYBaHHIO METOJy Oa3MCHHMX BY3IIB Ta
XapaKTepU3yIOThCS HEBEIMKOI PO3MIPHICTIO, Ha BIAMIHY BiJ BiJNOBITHHX
Matpuils Buxigaoi CEMO.

Uepes Te, 1m0 Marpuis Mac [M ] € JI0aTHO-BU3HAYCHOI, TOMY ICHYE

KopiHp 3 mi€i marpuii. OCKIIBKM MaTpuIlsi Mac, 110 BHKOPHCTOBYETHCS B
METOIi, € Y3TO/KEHOIO, KA Ma€e OJIOYHY CTPYKTYPY 1 He € JiaroHaipHOo [18],

TOMY 3HAXOJDKEHHS 4/ [A7I ] , BUKOHYETHCS 32 HACTYITHUM aJITOPUTMOM.
CrioyaTky 3HaXOJAThCS HOPMOBaHI BJIACHI BEKTOPH {(pf‘7 } Ta BJIAcHI Yucia
{7\,11‘.4 } MaTpHIi Mac [A7[ ], SKi PO3TAIlIOBYIOThCS Y 3pPOCTAIOYOMY TOPSAKY,
MOYMHAIOYM 3 MEHILIOIO BJIIACHOTO YMCIIA. 3 BJIACHUX BEKTOPIB MaTPHII [A7[ ]
CKJIAZIA€ThCSl MATPHULS [SM ]= [{(p{‘7 } {(pjr‘7 } {(pg }], sIKa € OPTOTOHAJBHOIO.
3aBasku 1OMY OOCpHEHA i TPAHCIIOHOBAHA MATPHIII 301Tat0ThCS
ST =11 - ST
[s#]" =[5 ]" ao [s}s] =111, ©)
ne [I] — omuuuuna Matpuns.
Jaii Matpwuiio [A7[ ] TIPUBOAMMO JIO JiaroHajabHOTO BUMIIAY [19]
~TT ~ ~ ~ ~ ~
[s# ] [31][s7 |= diagpdt .. 2 . ait]=[m] (10)
1 3B1JICH 3HAXOJIIMO

Mzdiag[w W \/@} (11)

KBagparHuii KOpiHb 3 pPEAYKOBaHOI MAaTpUI[l Mac BH3HAYAETHCS

i) =[s ] T[] (12)

IMoGymoBana y Takuii croci6 MaTpuist 4 [A7I ] € OCHOBOIO JUTS MOAAJBLION0

TIepEeTBOPEHHS IMHAMIYHHX PIBHAHB peaykoBaHoi Mozerni (3). HactynHi kpoku
Taxi.

Kpox nepwuii. Tlomaroun maTpuiio [A7[ ] Yy BUTJIAI [A7I ]:\/m ~\/m,
MHOXKHMO JIiBY 1 IpaBy 4acTHHU (3) JIiBOpYY Ha (\/W)l

() [V R - () 1)
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Ockinbku (\/W)l \/m =[I] maemo
el () Rea () 1R o

dr?
BukoHaeMo TOTOXKHE IEepeTBOPEHHS B mpaBiii yactuHi (13) Ta oTpumaeMo
— 72 — -1 —\-1 = —-1 .
LG Y (V) e (7D £ 0
BBenemo no3naveHHs

g =l g} (15)
k)= (Vi) [) (Vi) (16)
f}=(Vl) ) (1)

i mozamo piBHsHHA (14) 3 ypaxyBanusam (15)-(17) y KaHOHIYHOMY BHTJISIII

*
LU eYoahete), a9
dr?

Ha opyesomy kpoyi TpuBeneMoO CcHUCTEMY 3B’sA3aHUX JU(EpEHINATEHIX
PIBHSIHB JJO CUCTEMH HE3B’s13aHMX piBHSAHB. CIIOYATKy I10aMO MaTpHIIIO [K *]
y AiaroHajbHOMY BHrJsiii. [l IbOro 3HaxXOAMMO BIIACHI YHCIA {?\f*} Ta
HOPMOBAaHI BJIaCHI BEKTOPH MaTpHII [K *]. Sk 1 BUIIE YyTBOPHMO MaTpHIIIO
[S K* ] , CTOBITUMKAMH SIKOi € KOMITOHEHTH 3HAH/IEHNX BIACHUX BEKTOPIB.

OCKIUTBKY MaTpHULIs [K *] € CUMETPUYHOIO, TOMY ii BJIacHI BEKTOPH B3a€MHO
OpPTOrOHANBHI. A Yepe3 Te, IO IIi BEKTOPU € HOPMOBAaHHUMH, TOMY MAaTpPHUIII
[S K*] € OPTOTOHAJBHOIO, a oOepHeHa 70 Hel 30iraeThecsi 3 TPaHCIOHOBAHOO
[se ] =[s* T

3B’a3aHa cucTeMa 3BHYAaWHHX JudepeHmianbHux piBHAHL (18) 3a
JIOTIOMOT'OI0 MaTpHI [S K*] Moxke OyTH NpHUBeJeHa 10 HE3B’SI3aHOI CUCTEMH
OKpeMuX Au(epeHIiaNbHIX PIBHIHB Y pe3yNbTaTi HACTYITHUX JIiH.

. . T
[MomuOXUMO criBBigHOmEHHS (18) 37iBa Ha [S K *]

s LL s Pl leg ol T ). 09
BukoHaeMo TOTOXKHE IEpPEeTBOPEHHS B IpaBiil yactui (19), BpaxoByrouH, 1o
s ] =[s%]" ado [s%°}[s*]" =[1]. (20)

Toxi maemo
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5] LTS s Y s} s T o J s ). o
Bpaxopyrouun B (21), o

[s5* ] [k*][s%*]=[A], ne [A]=diagpk* .. A& . A,
Ta BBOJSYU ITO3HAYCHHA

tat=[s< ] {a}, (22)
{pi=[s<] ). (23)

OCTAaTOYHO OTPUMAEMO CITiBBITHOIICHHS
—dzc{;,z**}“?* fgj={p}, i=10, (24)

sSIKi € cucreMoro () He3B’s3aHUX ITU(EpeHIiaIbHUX PIBHIHB JAPYroro IMOPSIKY.
AHaJoriuyHi TEpeTBOPEHHS BHUKOHYIOTBCS 3 3aJaHUMU ITOYaTKOBUMH

yMmoBamH (8). Y pe3ynbTati OTpEMaEMO MOYATKOBI YMOBH JIJIS {’ q**} Ta iXHIX

TIOXi/THUX Y MOMEHT 4acy ¢ =t

()=o) (i) e

e nae Q oxpeMux 3amad il 3BUYAMHUX IUQEpEHIiabHUX DPiBHSHb
JIPYroro MOpsIIKY 3 MOYaTKOBUMH yMOBaMu, TooTo Q 3amau Komri (24-25).

Kpox mpemiii. Po3B’s13aHHSI KOXKHOI OKpeMoi 3aiadi Kormri BUKOHYeThCS 3a
MerogoM Pynre-Kyrtn dwerBeproro mopsiaky TouHOCTI. BpaxoByrouw, 1o
Mmeron Pynre-KyrTu opieHToBaHuit Ha po3B’si3aHHS AU(EPEHIIaIbHUX PIBHIHB
MIepIIOro TOPSAKY, MojaMo cucteMy (24) y Burmsaai 2Q piBHSHb, BBOISYH

HOB1 3M1HHI1 — BY3JIOB1 IIBUAKOCT1 { tV } ,

d{tq/'**} Z{tv '**}
i I

dt

» Jj=1LQ;i=0+12Q. (26)
d{tvi } _ }\'K*{t **} _ {tP**}
—a M1ty hoge
Ilpy 1bOMy MOYATKOBI YMOBH (25) NpH ¢ = t, HAOyBaIOTh BUITIAAY
{’:’q;ﬁ *}: {Tq; *} — II0YaTKOBE TIepEMillIeHHS,
{’:TV;* } = { Tv;f*} — I10YaTKOBA HIBHKICTb. 27)
VY pesynbraTi iHTErpyBaHHs () OKpEMHX CHUCTEM 3 JIBOX DiBHSHB (26) 3a
MerogoM Pynre-KyrTu 3HaxoauMo 3Ha4eHHs KOMIIOHEHT  BEKTOpIB

nepeMileHb {’ q; *} 1 IBHIKOCTEH {’v;*}.
Kpox uemeepmuii. JIns KOX)KHOro MOMEHTY 4Yacy IcCJsl 3HAXODKEHHS ()
PO3B’sI3KIB  BIAMOBIMTHUX 3anad Komni BHUKOHYETHCS 3BOPOTHIM mepexin 3a
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¢dopmynamu (22, 15) Bix 3HalIEHOrO NEpeMillIeHHS {’q**} JIO TIepeMilleHHS

t

{’q*} Ta Big OOYMCIEHOrO {q*} JI0 TIepeMilIeHHs {’q}, 0 BH3HAYa€E

LTYKaHUH PO3B’A30K.

Taxum ywmHOM, 13 3anmexxHocTed (15, 22), HA KOXKHOMY KpOIIi 32 4acom,
BpaxoBytoun (20), TOCTIZOBHO 3HAXOAWMO IIIyKaHI IEepeMilllecHHs (HOBI
y3araipHeHi koopauHatH) peaykoBanoi CEMO

g }={ailsc]”, (28)
fgb=ta W] 29)

[MincraBnsroun 3HaWACHUN po3B’s30K (29) vy dopmyny meperBopens (7),
3HAXOIUMO TiepeMimeHHst By3niB BuxigqHoi CEMO, 3a SKMMH BH3HAYa€ThHCS
HaINpyXeHO-1epOpMOBaHH CTaH HEOTHOPITHOI OOOJIIOHKHA B MOMEHT 4acy, 1110
PO3TIISIAETHCSL.

3. Pe3yapTaTém po3paxyHKy Ta aHaJgi3 po3B’sa3kiB. JlocmipKeHHS
HecTalioHapHUX KOJMBAaHb TOHKOCTIHHOI KOHCTPYKIII Bi Jil KOPOTKOYaCHOTO
HABaHTAKCHHS MIPOBEICHO HA MPUKJIIAII MApHIPHO OMepTuX 6ayok (puc. 3).

Puc. 3

Buxinui mani B34ari BigmoBigHO 10 [21]. ['eoMeTpu4HI XapaKTEpUCTHKH
6anxu: nosxuHa [ = 800 cy, mmpuHa b = 40 cm Ta BucoTa niepepisy /= 80 cu;
XapakTepucTuku Mmarepiany (6etoH wmapku MI100): Momaymb MpyKHOCTI
E=3-10" kH/M’, xoedinient Ilyaccoma v =02, muroMa TIyCTHHA
p=25-10° ke/m’; iHTEHCHBHICTB iMITYIBCY Py=8-108H, wac iioro mii

t=1-10"¢c.

Jlis naHuX OJHOBHMMIpHHUX €JIEMEHTIB KOHCTPYKIIH 32 TOYHI BBaXKaJIHCh
pe3yabTaty, ist skux y [20, 21] 6aaku MOAETIOBAIUCS SIK CTEPIKHI, 1 IS SIKIX
y [20] HaBexeHO aHANITUYHI PO3B’SI3KH.

Y  pobori  MojemioBaHHS ~ OaJOK  BHUKOHYBalIOCS  ITPOCTOPOBUM
yuiBepcasibhuM  CE,  skmii  103BOJNsIE  po3riisimaTH  TOHKI  OOOJIOHKOBI
KOHCTPYKLIi sIK TpuBUMIpHI Tina [1, 2]. 3rigHO 3 BUXIAHUMHU JaHUMH Oajka
npu anpoxcumaii npocroposuM CE yMOBHO BinnoBigae 000I0HII cepeaHbol
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ToBIMHK, ocKimbkr A/[=10"", mo € BEPXHBOIO TPAHULEI0O MOXKIUBOCTEH
METOJIUKH.

Buxomsau 3i ckiiagHOro BUIY nedopmyBaHHs Oanok [20], 3a po3paxyHKOBI
npuiiMaincsl CKIHYeHHOENEMEeHTHI Mozeni Oanku 3 citkamu 2 x 20, 2x 32 Tta
2x 40 CE. Ilpu noOynoBi peaykoBaHOi MOneli 3aqadi BUKOPUCTOBYBaJocs 9,
15 Tta 19 OasucHux By3miB. Ha

pospaxymkosilt exewi (puc. 4) v PRI —
citku 2x 20 CE mokazaHo BuOip i o &
OIOPHUX TOYOK METONY Oa3MCHUX
BY3JIiB B IUIOIIMHI CEpEIUHHOL Puc. 4. CEMO 6amu (2 X 20 CE) ta

203 BUOpaHi 6a3ucHi By3Iu

MOBEPXHi x~* x

BizciigkoByBasycsi KOMIOHEHTH BEKTOpa IepeMilllieHb y HEeHTpl Oajku Ha
3aJaHOMy YacOBOMY IHTEpBAli y BHIVIAAI JiarpaM «aMIUIiTyjaa u' —dac ¢ »
(«u"—t») Ta Qopmu nedopmyBaHHS y XapakTEpHi MOMEHTH 4acy.
Tlepemimenns #! € By3J0BMM NepeMillIEHHSM Ha CEPEIMHHIN MOBEPXHI OaIKH.

3.1. PosrnmsparoThesi HecTalliOHapHI KojMBaHHA Oanku (puc. 3) Bing nii
PIBHOMIPHO ~PpO3MOAINEHOr0 TO i JOBXKHHI MHTTEBOrO IMOyIbCy ‘g
TIPSIMOKYTHOI (hOpMHU.

Ha Bcix nmiisHKax JiarpaMu «aMIntiTyaa — 9acy (puc. 5, @) crnocTepiraeThes
rapHuii 30ir po3B’sA3KiB NpHU ycix ciTkax. IlopiBHSHHA miarpamu «u' —¢ », mo
orpumana 3a MCCE, 3 pesynbratamu podotu [21] (puc. 5, 6) mokasye npakTU4HO
TIOBHUH 1X 30ir i3 HE3HAYHMM PO3XOKEHHSIM y BEpXHIH Touli. MakcuManbHUR

nporus  ul —0,1048 cm nocsraetbess mpu ¢ =0,0114 ¢ (puc. 5, a), mo

max
rapHo 30iraerecst 3 po3B’sizkamu, orpuMaHuMu B [20, 21]. Po30ixHicTh 3

TEOPETHYHHM O3B SA3KOM U —0,1032cm  [20] ckmamae +1,55%, 3

max
PO3paxyHKOM 3a IporpaMHuM komiuiekcoM Scad [21] umax —-0,102998 cm
craHoButh +1,75%.
g g
u u
010 F 40 CE 010 b
32 5, MCCE
U 20 Y\ Scad
—0.05 | -0.08 Ly
-0.06
0
-0.04
0.05 F
-0.02
010 | &
1 1 L 1 1 0 1 1 L 1 ¥
0 001 002 003 0.04 005 1,6 0 0005 001 0015 002 0.005t.C
a 4

Puc. 5. liarpamu « ul —t» (a) nus piznux citok CE; (6) mopiBHSHHS 3 po3B’si3koM [21]
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Juns  oOrpyHTyBaHHS  30DKHOCTI  OTPUMYBAaHMX  PO3B’SI3KIB  OyiH
MIpOaHaJi30BaHi JUIsl Pi3HUX CITOK EMIOpY MPOTHHIB MO AOBXHHI OaJKH y pi3Hi
MOMEHTH Yacy.

Maemo rapHuii 30ir pO3B’A3KIB  Ha iHTepBaii Jii IMIYJIbCHOTO
HaBaHTAXKEHHs: Ha cepenuHi ¢ =1/2 (puc. 6, a) Ta Ha KiHui ¢ =1 (puc. 6, 6)
npoMixkKy wacy #oro mii. Ha mpomy mpomixkky ¢ €[0,7] crocrepiraetbes
KpalioBuii edekT mepeMimieHp Oanku Oinst Horo KiHmiB. s mepiroi Oimbin
pinkoi citku edekT XBHIBbOBOI AedopMarii MOUIMPIOEThCS Maibke Ha BCIO
noxuHy Oanku. Sk gocratHio it CEMO Oanmku MOXHA B3SITH CITKY
2x32 CE.

Ha puc. 6, 6 HaBeZieHO emopy NPOTHHIB OaJIKM B MOMEHT 4acy f =t

1
max

umax >

KOJIM aMIUTITyla KOJHBAaHb JOCSATA€ MAaKCUMyMY U (puc. 5, a). Maemo

MIPaKTHYHO MTOBHUH 30ir hopm, 1o orpumani 328 MCCE Ta Scad [21].

Bukonane nocimipkeHHS MIiATBEp/KYE TapHy 30DKHICTH 1 JOCTaTHBO
BHCOKY TOYHICTH PpO3B’sI3Ky, LIO0 MNOOYJOBaHWH 3a 3alpONOHOBAHOO
METOAUKOIO.

u' cm u' cm u' cm
-2=10"

-g+10% Scad AgZCE
e
510 o0

g
-1:10™

g ; ] -0.05
g IR A
10 |} 4| -ee10® f

t=1/2

tztumax

¢ 62 o4 08 o8 1 G 62 o4 08 o8
1 x¥1

a [ 6

¢ 02 04 06 oa
x¥1

Puc. 6. Entopu nporuHiB y pi3Hi MOMEHTH HaBaHTa)KEHHS ? q

3.2. PosmmsmaeThes 3aava nMpo HecTalllOHApHI KONWBaHHS Oanku (puc. 3)
Bifl Jii 30CEPEKEHOr0 MHUTTEBOrO iMIyIbCy p NPAMOKYTHOI (OpMH, ILIO
TIPUKIIAJICHUH B CEpeuHi 11 MpObOTY.

Jiarpamu  «u' —¢», WO BIANOBINAIOTE BUMAAKY [ii 30CEPEKEHOTO

IMITYJTbCY (PHC. 7, @), MatOTh OUTBIN CKJIQIHUIN BUIIIS, HiXK TIPH Ail piIBHOMiPHO
postozisieHoro. MaemMo TOCHTh rapHHH 30ir po3B’sI3KiB /ISl YCiX CITOK.
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1 1
S, u
e i 32

MCCE -

-0.02
-0.m
-0.015

0,01
0.01
-0008 |
0.02 /

1 1 L i I\’ 1 0 1 1 1 1
0 001 002 003 004 005 t,C 0 0.005 001 0015 0,02 t,C
a 6

Puc. 7. liarpamu « ul —t» (a) nus piznux citox CE; (6) mopiBHSHHS 3 po3B’si3koM [20]

TopiBHSHHS iarpaMu «aMIUTITY/Ia — Yyacy», 110 OTPUMAaHa 3 BUKOPUCTAHHIM
MCCE, 3 pesympratamu pobotu [20] (puc. 7, 6) mokasye 3am0oBLTbHHN 30ir

pO3B’s3kiB. MakcuManbHHUN TPOTHH u}nax —0,02143 cm pocsiraeTbes TpuU

t =0,0132 ¢ (puc. 7, a), MO Y3roKYETHCS 3 PO3B’A3KOM umax —-0,02468 cm,
orpuMmanuM aHaniTHdHO B [20]. Po30ixHicTe po3B’si3kiB ckiagae -13,17%.
HesnauHy po30iXKHICTH JiarpaM MOXKHA BITHECTH JIO OCOOJMBOCTEH
3acrocyBaHHA yrouHeHoi Meroguku MCCE [1,2], mo BHKOPHCTOBYE
MIPOCTOPOBI CKIHYEHHI €IEMEHTH 1 pO3IJIsiae 0ajKy K TPUBUMIpPHE TiJIO, Y TOH
gac, konu B [20] 6ayika po3riisaainach K CTCPIKEHb.

Amnatiz Gpopm nedopMyBaHHs OalIKU JUTS PI3HUX CITOK IMOKa3aB FApHUA 30ir
pO3B’A3KiB y pisHi Momentn uacy (puc.8). Ha mpomixky ¢e[0,t] nii
IMITyJIbCHOTO HABAHTaXKEHHS B TOUKax f =1/2 (puc. 8, a) Ta t =1 (puc. 8, 6)
criocTepiraetscs aeopMyBaHHS OaMKd B IIEHTPANIbHIN YacTWHI B paiioHi mii
iMIyneCy. SIK i B IoIiepeIHbOMY BHIIAIKy MA€EMO TapHHUH 30ir po3B’s3KiB IS
CEMO o6anku 3 citkamu 2x32 CE ta 2x40 CE. [ns MOMeHTY yacy ¢ =t

umax >
KOMM aMILUNTy#a KONMBaHb Oalkd Jocsrae Makcumymy ul . (opma
nedopmyBaHHs HaOyBae OinblI mpocToro BUrIARy (puc. 8, 6). Ilpu 3rymenHi
citku 2x40 CE emopa XapakTepU3yeThCsl HE3HAYHUMH XBHIISIMH. [1OpiBHSIHHS
emrop 3 pesyiapTaramu podotu [20] mokaszano rapHuil 30ir po3B’s3kiB. bibmn
YCKIaJHEHUN BUIIN emtopd, sika orpuMaHa 3a MCCE, MoxHa mnoscHUTH
BukopuctanHsiM npocroposoro CE [1, 2] must anpokcumarii 6anku. J{ns mporo
BUIIAJIKy HABAHTAXKEHHS 33 JOCTaTHIO MOXKHA NpuitHATH ciTKy 2x40 CE.
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u, cm u', cm u" em
-1=10 -4-10 M -0.025
t=1/2 t=1 (2] t=tu ey
-0.02F  4ncE

20

—g. 100+

510" -2+10 M

-0.015
RN
-0.01

0

110 -0.005

5107 210 0
0 02 0.4 0.6 0.8 1 0 02 0.4 0.6 0.8

1
x%71 x%71
a o 6

Puc. 8. Entopu nporuHiB y pi3Hi MOMEHTH MHTTEBOI'O HABaHTaXKECHHS ? p

HaBeneni pe3ynbraTH  MiATBEP/UKYIOTH  €(EKTHBHICTH  MOOYIOBAaHOI
METOJIMKH JOCIiPKEHHsI HECTal[lOHAPHUX KOJIMBaHb OOOJIOHOK HEOJHOPIAHOL
CTPYKTYPH TIPH [iil KOPOTKOYACHHUX JTUHAMIYHUX HaBAaHTAXKEHb.

Ha TecroBux 3amadax MNpoAEeMOHCTpOBaHO, 1m0 HaBiTh it CE, sxuit
BIMOBifTa€ OOOJOHIN CEPEHBOI TOBIIWUHM, IO € BEPXHBHOI T'PAHUICIO
MOXIIUBOCTEH IPOCTOPOBOrO CKiHUYEHHOro enemeHra [l1,2], MoxnuBe
3aCTOCYBAaHHSI PO3POOJIEHOr0 METOAY VISl OLIHKH BIUIMBY KOPOTKOYaCHOTO
HaBaHTa)KEHHS Ha TIOBEIHKY TOHKOCTIHHOI KOHCTPYKIIii.

BucHoBkn. Ha ocHOBI po3po0JiieHOI aBTOpaMH CKiHUCHHOCIEMEHTHOL
MOJIEJI TOHKOI IPYXHOI HEOJHOPIAHOI OOOJIOHKM Ta CTBOpPEeHOI Ha ii 6a3i ays
3alad  JMHAMIKK PEIYKOBaHOI MOJENi 3a METOJOM Oa3WCHUX BY3JIB
MoOYIOBAaHO AJTOPUTM PO3B’s3aHHS 3aJad IPO HECTAIliOHAPHI KOJMBAHHS
00OJIOHOK HEOIHOPIJHOI CTPYKTYpH TpH [il KOPOTKOYACHHUX AMHAMIYHHX
HaBaHTa)KEHb.

3acTocyBaHHS METOY 0Aa3MCHHX BY3JIB JO3BOJMIO PO3POOHTH MPOCTHH Ta
eQeKTUBHMI aJrOpUTM pPO3B’sI3yBaHHS JaHOI 3a/1a4i. BukopucranHs HEeBeTUKOI
KIJIBKOCTI 0a3MCHUX BY3JB NpU NOOYIOBI peIyKOBaHOI MOeNi OOOJOHKH
3a0e3MeunI0 MOXKIIMBICTh TIEPEXO/Y Bifl 3B’sI3aHOI CUCTEMH AW(EepEHIIATbHIX
PiBHSIHB, IO ONHCYE pPYX CHCTEMH, JIO CHCTEMU HE3B’S3aHUX DiBHSHb,
PO3B’SI30K KOi JIETKO 3HAXOJAWTHCS 3a J00pe pO3poOJIEHMM YHCEIbHUM
merosioM Pynre—Kyrru.

Po3pobnennit adropuT™M 3acTOCOBaHO 0 pO3paxyHKy OajloK CTajioro
MIONIEPEYHOr 0 Tepepi3y Ha 0 Pi3HHUX IMIyJhCHHX HaBaHTaxeHb. [IpoBeneHi
JIOCITIJPKEHHS! TiATBEP/PKYIOTh TapHy 301KHICTB 1 TOCTaTHHO BHCOKY TOYHICTh
PO3B’sI3Ky, 1110 TOOYIOBaHHI 32 3aIPOIIOHOBAHOIO METOIUKOIO.
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Chybiryakov V.K., Krivenko O.P., Legostaev A.D., Grechukh N.A.
DEFORMATION OF ELASTIC INHOMOGENEOUS SHELLS UNDER THE ACTION OF
NONSTATIONARY DYNAMICAL LOADS

An algorithm for investigating the nonstationary vibrations of shells with an inhomogeneous
structure under the action of short-term dynamic loads is proposed. The technique is based on the
finite element model of a thin elastic shell with various geometric features in terms of thickness
and on the reduced model for dynamics problems created on its basis.

The method of investigation of elastic inhomogeneous shells is based on the relations of the
3-d theory of thermoelasticity and the use of the moment finite-element scheme. So, a thin shell is
considered, by this method, as a three-dimensional body, which is modeled in thickness by one
isoparametric solid finite element with multilinear shape functions. The features of the stress-strain
state of a thin inhomogeneous shell are taken into account using two nonclassical hypotheses: that
the normal stresses in the fibers are constant throughout the thickness of the shell and the
nonclassical kinematic hypothesis of deformed straight line in the thickness direction.

The construction of the reduced finite-element model is performed by using the method of
basis nodes. The application of the method of basis nodes made it possible to develop a simple and
effective algorithm for studying nonstationary oscillations of inhomogeneous shells under the
action of short-term dynamic loads. The use of a small number of basic nodes in the construction
of a reduced shell model has provided the possibility of a transition from a coupled system of
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differential equations describing the motion of the system to a system of unbound equations, the
solution of which is easily found in the well-developed Runge-Kutta numerical method.

The efficiency of the developed algorithm is demonstrated by the example of analysis the
hinged beams of constant cross section on the action of various impulse loads. Convergence of
solutions is investigated and a comparison with theoretical data and results of calculations obtained
with the help of the software Scad is made. The conducted studies confirm the good convergence
and rather high accuracy of the solution obtained according to the proposed method.

Keywords: thin elastic shell, universal solid finite element, model reduced, impulse load.
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The paper aims to studying the effect of settlement of the Ho Chi Minh City Tunnel in soft soil
condition on the nearby buildings due to tunneling by the Finite Element Method using Plaxis 3D
Tunnel.

Keywords: Tunnel, soft soil, settlement, Finite Element Method.

1. Introduction

Nowadays, the population of the Ho Chi Minh City has grown quickly. The
traffic facilities of Ho Chi Minh City therefore have been continually upgraded
but they are still weak and cannot satisfy the traffic needs. Therefore, the city
needs a modern public passenger transport network to ensure that the citizens
can travel quickly, safely and conveniently. Tunneling not only provides high-
speed transportation in rush hours but also carries a large number of
passengers. Besides, it doesn’t cause any pollution so it satisfies the sustainable
long-term development of the Ho Chi Minh City.

This is the first time in Vietnam to build the tunnel. Hence, we are lack of
experience, technology and construction management. Besides, there are many
projects have been built on the ground so the study on the settlement effect of
tunnel construction to nearby buildings in the Ho Chi Minh City is very
essential. The Ho Chi Minh City Tunnel - part of Ben Thanh - Suoi Tien has
been selected for the study of ground surface settlement due to underground
tunnel construction and the effect of settlement on the nearby buildings.

2. Content

2.1. Project description

Fig. 1 describes the cross section of the Ben Thanh - Suoi Tien Tunnel and
the Tunnel balanced construction model by TBM is shown in Fig, 2.

© Nguyen Anh Tuan, Tran Duc Chinh, Nguyen Thanh Dat
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Fig. 1. Cross section of the Ben Thanh - Suoi Tien Tunnel

Fig. 2. Tunnel balanced construction model by TBM

Construction overview: Ben Thanh - Suoi Tien tunnel route is 19,7 km
long. It includes 2,6 km underground tunnel and 17,1 km rail on ground.

Cross section of tunnel: Rounded tunnel, Diameter (D) = 6,65m and
Thickness (d) = 0,3m.

Tunnel construction method: According to the soft soil condition in Ho
Chi Minh City, it’s believed that the Tunnel Boring Machine (TBM) is the
most suitable method to execute the tunnel.



144

ISSN 2410-2547. Omip matepiainis i Teopis copy. 2017. Ne 99

2.2. Model of tunnel construction in Plaxis 3D Tunnel

Table 1
Parameters of soil properties
Layer 1 Layer 2 Layer 3 Unit
Organic clay | Clayeysand | Sandy Clay

Layer’s thickness 16.7 16 15 m
Material model MC MC MC -
Natural density Yunsa 15.8 20.2 20.9 kN/m®
Saturation density Y 16.1 20.4 21.02 kN/m®
Elastic module £% 1040 15330 12105 kN/m”
Poisson coefficient v 0.35 0.27 0.32 -
Cohesive force ¢’ 7.3 14.1 80.4 kN/m*
Angel of interior friction ¢’ 5.72 27.58 21.3 0
Permeability k 1.83x10° 0.5x10” 1.36x10° m/s

Plaxis 3D Tunnel program is based on the finite element method. The
program can calculate internal forces, analyze stability and deformation of
geotechnical constructions. Plaxis 3D Tunnel, has simple interface, allows user
to build construction models and provides fairly accurate results.

The soil properties is summarised in Table 1. Model of the tunnel in Plaxis
3D Tunnel is shown in Fig. 3.

R
J\

KT~
A

Deformed Mesh
Extieme total displacement 33,7410 3 m

Fig. 3. Model of the tunnel in Plaxis 3D Tunnel
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2.3. Analysis of results

2.3.1 Effect of burial depth on ground settlement

Results of the ground settlement around the tunnel corresponding to the
different burial depths of the tunnel are summarised in Table 2 and Fig. 4.

Table 2
Results of the ground deformation around the tunnel
Burial depth, m
Ground settlement
15 20 25 30
U, cm 9.37 6.33 4.75 2.56
Uy, cm 2.17 1.21 0.79 0.48
80
E 70
£ 60
g 50
E 30
° ism 20M 25M 30M 40M
Burialdepth(m)

Fig. 4. Settlement values corresponding to burial depth

Analysis of the 6.65 m diameter tunnel shows that if the burial depth
increases then the ground surface settlement decreases. The settlement is
negligible when the burial depth reaches a particular value.

If twin tunnels are constructed alternately, the ground surface settlement on
the 2™ tunnel is greater than the 1* one. After construction of two tunnels, the
center line of settlement groove on the ground between the two tunnels is not
symmetric. The deeper the tunnel is, the fewer tunnels settlement is. When the
burial depth is 30 m, two tunnels bear forces independently and sunk relatively
evenly.

When the bottom of the tunnel is placed at the depth of 15 m of soft soil
area, the value of displacement and deformation is relatively large. The largest
vertical settlement is above and below the tunnel.
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2.3.2 Case study of the distance between two tunnels
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Fig. 5. Effect of distance between two tunnels on largest ground deformation
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Building the 2™ tunnel effects increases the stress on the 1% tunnel.
According to the Fig. 6, it’s clear that the 2™ tunnel has a large effect on
ground settlement which leads to the whole settlement of twin tunnels greater
than single tunnel.

According to the Fig. 5, it’s clear that the further the distance between two
tunnels is, the less the largest settlement is. When the ratio of X/2R reaches a
particular value, the effect of each tunnel on the other one is negligible. In this
case, the settlement line is unaltered when X/2R > 3.

Vertical settlement of ground due to metro construction can cause danger to
nearby buildings. Therefore, this analysis can be applied to find the optimum
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distance between tunnels in order to satisfy both economical and technical
purposes.

2.3.3 Effect of metro construction on nearby buildings

Ground settlement causes deformation of buildings which are located in
affected settlement zone. The degree of settlement effect depends on the
ground settlement and the shape, size, position, and condition of building.

Buildings located on the center area of deformation zone are affected
heavily by the ground settlement. Therefore, buildings’ deformations develop
primarily from the roots to the low floors of the buildings.

The primary affects of vertical settlement on buildings are bending and
angularity. Horizontal deformations only effect on buildings’ structure through
force of friction at buildings’ bottom and sides of foundation. In general,
effectiveness of horizontal deformation is much less than vertical one.

2.3.4 Reasonable burial depth for minimizing the effect of Ben Thanh -

Suoi Tien tunnel construction on nearby buildings

There are many methods to assess the ground settlement affecting on
houses such as methods of Prof Wahls (1981), and Prof Attewell (1986). [1]

According to Attwell’s research, destruction of structures on the ground is
divided into 4 groups depending on the inclination and ground settlement as
shown in Table 3.

Table 3
Destruction grouping of structures on the ground

Type Ground settlemept .
Max settlement, mm Inclination, mm/m
Negligible 0-50 0-5
Medium 50-75 5-20
Much >75 >20

This paper focuses on the influence of vertical settlement, the most
influence factor to nearby buildings.

Table 4
Ground settlement. Burial depth: 15m, distance between 2 tunnels: Sm to 30m

Distance, m 5 10 20 25 30
Settlement, mm | 96.89 | 85.54 | 83.85 | 82.36 | 81.24

Table 5
Ground settlement. Burial depth: 20m to 40m. Distance between 2 tunnels: Sm.

Burial depth, m 20 25 30 40
Settlement, mm | 65.34 | 48.99 | 27.15 | 24.51
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According to the comparison of the above tables against the Attewell’s
table, if the burial depth is 15m then the degree of ground settlement is
significant. Therefore, it is needed to take measures to minimise the damage
that may occur to the nearby buildings.

If the burial depth is deeper than 20m then the degree of ground settlement
is medium and it does not cause serious impact on the nearby buildings.

3. Conclusions

Metro tunnel construction causes the change of stress state and natural
deformation of land. Therefore, it creates fading deformation field around the
land masses.

Reasonable burial depth for Ben Thanh — Suoi Tien tunnel is from 15m to
20m (about 2D to 3D where D is tunnel’s diameter)

Vertical settlement badly effects on nearby buildings. The damage degree
depends on the structure condition and factors of ground deformation field. It
sometimes requires measures to protect nearby buildings.

Choosing reasonable burial depth and distance between 2 tunnels both not
only can satisfy the technical requirement but also save the capital on
construction.
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Heyen Anb Tyan, Yan Juk Tinv, Heyen Txanw Jlam
AHAJII3 BIVIUBY IMPOKJIAJKHU TYHEJIIO Y MICTI XOIIUMIH HA CYCIJJHI
crioeyau

B ocTaHHI POKH 3 PO3BUTKOM HOTYXKHHX OOYHCIIOBAIBHHX IHCTPYMEHTIB YHCENbHI METOAU
JIOMIHYBaJl B PO3PaxyHKy IpoOiieM IoBepxHeBoi AedopManii, BUKINKAHAX TYHHEIUPOBAHHEM.
UncesbHI METOAN BUKOPUCTOBYIOTHCS HE TUIBKH IJIs IPOTHO3YBaHHS JedopManii IpyHTY HaBKOJIO
TYHemo, ane i JUIL BChOrO IIpOLeCcy HPOSKTYBaHHS Ta OyJiBHHITBA TyHENB, BKIIOYAIOUH
MOJICIIIOBAHHS TIpOLeCcy BHIMKM 1 OYNIBHHLTBA TyHENi MDK TDYHTOM - OOOJIOHKOIO TyHeIN,
B3a€MHUM BIUIMBOM MDK CYCITHIMH TyHEISMH, IIPOHUKHICTIO 1 yniinsHeHHIM. OHAM 3 HaHOimbII
TOYHUX YHCEIIBHUX METOMIB € MeToja ckiHdeHHuX enemeHTiB (MCE). Merow nanoi pobotu €
JIOCTIMKEHHS] BIUIMBY IpPOKJIAJKH TYHEII0 B clabkoMy rpyHTi B paiioni Xommminy. MCE,
peamizoBanuii B nporpami Plaxis 3D Tunnel, BUKOPHCTOBYETBCS JUIsl HPOTHO3YBAHHS 3MiIIEHHS
TPYHTY 1 aHaNi3y BIUIMBY IIpOLeCy TYHEJIIOBAHHS Ha CyCigHi cropyamu. Pe3ymbraTH IoCHikeHb
JIO3BOJISIIOTh BH3HAYNTU TJMOMHY HPOKJIAJKH TyHeIs 1 BIACTaHb MDK JBOMa TYHEISIMH, SKi
BIJINOBIZIal0Th BUMOTaM Oe31eku OyIiBeb.

KuiouoBi ci1oBa: TyHelb, ClabKHil IPYHT, 0caji, METOJ CKIHICHHHX eIIEMEHTIB.
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Nguyen Anh Tuan, Tran Duc Chinh, Nguyen Thanh Dat
ANALYSIS OF THE EFFECT OF THE HO CHI MINH CITY TUNNEL SETTLEMENT
ON THE ADJACENT BUILDINGS

In recent years, with the advent of powerful computing tools, numerical methods have
prevailed to the problem of ground deformation induced by tunneling. Numerical methods are
applied not only to the ground settlement prediction but also to the entire tunnel design procedures,
including simulation of the excavation sequence and placing of the lining, soil - tunnel lining
interaction, effects of nearby tunnels, seepage, and consolidation. One of the more refined
numerical methods is the Finite Element Method (FEM). The paper is aimed at studying the effect
of settlement of the Ho Chi Minh City Tunnel in soft soil condition on the nearby buildings. The
Finite Element Method using Plaxis 3D Tunnel is introduced to predict the ground settlement and
to analyse the settlement effect of the tunnel during construction on the surrounding buildings. The
reasonable depth and distance between the two tunnels can be suggested for satisfy construction
requirements.

Keywords: Tunnel, soft soil, settlement, Finite Element Method

Heyen Anv Tyan, Yan [Joik Tuns, Heyen Txanv [Jam
AHAJIN3 BJIUAHUA TPOKJIAJKHW TOHHEJIS B TOPOJE XOULIMMHH HA
COCEJHHUE COOPYXXEHUs

B mnocnenHue ronabl ¢ pa3BUTUEM MOIIHBIX BBIYMCIUTEIbHBIX WHCTPYMEHTOB YHCIIEHHBIE
MeTOIbl JOMHHHPOBAIM B pacdyeTe MpoOIeM ITOBEPXHOCTHOH JeOopMalny, BEI3BaHHBIX
TyHHEIUPOBaHUEM. YMCIIEHHbIE METOIbl MCIOJIB3YIOTCS HE TOJBKO [UISl IIPOrHO3MPOBAHUS
nebopManuu TPyHTa BOKPYr TyHHeNs, HO M JUI1 BCEro Ipolecca IPOSKTHPOBAHHSA U
CTPOMUTENLCTBA TYHHEJNIEH, BKIIIOYAsk MOJEIMPOBAHHUE MPOLIECCA BHIEMKH U CTPOUTENLCTBA TYHHENIN
MEXIy TPYHTOM - OOOJOUYKOH TYHHEIH, B3aNMHBIM BIIMSHHEM MEXAY COCEIHHMH TYHHEISMH,
MPOHULIAEMOCTBIO U yIUIOTHEHHEM. OJHUM U3 Haubosee TOUHBIX YHUCIEHHBIX METOJOB SBIISETCS
MeToJl KoHeuHbIX 3yeMeHToB (MKD). Llenbio naHHON paboThl SIBISIETCS MCCISNOBAaHUE BIMSHUS
0CaZloK MpH CTPOHTENbCTBE TOHHeNell B cmabom TpyHTe B palione Xommmuna. MKD,
peanmn3oBaHHbIH B nporpamMme Plaxis 3D Tunnel, ncnons3yercs: Iist IpOrHO3UPOBAHHS CMEIICHHS
IpyHTa M aHalli3a BJIUSHUS Ipollecca TYHHEIMPOBAaHHs Ha COCEIHUE COOpYxKeHus. Pe3ynbTaThl
HCCIIEZIOBAaHUI TO3BOJIIIOT ONPENEIUTh IIyOUHY MPOKJIAJKH TYHHEIS M PACCTOSIHUE MEXKTY IBYMS
TYHHEJISIMH, KOTOPBIE COOTBETCTBYIOT TPEOOBAHHIM 0€30IIaCHOCTH 3IaHHIL.

KiioueBble c10Ba: TyHHENb, C1a0ble TPYHTHI, OCaKH, METOJ KOHEUHBIX DJIEMEHTOB.

YK 539.3

Heyen Awv Tyan, Yawn /Jux Tino, Heyen Txaww Jlam. AHaII3 BIUIUBY MPOKJIATKH
ToHes 10 B MicTi XommMmin Ha cycigni copyau // Omip MarepiaiiB 1 Teopis criopyx. —
2017. — Bem. 99. — C. 142 — 150.

Memoto cmammi € 8ugyeHHs 6HIUGY NPOKAAOKU MYHENI0 6 MSAKUX SPYHMAX Ha
008KOIUWHE OVOI6Nl 34 OONOMO20K MYHENOBAHH MEMOOOM CKIHUEHHUX e/leMEHmMIE 3
suxopucmannam Plaxis 3D.

Ta6un. 3. Im. 6. Bi6miorp. 37 Ha3s.
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UDC 539.3

Nguyen Anh Tuan, Tran Duc Chinh, Nguyen Thanh Dat. Analysis of the effect of the
Ho Chi Minh City Tunnel settlement on the adjacent buildings / Opir materialiv i
teoria sporud (Strength of Materials and Theory of Structures). — 2017. — Issue. 99. —
P. 142 - 150.

The paper aims to studying the effect of settlement of the Ho Chi Minh City Tunnel in
soft soil condition on the nearby buildings due to tunneling by the Finite Element
Method using Plaxis 3D Tunnel.

Table 3. Fig. 6. Ref. 37

Haeyen Anv Tyan, Yan Heix Tune, Heyen Txanv [lam. AHann3 BJAMAHUS NMPOKJIATKU
TOHHeJIsI B roposie XOIMMHH Ha coceHUe coopy:keHus // Omip mMarepiaiiB 1 Teopist
cnopyn. —2017. — Beim. 99. — C. 142 — 150.

Lenvio cmamovu asnsemcs uzyyenue IUAHUAL NPOKIAOKU TMOHHENA 8 MACKUX NOYBAX
Ha Onuznedcawue 30QHUA C NOMOWDBIO MYHHENUPOBAHUS MeMOOOM KOHEUHbIX
21emenmog ¢ ucnonvsosarnuem Plaxis 3D.

Ta6u. 3. M. 6. bubmmorp. 37 Ha3s.
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YK 539.3

IHIUPEPEHTHICTH TEH30PIB IE®@OPMAIIII,
HAIIPYKEHb TA iX IPUPOIIIEHb
3A YMOBHU EHEPTETUYHOI CHOJIYYEHOCTI

10.B. Makcum’ 0K,
KaH/I. TEXH. HayK, OLEHT

Kuiscoruil HayionanbHuil yHigepcumem OyoieHuymea i apximexmypu
Hogimpoghromcwvkuii npocn., 31, m. Kuis, Yrpaina. 03680

PosrmsiHyTra mpoGiieMa KOMIUIEKCHOI'O MOJETIOBaHHS 3MIHM BIACTHUBOCTEl MaTepialy B
3aJIeKHOCTI BiJ (Di3MYHOI 1 T'EOMETPUYHOI HENIHIMHOCTI JUIS YHCEIBHOIO MOJICITIOBAHHS
(hopMO3MiHEHHSI TOHKOCTIHHMX MAacCHBHHMX Ta KOMOIHOBaHMX BiCECUMETPUYHHX Til. Ha oCHOBI
KIQCHYHHX pOOIT BUKIAJEHI OCHOBHI IOHATTA, iHAM(EpeHTHICTH TeH30piB nedopmariii,
HaNpy)XeHb Ta iX NpPUPONIEHb IPU yMOBI EHEPreTHYHOI CIIOIYYEHOCTI IPH OIHCY IPOLECY
hopMo3MiHEHHSL.

KimiouoBi cioBa: ¢i3munHa Ta TeoMeTpUYHA HENiHIHHICTH, TOHKOCTIHHI MacHBHI Ta
KOMOIHOBaHI BiceCHMETpUYHi Tina, IHIU(EPEHTHICTH, yMOBA EHEPreTHYHOI CHOJIy9eHOCTI,
[IOYaTKOBA BiJpaxyHKOBa, IPOMIXKHA TIepeMiHHa BiJpaxyHKOBa Ta aKTyalbHa KOH(DIryparis.

Beryn.  [IpoGmemi  ymcenmbHOro  MOAETIOBaHHS  (hOPMO3MiHEHHS
TOHKOCTIHHUX MAaCHUBHUX Ta KOMOIHOBaHMX BICECUMETPUYHUX KOHCTPYKIIH Ha
ocHoBi MCE npuineHo Beinka KilbKicTh poOiT, aje A KOXKHOT'O 3 OMHUCaHUX
KJaciB 00’€KTiB OKpeMO, IO 3HAYHO 3BY)KYE O0JIACTh 3aCTOCYBaHHS JaHUX
PO3pOOOK.

B nmamiii  poGori mpuiiHita cnpoba MOOYZOBH  yHiBepCalbHUX
MaTeMaTUYHUX MOJIEJIEH, ONMCYIOUHMX EBOJIIOLII0 HAIPYKEHO-1e(h)OpMOBaHOTO
CTaHy TOHKOCTIHHMX MAacHBHHX Ta KOMOIHOBaHMX BICECHMETPHYHUX TiJ,
HE3aJISKHO BiJ BUI Mporecy (GOopMO3MiHEHHSI.

1. Kondirypauii npu monenwoBanHi ¢opmo3miHenHsi. MaremaTuuHe
MOJICTIOBaHHS (hOPMO3MiHEHHSI TOHKOCTIHHMX, MAacHBHUX Ta KOMOiHOBaHHX
BICECUMETPUYHUX TiJl 3/IHCHIOETBCS HA OCHOBI (Di3MYHOI 1 TE€OMETpUYHOL
HEJIHIMHOCTI Ta TEPMOB’SI3KONPYKHOIUTACTHYHOI 3amaui. [lpuiiHsTo, 110
MaTepiaji BiANOBigae MOJIENI 130TPOIHOTIO CEPEIOBHIIA MTPH MAJIMX NPYKHUX 1
BEJIMKUX HE3BOPOTHHX JiehopMaisx.

BicecumerpuyHi 00’€KTH PO3MIISAIAIOTHCS B Oa3WCHIN JEKApTOBii CHCTEMI
koopauHaT. CyTrTeBa 3MiHa mepBicHOI reomerpii TUT TpH (HOPMO3IMiHEHHI
0o0ymMoOBJIeHa HEOOXiJHICTIO BHUKOPHCTOBYBAaTH ITOYaTKOBY BiJpaxyHKOBY Ta
aKTyallbHy KOH(Iryparmii, BEKTOpH MiCIsI 1 METPHYHI TEH30pU SKHX
BH3HAYAIOTHCSl HACTYITHUMHU CITiBBiHOIICHHSIMU:

— .7 - _ 0 —
r=r(z :t()): 8 =it 7':,-:8_1,7’9
Z

© Maxcum’ox 10.B.
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»_ 7V _n P » __ 0 —
R=R(Z",1), G;=RR,, R,=—7. (1)
0z
Tyr i B mopmasplIOMy BeNWKi JIATHHCBKI JITEPU 3aCTOCOBYIOTHCS TIPH
BU3HAYEHHI MapaMeTpiB axTyalbHOi KoOHQirypamii, Majli — I09aTKOBOI

BiJJpaXyHKOBOI.

[peacTaBnsroun BEKTOpP MicLsl SKOICh TOUKH aKTyalbHOI KOHQIrypaii, sik
CyMy BEKTOpa Miclsl MOYaTKOBOI BiJpaxyHKOBOi KoHGirypamii i BekTopa
nepeMilieHb #, NPUXOJMMO 0 BHPa3iB METPUYHOIO TEH30pa aKTyaJbHOI
KOH(QIryparii:

Gy = +U )y U ) =TT 4T 4T+l =gy + AGy, (2)
ze
AGy =7 +1 ; +U ;. 3

Tenzop aedopmariii akTyaabHOI KOHQITYpaIlii TPUHAMA€EThCS 3B’ I3aHUM 3
Miporo @iHrepa, BU3HAUYCHUM TAaKOXX B aKTyalJbHIH KOH(irypauii, npuaomy
KoBapiaHTHi kommoHeHTH ®inrepa FY piBHI KOBapiaHTHMM KOMIIOHEHTaM
METPUYHOT0 TEH30pa IM0YaTKOBOI BiIpaxyHKOBOI KOoH}irypamii [2]

N PPy
g—z(F G). “4)

Jis ommcy HampyXeHOro craHy o00’€KTa BUKOPHCTOBYETHCS TEH30D
ICTHHHUX HarpyxeHb Korri.

IMpn BuGOpi Mip nedopmamiii 1 HampyKeHb BpPaxOBaHO BHMOTH
€HepreTUYHOI cronydeHocti. Sk mokazano B podoti [1], mipu @inrepa i Komri
SIBJISIFOTHCS] EHEPTeTHYHO CITOJIydeHUMH, Ha BiIMiHY Ha npukiaj Big Mip ['eHki
1 Komi.

MartepianbHi MOXiJHI MO Yacy Bix TeH3opa aedopmariit (3) i TeH30pa
HanpyxeHb Komm IMM BIacTUBOCTSM HE BOJIOJIIOTH, TOMY HEOOXiIHO
BHUKOPHCTOBYBATH 00’ €KTHBHI TOXiIHI.

2. O0’ekTHBHICTh TeH30piB mpupocty aedopmaniii Ta Hanpy:keHb. B
SIKOCTi 00’ €KTHBHOI MOX1JTHOT BUKOPUCTOBYEThCS moxinHa Onnpoina [3]. Bubip
00’€KTUBHOI ITOXIZHOI JUIs MPUAHATOI MOJIEIi MaTepialy Ipy MaJIuX MPY>XKHUAX
1 BEJTMKUX HE3BOPOTHUX JeopMallisiX, sIK MOKa3aHO B podoTi [1], Mmoxe OyTH
JIOBUTBHUM 1 3p0oOJIEHHI BUXOMSUH 13 3pYYHOCTI ITOOYAOBH OOUMCITIOBAIIEHOTO
mporiecy. Jlo mepeBar moximHoi Onapoiga MOTPiOHO TaKOX BiJHECTH
BIJICYTHICTh OCIIWJIAIIN MPH YHCTOMY 3CYBi, IO XapaKTEPHO IS ITOXiTHOT
SAymana.

Js  mateMaTHYHOro OOIPYHTYBaHHS OO0’ €KTUBHOCTI BUKOPHUCTaHHS
(opMyiIOBaHb 3aKOHIB CTaHy, a TaKOX JUIsl MOOYIOBH KPOKOBOTO MpOLECY
BUpILIEHHS EBOJIOIIMHUX 3a7ad ()OPMO3MIHEHHSI ITOYAaTKOBA BiJIPaxyHKOBa
KOHQIrypallis Tijia, BiANOBiqHA MOMEHTY Yacy f , IOCTATHLO OIM3LKOIO 10 ¢
aKTyaJIbHOI KOH]Iryparii:

t=1f+At. %)
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I'padiune 300paxkeHHS BEKTOpa MiCIs
TPbOX BHKOPHCTOBYBAaHHX KOH]Iiryparii 1

(moyaTtkoBa  BipaxyHKOBa, IPOMIXKHA z —_

NepeMiHHa  BiIpaXyHKOBa, AaKTyaJIbHA) all,

IpeCTaBIIeHO Ha puc. 1. F

[Mpupict At BHOMpaeTBCS TaKUM -~

YMHOM, 100  TNPHUPICT  KOMIIOHEHT _ E R

METPUYHOI'O0 TEH30pa MpU Mepexoii Bix r

MPOMDXKHOI MEpPEeMiHHOI  BiIpaxyHKOBOI 57

KOH(QIrypalii 10 akTyajabHOI Oyiu Maji B ,

TIOPiBHSHHI 3 Gij . Puc. 1
AG=G-g AG < G _. (6)

y y
BukopucroBylour NpoMiKHY IEpeMiHHY BiJpaXxyHKOBY KOH(Iryparto,
TeH30p AedopMaliiii MOXKHA IPECTaBUTh HACTYITHUM YHHOM:

1. . . .
§=—(F-§-G)=&+Aé, 7)
2
i (]
N T 1.
§=—(F-g, Aé=-—AG. (8)
2 2

[Mpuiimaroun mWBHAKICTE jaedopMariii B skocti moximHoi Onmmpoina Bifg
TeHzopa (3), mokaxxeMo 00’€KTHUBHICTH TE€H30pa IMPUPOCTy AedopMaiiid npu
mepexofii Bi TPOMDKHOI TEpeMiHHOi BiJPaXyHKOBOI /O aKTyaJbHOI
KOH(QIryparii:

Aé = 2% ©)

ze
ol [A A o T n s o a1 1 A s 186
gol - —[F—G—VUT(F—G)—(F—G)VU} L éevey=-L99 o)
2 2 2 0t
Amnatorigto (7) npeacTaBUMO HalpY)KEHHsS B aKTyalbHili KoH}iryparii:
6 =6+A6, (11)
ze
G=c6"¢e;, AG=Ac'EE;, &=0"EE, (12)
Sxmro Bei BxiaHi B (12) BeIMYMHY BiJHECTH 10 aKTyaJIbHOI KOH]Iryparii,to
OTPUMAEMO:

6=G6+A6, G=6"EE, (13)
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Buxomsiun 3 (12), AS mpencraBise co00r JOOYTOK MaTepialbHOL
noxigHoi 6 Ha pUpicT Yacy At :

GAt =6 +6. (14)

[pupict Hanpyxenb i3 (13) Moxe Oyrn 3anmcaHui, sK JOOYTOK
00’ €KTUBHOI MOXITHOT Af :

6N =6+5. (15)

BuxopucroBytoun Bupaszu (14) i (15), a Takox 3IiHCHIOIOYN T'paHUIHUH
nepexin npu At — 0, TIPUXOIUMO IO BUIY 00’ €KTUBHOI IMOXiTHOI, BiJIIIOBITHO
moxiHi# Onapoina.

TakuM yrHOM, TIOKa3aHa iHANGEPEHTHICTh TEH30pa MPHUPOCTY AehopMariii
(12) i mpupocty Hanpyxkens (15), mpuuoMy B 000X BHUITaJKax BHKOpHCTaHa
onHa i Tak o0’exkTHBHA moxifHa. lle nae MOXIMBICTH HpHMaTH MipH IS
(opMyroBaHHS 3aKOHIB cTaHy Marepiainy. [IpeacraBieHHst TeH30pa MPUPOCTY
nedopmartiii, sk 100yTok moxigHoi Ommpoiza Ha npupict 4acy (9) mo3posnse
BUKOPDHCTOBYBAaTH aJWTUBHUN pO3KIAJ, aHAJIOTIYHO NPHHHATOMY IS
IIBUIKOCTEH JedopMartit (4) 1 Juist iX MPUPOCTIB.

3. IloxommoHeHnTHe momaHHsA mpounecy ¢opmo3minennsa. Ilpu
TIOKOMITOHEHTHOMY Tpe/ACTaBJIeHH] HaBezleHI Bumie (opMynmn HaOyBalOTh
HACTYITHOTO BHUTJISY. BHKOPHCTOBYIOUM NIPOMiXKHY HIEpEMiHHY BiJIpaxyHKOBY
KOH(]Irypamiro mnpeacTaBuMo AeQOpMaIlif0 B BUTJSLAI CYMH KOMIIOHCHT,
00yMOBJIEHUX IIEPEXO/IOM BiJl TOYATKOBOI BiJPaXxyHKOBOI JI0 HPOMIXHOI
MepeMiHHOI BiJJPaXyHKOBOI 1 BiJl NMPOMIKHOI NEpeMiHHOI BiAPaxyHKOBOi 10
aKTyaJIbHOI KOH]Iryparii:

el =g +Ae?, (16)
ze
i_ 1, i i
e =Ll -,
48’ = 2(¢" -G") =1 46" 17)

KogapiauTHi komnoHeHTH AGY BH3HAUYAIOTHCS 3 yMOBH:
ik i
G Gy = o - (18)
[IpeacTtaBUMO  KOMIOHEHTH  METPUYHOIO TEH30pa B  aKTyalbHIH
KOH(QIrypaii :
ik ik i
(g" +4G )(gkj+Aij)—5j=0. (19)

ik
HexTtyroun nmpupocToM Manux Benuund AG' AGy; , OIepXKYEMO :

AG* g + 4G g% =0, (20)

3BiacHU
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AG* =-AG,g"g" . 1)

K(.)BapiaI:ITH.i KOMIIOHEHTH  TPHPOCTY ug(bopMauiﬁ B .aKTyaJ'II)HiI‘/'I
KOH(QIrypaii BiJHOCHO IPOMiIXHOI EpeMiHHOI BiIpaXyHKOBOI JIOPiBHIOIOTb:

— A&l ~ Agl =L gi _1

Agy = Ae7Gy Gy = A" gy g jy = —5 AG gy g =5 4Gy . (22)

Bynemo BBaxkaTH, 10 B KOXHIH TOYII TiNa JUIS aKTyaJbHOI 1 MPOMiXHOI

MepeMiHHOI  BiIpaxyHKOBOi KOH]Iryparii BiZIoMi KOMIIOHEHTH TEH30pYy

MEePETBOPEHHS z’aﬂ', i 0;3 BIJIMIOBITHO, II0 OOYMOBIIOIOTH 3B‘S30K MiX

MICLIEBOIO Ta OA3UCHOIO CHCTEMOIO KOOPAUHAT:

L _ oz a oz*

== = .
B P B ox?

HOJ_'[aMO KOMITIOHEHTH METPUYHOI'0 TCH30pyYy g, A BiceCI/IMeTpI/I‘IHI/IX TiJI

(23)

B MICIIEBil POMDXHII IepeMiHHIN BiApaxyHKOBi cucTeMi KOOpAWHAT depes3
Koe(iLlieHTH TEepPEeTBOPEHHS 1 KOMIIOHEHTH METPHUYHOrO TeH30py Oa3zncHOl
KPYTOBOI OPTOrOHAJIBHOI HMJIIHAPUIHOI CHCTEMH KOOP/IMHAT:

'

m'_n 2'\2
8 =% Z; &wn> ap =1 &u3 =0, g3 =(z7)",

8ap =7u 25 » &n =" (24)
AHaNoriuyHo, B aKTyaJabHIH KOH}Iryparii:
Gop =20 2}y, Gz =(Z7). (25)

BinnosigHo Uit miuocko-1eGopMOBaHUX Til g3 =1, TOAI B NPOMIXKHiMH
TCPEMiHHIi BIPaXYHKOBIH CHCTEMi KOOPIAMHAT g5 = z, z}’; ,a gy =1.
B axryanbHili KOH}Iryparii:
— 7V 7V —
Gp=2q Zg , Gy =1. (26)
HoBe 1M0J10KeHHs TOUKK A B CUCTEMi z' BU3HAUYAETHCS KOOPIUHATAMU:
Z% =z% +u” . (27)
NudepeHniionyn M0 x', BU3HAYUMO KOMIIOHEHTH TE€H30pa II€PETBOPEHHS
B aKTyaJIbHIl CHCTEMi KOOP/IMHAT:
a _ _d o'
p=Z gtug. (28)
IlpeacraBuMo KOBapiaHTHI KOMIIOHCHTH METpHYHOro TeHsopa G,; B
aKTyaJlbHI KOH(QITrypamnii Yepe3 KOMIIOHEHTH TE€H30pa IIepPEeTBOPEHb:
_ v' v' v’ viy_ v v v v vV v v
G, —(z o +u’a) (z B +u)ﬂ)— Z Gz gtz qUpgtz g, +U Uy
2 2N2
Gy;=(z" +u”)". (29)
[epenumemo (29) B BUMIISAMI
Gop =8op TAG,5, G35 =g33 +AGy;, (30)
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ze
NGy =2ty + 2l +ully, MGy =(22 u” +(®)?). (31)
[MigcraBnsroun  (31) B (32), 3ammmeMo TeOMETPHYHI  PIBHSHHS

nedopMoBaHOro Tija Ui KOBapiaHTHUX KOMIIOHEHT NPHUPOCTY aedopMarii B
aKTyallbHIH KOH(Irypamnii BiJHOCHO IPOMIXKHOI IIEpEMIHHOI BiJJpaXyHKOBOI:

(v v vV, vV
Agyp = 7\ Zatp tzpugtugugl,
Aeys =3 (22 2w +@”)). (32)
3riAHO NTPUHHATHM MPHUITYIIEHHSIM, CITiBBiqHONIEHHS (32) cripaBeyTMBe NpH
Manux Agy; 1 BEIUKHX TMEPEMIllICHHIX.
JlinifiHuii TeH3op nedopmaniii obuncIOEMO 3a (HopMyIIOLO:
A _ (v, VoV
Aé‘aﬁ = E(Z,au,ﬁ + Z,ﬁu,a) ,
Agyy =7 u* . (33)
KoBapiaHTHI KOMIIOHEHTH TE€H30pa NPHUPOCTY HETiHIHHHUX Aedopmariii B

aKTyanpHI KoHOirypamii (32) MoXHa CIHiBBITHOIICHHSMH aHAJIOTTYHUMH 32
dbopmyoro 3 (33):

eop =3 (7 g+ ). o=z (4)
Jie Koe(illieHTH MepeTBOPEHb MOIAMO Y BUTJISII:

—vo_ v 1 v —vo_ v 1oy

z ' =z +2u , z,ﬁ—zaﬁ+2u,ﬁ, (35)

Mo>xHa mmokaszaT, o Bupas (36) TOToxkHO JOpiBHIOE (32):
gaﬁ = %((z‘; +%u‘g)u‘g +(Z,‘2; +%uvﬁ’)u‘(’;) =
Vv

1 v 1 v v 1(.v v VoV V.V
Fla FUpha | =S\ Zalp T Zpla TUolp ),

1 ’ ’ ’ , ’
=Dzl + Sutay + 2y +
£33 = (22' +%u2') u? . (36)

AHaNorivyHO MO)XKHa TpPEJCTaBUTH Bapiarii aedopmariit. OOUHCIHMO
Bapialito pupocTy HemHiHHMX aedopmariit (32):

5(A8aﬁ) = %(25‘25%‘6 + Z,‘g 5u,‘;; + 25u,‘;;u,‘b’) . (37)
5(4ex3) = %(222’&:2’ + 2u2’5u2’) .
[pencraBumo Bapiamiro HeniHIHHUX nedopmaniii anamorivHo (32) :
5(ep) = %(z,;,’(sufﬂ’ +Z45u%), (38)

A
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zZV =z +u", Z";;=222;+u’vl;, (39)
ITpm ix migcranosui B (37) orpumaemo:
5( aﬁ) ((z +u )5uﬂ ( ﬁ+uﬁ)5u‘:x)
= E(z,‘;&z + u,‘,’;&t,‘g + z,"ﬁ’&t,‘;; + uvﬂ 5u )
1 ’ ’ ’ ’ ’ ’

= 5( zyOu'p + 20Uy +2ulp 5”,‘:1) . (40)

Bapiauiiitne piBHSIHHS piBHOBAar B akTyaJbHil KOH(DIryparmii Mae BUTIIST
SW-54=0, (1)

ne A - Bapianis poOOTH 30BHIIIHIX CHJI, W - Bapialist poOOTH BHYTPILIHIX
CHX

_1 ij 1,2
W= [ 076G;NGax'ax*. 42)
X1X2

Hpencrasistounr G; 3rigHo (6) 1 BpaxoByHO4M, IO NPU BapilOBaHHI B

aKTyaJbHii KOHQIrypawii g, 3aiMIIAeTbCsl HE3MIHHUM, OTPUMAEMO:

W =% [[ o78(aG,)NGax'ax*. (43)
X%

VY BianosigHocTi 3 (22) 3anumemMo BHpa3 Bapiamii eHeprii B aKkTyaslbHIH
KoH(piryparii uepe3 aedopmartii:

SW = j j o 5(Mey WG . (44)
X% .

3 maHOro BHpa3zy B IOJNAIBIIOMY MOXKHa OTPHMAaTH BEKTOP BY3JIOBHX
peakiii, 10 BU3HAYAETHCS MO 3HAYEHHSM IOBHUX HANPYXEHb B aKTyaJbHiH
KoH(irypamii i koedinienTr MaTpui xxopctkocti CE B mpoMixkHiHN nepeMiHHIT
BiJIpaXxyHKOBil KOH]iryparii.

BucnoBok. HaBezeni Bupasu MmozentoBaHHs (OPMO3IMIHEHHS 3 yMOBaMH
iHAnGepeHTHOCTI TeH30piB Aedopmarliid, HalpyXeHb Ta iX NPUPOLIEHb NPH
YMOBI €HEPreTHYHOI CIIOJYYEHOCTI [UIi TOHKOCTIHHMX MACHBHHX Ta
KOMOIHOBaHMX BICECHMETPHUYHHX TiJI, JO3BOJATH B ITONAIBIIOMY OiJIbIII TOYHO
BUOpaTW BH3HAYaJIbHI DIBHSHHSA CTaHy Marepiany npu  Qi3uuHid 1
TeOMETPUYHIH HETiHIHHOCTI.
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Maksymiuk Yu.
INDIFFERENCE OF STRAIN AND STRESS TENSORS AND THEIR INCREMENTS
UNDER CONDITION OF ENERGY COMPABILITY

The problem of complex modeling of changes of material properties depending on physical
and geometric nonlinearity for numerical simulation of the form-modification of thin-walled
massive and combined axially symmetric bodies is considered. On the basis of classical papers, the
basic concepts, the indifference of strain and stress tensors, and their increments under condition of
energy compability are outlined in the description of the form-modification process.

A large number of works are devoted to the problem of numerical simulation of the form-
modification process of thin-walled massive and combined axially symmetric structures on the
basis of FEM, but there are separately for each of the described classes of objects. It is narrows the
scope of application of this development greatly.

In this paper an attempt is made to construct universal mathematical models for description of
the evolution of the stress-strained state of thin-walled massive and combined axially symmetric
bodies, regardless of the type of the process of form-modification process. The indifference of the
strain increment and the of stress increment tensor are shown, in which in both cases the same
objective derivative is used. This makes it possible to use the taken measures to form the laws of
the state of the material. The strain increment tensor are given as a product of the Aldroidi
derivative on value of time increase, that allows for an additive decay similar to that adopted for
the strain velocity and for their increments.

Keywords: physical and geometrical nonlinearity, thin-walled body, massive and combined
axially symmetric body, indifference, energy compability condition, the initial countdown
configuration, intermediate variable deductible and actual configurations.

Maxcumriok FO.B.
HHIU®O®EPEHTHOCTh TEH30POB JIE®OPMAILIMMA, HANPSOKEHUA W HX
MPUPALLEHUN ITPH YCJIOBUHU SHEPTETUYECKOM CONPSI)KEHHOCTH

PaccMoTpena npobieMa KOMIIEKCHOTO MOJICIMPOBAaHMS M3MEHEHHUS CBOMCTB MaTepuaia B
3aBUCHMOCTH OT (PU3HYECKOM U TEOMETPUICCKON HEMMHEHHOCTH ISl YUCIICHHOT'O MOJICIIPOBAHUS
(hopMoOn3MEHEHNsT TOHKOCTEHHBIX MACCHBHBIX M KOMOMHHPOBAaHHBIX OCECHMMETPHYHbBIX Ten. Ha
OCHOBE KJIACCHYECKHX pabOT H3JI0KEHBl OCHOBHBIC TOHATHS, HHAU(D(EPSHTHOCT TEH30POB
nedopmariuii, HANPsDKEHUI U X MPUPALCHUH IPU YCIOBUU HEPreTHYECKON COMPSKEHHOCTH MTPU
OINMUCAHHU MpoIiecca HOPMOHU3MEHEHHS.

KaroueBble cioBa: (¢u3nyeckas ¥ TeOMETPUYECKas HEIMHEHHOCTh, TOHKOCTCHHBIC
MacCHBHBIE W KOMOWHHPOBAHHBIE OCECHUMMETPHYHBIC Tella, WHAUPPEPEHTHOCTh, YCIIOBUE
JHEPreTHYECKON CONPSHKEHHOCTH, HaYallbHasi OTCUCTHAs, IIPOMEKYTOYHAS IIEPEMEHHAsI OTCUCTHAS
U aKTyaJbHasi KOH(pUTypanusl.
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cnopyn. —2017. — Bum. 99. — C. 151 - 159.

B pobomi  posenamyma  npobrema  KOMAIEKCHO20 — MOOEMOBAHHA — 3MIHU
BIACMUBOCIEN MAMEPIANY 6 3ANeHCHOCI 810 (Pi3uuHOl i ceomempuyHoi HeliHIUHOCMI
0N YUCENbHO20 MOOENI08AHHA — (POPMOIMIHEHHA MOHKOCWMIHHUX —MACUBHUX —Md
KOMOIHOBAHUX 8ICECUMEMPUUHUX TITL.

Ta6un. 0. In. 1. Bi6miorp. 3 Ha3B.

UDC 539.3

Maksimyuk Yu. Indifference of strain and stress tensors and their increments under
condition of energy compability // Opir materialiv i teoria sporud: nauk.-tekh. zbirn. — K.:
KNUBA, 2017. —Issue 99. — P. 151 — 159. — Ukr.

In the paper the problem of modeling of complex material properties change
depending on the physical and geometric nonlinearity for numerical simulation of
forming thin massive and combined axisymmetrical bodies.

Table 0. Fig. 1. Ref. 3.

VK 539.3

Maxcumox FO.B. UnauddepeHTHOCTL TEH30pOB AedopManuii, HANPSIKEHHA U HX
NpUpalleHNii MPH YCJI0BMH JHEpPreTHYecKoii compsukenHocT // Onip maTepaniB i
Teopis criopyn. —2017. — Bum. 99. — C. 151 - 159.

B pabome paccmompena npobirema KOMMIEKCHO20 MOOeNUPOBAHUS U3MEHEHUs
ceolicme mamepuana 6 3ABUCUMOCHIU OM  QU3UYECKOU U  2eoMempuyecKoll
HeNUHEHOCmY Ol YUCIIEHHO20 MOOeNUPOBAHUS (HOPMOUSMEHEHUSI MOHKOCTEHHbIX
MACCUBHBIX U KOMOUHUDOBAHHBIX OCECUMMEMPUUHBIX MeL.

Ta6un. 0. M. 1. bubamorp. 3 Hazs.
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YK 539.3

3ACTOCYBAHHS BEWBJIET-AHAJII3Y 0 MOJIEJIOBAHHS
CTOXACTHYHOI MOBEAIHKH NPYKHUX CUCTEM
P CEUCMIYHOMY BILJIUBI

0.0. Jlyk’ssH4eHKo,
KaHJ|. TeXH. HayK;

1O.B. BopoHa,
KaHJ. TeXH. HayK,

0.B. KocTina,
KaHJI. TEXH. HayK,

0.B. I'epamenko,
KaH/I. TEXH. HayK.

Kuiscoruil HayionanvHuil yHigepcumem OyoieHuymea i apximexmypu
Hosimpogromcwviuii npocn., 31, m. Kuis. 03680; e-mail: lukianch0907 @meta.ua

Po3pobneHa MerouKka MONEMIOBAHHS CTOXaCTHYHOrO MOBENIHKH HPYXHHX CHCTEM IIpH
celicMiYHOMY BIUIMBI Ha OCHOBI TEOpil i METOAIB BeHBIIET-aHAII3Y, HEMIHIHHOI MEXaHIKH, CKIHYeHHHX
€JIEMEHTIB. BHKOHAHO IMOBIpHICHE MOJICMIOBAHHS CEHCMIYHOrO BIUIMBY i3 3aJaHOK0 MArHITYIOK i1
MaKCHMAJIGHOIO aMILTITYI00 TOPU30HTAIBHOT Cef{CMIYHOI XBHII 32 IOMOMOTIOI0 CTATUCTHYHOrO MIIXOIy
Pyiza, Ilensiena Ta Teopii pyXOMMX XBHWIb. BpaxoBaHa IomepedHa 3rHHAJbHA XBUJIBOBA PEAKIIis
CHCTEMH Y BUIJI/I T0YATKOBOT HEAOCKOHATOCTI (POPMH. 32 HAsIBHOCTI PeabHOro 3aIliCy IPHCKOPEHHS 1
HepeMIllleHHs] TPYHTY IMOBIpHICHE MOJENIOBAHHS CEl{CMIYHOrO BIUIMBY BHUKOHYETHCS 33 JOIOMOTIONO
BeifBIIeT-aHANI3Y Ta Teopii pyXoMuX XBHIb. Po3B's3aHa TecToBa 3a/1aua IIpo HECTAI[iOHAPHI CTOXACTHYHI
KOJIMBAaHHSI BEPTUKAIBHOrO IPY)KHOIO CTCpKHS IIPH CefiCMiYHOMY BIUIMBI Pi3HOI MarHiTymu 3a
JIOLOMOTOI0 TPSIMOTO METOy YHCEIBHOro iHTerpyBanHs Pynre-KyTtn werBeproro mopsiaky. OuniHeHO
BIUIMB XBWJIbOBOI pEaKIlii Ta OCHOBOI CTUCKAIOYOi CHJIM Ha CTaTHYHI i JMHAMIYHI XapaKTEPUCTHKH
cTepxHs. BHKOHAHO BelBIIeT-aHAII3 peakmiii CTep)KHS Ha CEHCMIYHMI BIUIMB B YaCTOTHO-4aCOBOMY
TPOCTOPI.

KiouoBi cioBa: ceificMiyHMI BIUIMB, CTOXaCTHYHA IIOBEiHKA, BEHMBJIET-aHAN3, METOJ
CKIHUEHHHX eJIEMEHTIB, HeNiHii{Ha MeXaHiKa, TeOpis PyXOMUX XBHIIb.

Beryn. [IpoGiema 3a6e3neueHHs CEHCMOCTIHKOCTI CITOPY/I Ta 3aro0iraHHs ix
PYHHYBaHHIO 3aJIHIIAETHCS aKTyadbHOM [1-13]. BaxxnuBum € BuOip afgekBaTHOI i
eQeKTHUBHOI MoOjeNi CEWCMIYHOrO BIUIMBY Ta OUIBII TOYHOTO METOMY
CeiCMIYHOTO PO3pPaxyHKY Ul BU3HAYEHHs BiAMOBiAHOI peakuii criopyau. [Ipu
JIOCITi/PKEHHI HECTalllOHAPHUX CTOXACTHYHHUX KOJIHMBAHb CKJIQIHUX TPOCTOPOBHX
CHCTEM 3aCTOCYBAaHHS TEOpii Ta METOJIB BEHBJIET-aHANI3y 3YMOBJIIEHA T'OCTPOIO
noTpeOor0 OUTBII TOYHOrO MPOTHO3YBAaHHS IXHBOI JIMHAMIYHOI TOBENIHKH Ta
iTeHTU]IKAIl] XapaKTEpPUCTHK B YaCTOTHO-4acOBOMY TpocTopi [14-21]. Breprre
y 1982 poui ¢panmyspkuii imkeHep-reodizuk JKan Mopie 3anponoHyBaB
BEHBIIET-TIEPETBOPEHHS SIK HOBMH MaTeMaTW4YHHH METO]| aHaji3y CeHCMIYHHMX
curHaniB. BakimBo, 110 BeHBieT-aHaNi3 Ma€ IepeBaru Mmpu oOpoOI CHrHaIIB

© Jlyx’situenko O.0., Bopona F0.B., Kocrina O.B., I'epamenko O.B.
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TIOPIBHSHO 3 TpaJWLIHHAM anapaToM HaOnwkeHHS (QyHKIIH Ha OCHOBI psIiB
®yp’e. OcHOBHUMH € JNoOpa JIOKATi3allii HA YacTOTI Ta B Yaci BEHBICTHUX
0a3nCiB 1| MOXKJIMBICTH 3aCTOCYBaHHS Pi3HOMaHITHUX 0a30BHUX QyHKLi [15-19].

OCKIJIbKM  CEHCMIYHMI pyX IPYHTY € BHIIQJKOBUM IIPOIECOM, METOAN
PO3paxyHKy CIIOpPY/ 3aCHOBaHI Ha iMOBipHiICHUX mimxoxaax [1-6, 10, 11, 13, 21].
B Teopii ceficMOCTIHKOCTI HAWOUIBII IOMIMPEHUM € CHEKTPaJbHUH METO[
pO3paxyHKy CIOpPYX Ta METOJ IPAMOr0 YHCEIBHOrO IHTErpyBaHHA
nudepeHniaTbHIX PIBHAHD PYXY, SKI peali30BaHO B CYyJacHUX BITUHM3HSIHUX Ta
3apy0ixkHUX o0uncmoBaIbHUX Komimiekcax SCAD, JIIPA, ANSYS, NASTRAN
[10,22]. B HOpMaTMBHHMX BITYM3HSHUX JOKyMeHTax [8, 12] 3a oOCHOBHMIA
MpUIAMAEThCS CIICKTpanbHUi MeTon. Ha mymky mocmimaukiB [3, 9, 11, 13] nei
METOJI MICTHTh CYyIEepewJMBi JOIMYIIEHHS 1 eMInipuyHi KoedilieHTH, sKi He
BiJIMIOBIIAOTH iHCHOCTI. Pe30HaHCHA OKTpUHA HE B IOBHOMY 00CS31 BpaXxOBY€E
HeOe3MeKy BEeIMKHX CEHCMIUHMX IMepeMillleHb OCHOBH, OCOOJIMBO B HAHOLIBII
celicMiyHO HeOe3neyHnx cnabkux rpyHtax III kareropii 3a celicMivHUMH
BJIACTUBOCTSAMH. BBakaeTbcs, 10 B OCHOBY pO3paxyHKIB CIOpyI Ha
CEeMCMOCTIMKICTD Pa3oM 3 HOPMYBaHHSIM aMIUTITY/ IIPHCKOPEHb IPYHTY, SIK Mipy
IHTEHCHUBHOCTI 3€MJIETPYCY, CJiJi HOPMYBaTH aMILITYAd HOro NpPYKHOTO
MIEPEMIIIICHHS 1 MIBUIKOCTI. PO3paxyHKOBY MOJEIbh CHOPYIU CIix OyayBaTH 3
BpaxyBaHHsAM il XBHWJIBOBOI peakilii Ha CEHCMIYHWH BIUIMB, OOYMCIICHOIO 3a
JIOTIOMOT'OI0 TEOPii pPyXOMHUX XBHIIb.

B crarti mpeicTaBIeHO METOAMKY — MOJCTIOBAHHS — HECTAIliOHAPHOL
CTOXaCTUYHOI TOBEIHKM IPYXHUX CHCTEM MpPU CEHCMIYHOMY BIUIMBI, sKa
3aCHOBAaHa Ha Teopii 1 MeTomax BeHBICT-aHANI3y, HENIHIHHOI MEXaHIiKH,
CKIHYEHHHX €JIEMEHTIB 3 BUKOPUCTaHHM TPOILEAYP Cy9aCHUX O0UYHMCITIOBAIBHUX
komiuiekciB NASTRAN [22], Mathcad [23] i Developer Studio [24]. Bukonano
IMOBIpHICHE MOJICITIOBaHHS CEHCMIYHOTO BIUIMBY 13 3aJJaHOI0 MATHITYHOK 1
MaKCHMAJIBHOIO aMIDTITY/IOI0 TOPU3OHTAIBHOI CEHCMIYHOI XBHJIL 32 JIOTIOMOTOIO
cratucTuvHOro miaxoay Pyiza, IleH3ieHa Ta Teopii pyxoMux XBwWib. BpaxoBaHa
ToNiepeyHa 3TMHAjJbHA XBWIIBOBA PEAKIS CHCTEMH y BHIVISL [TOYATKOBOI
HesocKoHajocTi ¢opmu. IIpy HasBHOCTI peanbHOro 3amucy MPUCKOPEHHS 1
MEPEMINICHHST TPYHTY IMOBIPHICHE MOJICIIIOBAHHS CEHCMIYHOTO BIUTUBY
BUKOHYETBCS 32 JIONIOMOIOIO0 BEWBIIET-aHATI3y Ta TEOpil PYyXOMHX XBHIIb.
Po3B's3ana TecTOBa 3ajada MpPO HECTAliOHAPHI CTOXacTHYHI KOJMBaHHS
BEPTHKAIBLHOTO MPYKHOTO CTEPXKHS TPH CEWCMIYHOMY BIUIMBI Pi3HOI MarHiTyIu
1 HaBaHTa)KEHOTO OCHOBOIO CTHCKAIOYOI0 CHIIOI. 3a JOMOMOTOI METOMY
NPSIMOTO  YMCEJIBHOTO iHTerpyBaHHs PyHre-Kyrrtu derBeproro mopsaky
OTPUMAaHO BIATYKH CTEpXKHS y BHUIVLIOlI  y3araJbHEHWX II€peMillleHb,
y3arajJbHEHNX MIBHIKOCTEH 1 y3arajlbHEHUX MPUCKOPEHb. AHaJ3 JTUHAMIYHUX
XapaKTepUCTHK CTEp)KHS BHMKOHAHO B YacTOTHO-4aCOBOMY ITPOCTOpi 3a
JIOTIOMOT'O0  BeHBJIeT-aHAIi3y Ha OCHOBI BelBieT-crektporpam ta @yp’e-
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obpaziB. Buxopucrani auckperni oproroHanbHi (/lobemm4) i HemepepBHi
HeopToroHaibHi (Mopre) omHOMIpHI KOMILIEKCHI BelBier-(yHKIii. OuiHeHO
BpaxyBaHHsS XBWJIbOBOI peakiii Ta OChOBOrO HAaBAaHTa)KCHHS Ha CTaTWU4HI 1
JIMHAMIYHI XapaKTEePUCTUKHU CTEP)KHSL.

1. ImoBipHicHe Moze/II0BaHHA i BeiiBJeT-aHANI3 celiCMIYHOr0 BILIUBY.
B crarTi BUKOHaHO IMOBipHICHE MOJIEITIOBAHHS CEHCMIYHOTO BILIMBY Ha OCHOBI
CTaTUCTUYHOTO TiJIXOmy, 3ampornoHoBaHoro Pyisom, Ilensienom [3] i
anpo0OBaHOrO aBTOpaMH NpH  peaiizamii ePEeKTHBHOI CXEMH METOIy
CTaTUCTUYHHUX BHITPOOYBaHb Ul OLIHKM iMOBIpHOCTEH BiJIKa3iB MeXaHIYHOL
cucremu [5]. BiamoBigHO 10 HBOro MiAXOAy CEHCMivHI XBHII, HOIIMPIOIOYUCH
3 3eMHIl KOpi, HAITOBXYIOThCS HA aOCOJIOTHO TBEPAY MOBEPXHIO (,,CKEN0”),
MOTIM QUIBTPYIOTHCS M’SIKHAM IIAPOM 1 Jlalli JOCATaloTh QYHAAMEHTY CIIOPY/IH.
BubipkoBa ¢yHKIis NpUCKOpeHHs ,.ckenmi” (puc. 1) a,(f) BU3HAYaeThCS SK

pe3ynbTaT MHOKEHHS KBa3i00BimHOI ¢QyHKWiT D(f) Ha BUOIpKOBY (YHKIIIO
x(f), sIKa TEHEPYETHCS SIK MTOCHTIOBHICTh HE3aJIS)KHUX TayCOBCHKUX OPJIMHAT 3
TUMU CAMUMHU CEPEIHIMU 3HAYCHHSIMH 1 JUCIEPCIsIMHE, 32 HOPMYIIO0

a, (1) = D(2) x(?). (1)

5 T T T T T

wt) 0

abit) 0

-2

— 3041
"

Puc. 1. MonenoBaHHs MPUCKOPEHHS ,,CKeJIi”: TIOCIIIOBHICTh TayCOBCHKUX OpIHHAT (&),
kBa3io0BigHa (HYHKIIS (6), IPHCKOPEHHS CKei (8).
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KBazioOBigHa QyHkuiss D(f) Ui HECTAI[IOHAPHOTO BUITAJKOBOTO IPOILIECY

npuiiMaeTbes 3rMapKeHoto (puc. 1, 6). BoHa 3ainexuts BiJl TphOX NMapamerpis,
3HAUEHHS AKMX NpHitMaroThes 3rigHo [3]: £,=1.21 ¢, £, =11,5 ¢ i ¢=0.155 ¢.
Jami BpaxoByeTbcsi (iNbTpalisi MPUCKOPEHHS ,,CKeNli” M'SKUM IapoM, sKa
TaCHUTh BUCOKOYACTOTHI KOMITOHCHTH 1 MiJCHIIOE CKIIAJOBI MPOIECY MOOIH3Y
BJIACHOI YaCTOTH MPYXHOI cucTeMu. BunaaxoBe NpUCKOpEHHS I'PYHTY Ha piBHI
(yHIaMEHTY 3a/1a€ThCS BUPA30M

ay () = =280, 9(0) + @3 (1), @)
ne y(t) — po3B’sA30K TU(PEPEHINIATHEHOTO PiBHIHHS
F(0)+ 2800 9(1) + 05 y(1) = ay (0). (3)

OTpUMaHMii CUTHAJ BAPYre MPOIMYCKAETHCS uepe3 QUIBTP, KUl MMogaBIIsie
KOMITOHEHTH 3 HU3bKUMH YacToTaMu. Takuii GiabTp onucyeThest GopMyIior

. . 2
2O +25 0 2() + wf z(1) = —a, (1). 4)
Jns MonenroBaHHS CEHCMIYHOrO BIUTHBY 3 3aJaHUM MAaKCHMaJbHHM
3HQYCHHAM ), TPUCKOPECHHS IPYHTY HOCTATHBO IOMHOXHTH (YyHKIIIO
agr (1) = z(f) Ha aMILIITYHNUIT KOediLieHT Y
a_gf (t) = agf (t) Y, (5)
ne Y=a,/u,, M, — MATEMATHYHE CHOJIBAHHS MAaKCUMAJbHOTO 3HAYEHHS

3MOJIENTbOBAaHUX BHOIpKOBHX (yHKIiH. OCKUIBKM MaTeMaTHYHE CIOAiBaHHS
MaKCHMaJIbHOTO 3HA4YEeHHsI 3MOJENBOBAHMX BHUOIPKOBUX (YHKIIHM BinNOBimae

yMOBi P[agf (1) 2 1y /t] =1/N,tonpu N nopsiaky 1000 MoxHa npHitHITH
Mgy =3Sa;. CrannapTHe BiIXwieHHs Sa, BUIAJKOBOI BENMYMHH dgr (f)
BU3HAYAETHCA 32 (POPMYIIO0

Sa, = Say () = | Gay (w)do, (6)

ne Ga o (a))— CIICKTpaJIbHA IUTBHICTH BUITAJIKOBOTO MIPOIECY ay (;);
Gag/. (a)) = |A/. (a)jjA(w)z G() , —o< @M< oo, (7)

Tyr |A(a))| Ta |A/ (a)X — KOMIUIEKCHI nepeaTouHi QyHKIil

2 1+4&% (0 / o, )
A = s 8
| (601 [l—(a)/a)o)Q]z+4§2(a)/a)0)2 ®
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4, (@) = lo/a] . ©)
‘ [1—(60/601)2]2+4e;‘12(a)/a)l)2
Tyr napamerpu IpyHTY npuiimarotbes 3rigHo [3]: @, =15,6 paorc,

w, =0,897 pad/e, E=0.6, & =1/2,G, =At/2x.

B crarti MomenroBaHHS CEHCMIYHOTO BIUTMBY Ha BiJMIHY BiJ] BHIIC
HABEJICHOI'0 CTATHCTUYHOTO miaxoay Pyisza, [leHsieHa nmepenbavyae BpaxyBaHHS
MONIEPEYHOI 3TWHANBHOI XBWIi. BOHA 3amaeThCsi y BUIJINI CHHYCOIMU 3
MaKCUMAJIBHOIO aMILTITYJIO0 CEHCMIYHOTO TOPHU3OHTAIBHOTO MEPEeMIICHHS
rpyaty A(f), 4acTOTOK PYXOMOI XBHII (@, KA 3aJ€XKHTh BiJl 3HAUECHHS

MAaKCUMAaJIbHOTO MIPUCKOPEHHS IPYHTY a(l) 1 3aMi3HEHHSA XBWII T B CUCTEMI

x(¢)= Ale)sin@ (t - 7), (10)
ne A(t) — aMIuriTyma TOPU30HTAIBHOTO TIEPEMIIICHHS IPYHTY , @ = 277/ T -
wactota pyxomoi xBuwm, I =27Ja(t)/ A(t) — Tepiox NOMEPEUHHX
3TUHAJIBHUX KOJMBAaHb, 12% — 3ami3HEeHHs pyxomoi XxBwii, V(f) —

IIBHKICTh XBWJI, Z — BEPTUKaJIbHA KOOPIUHATA CUCTEMH.

B crarti pyxoma xBuis (10), sika € XBHJIBOBOIO PEAKI[€0 CHCTEMH Ha
TOPU30HTAJIbHE TIEPEMIIIIEHHS IPYHTY MICIIS T0YaTKy 3eMJIETPYCY, MOJAETHCS Y
BHTJISAI HEIOCKOHAIOCTI (POPMU CHCTEMU.

[Ipn HasiBHOCTI peaybHOTO 3aIlicy NMPHUCKOPEHHS 1 MEepeMillleHHs IPYHTY
iIMOBIpHICHE MOJICIIOBaHHS CEHCMIYHOTO BIUIMBY MOXE OyTH BHUKOHAHO 3a
JIOTIOMOT'OI0  BeiiBJIeT-aHai3y Ta Teopii pyXOMHX XBWIb. AKceneporpaMa
IPYHTY NPE/ICTABISETHCS Y BUTIISI CTallioHapHOI Ta oOBiaHOI yactuH [20]. 3a
JIOTIOMOTOI0 ~ BEWBIIET-TIEPETBOPEHHS (GikcyeThCsl  4Yac ~ HACTaBaHHSA
MaKCUMAJbHOI'O IPUCKOPEHHS IPYHTY ¢, 14ac MO4aTKy Horo 3aTyxaHHs ¢,. B

MOMEHT uacy ¢ =t (OpMyeTbCd pyXxoMa MONEpeuHa 3TUHAIbHA XBUIS B
cucremi (10). B MoMeHT uacy ¢, OOYHCIIOETHCS OUCIEPCisS NPUCKOPEHHS
IpyHTy D) 3a HOro CreKTpabHOI IIiIBHICTIO, 0 OTPUMaHa 3a JIONIOMOTOKO
CTaTUCTUYHOI 0OpOOKH CTaIlioHapHOI YaCTHHU BIUIUBY

Dy (1) = Ggq (o) Aw, (11)
ne G, (w,) — crHekTpanpHa IUIJIBHICTE BIUIMBY, ) =kA@® — dYacroTa
celicmivyHoro BIUIMBY. Toni npu ¢, >¢ > ¢, BIUIMB MOX€ OyTH 3MOJEIBOBAHO Y
BUTJISII IPSIMOKYTHUX IMITYJIbCIB
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t=t x(1) = A(t)sin d)(t—%),

(12)
h>t2t a(t)= ﬁ§ JD, ().
k=1

2. MareMaTH4YHa MOJeJb HECTAIIOHAPHHUX CTOXACTHYHHX KOJIUBAHb
NMPY;KHUX CHCTEM Ta MeTOAW iX HociaiukeHHs. B crarti maremarnune
MOJICTTIOBaHHSI Ta JOCJI/DKEHHS HECTallilOHAPHOI CTOXACTUYHOI ITOBEIIHKH
MPY)KHAX CHUCTEM NPU CEHCMIYHOMY BIUTMBI 3aCHOBaHa Ha METO/AX CKiHYEH-
HOEJIEMEHTHOT'0 aHaJli3y, HeJiHIWHHOI MexaHiKM 1 BeiBier-aHamizy. CKiHYeH-
HOEJIEMEHTHA MOJIEJb MPYKHOI CHCTEMH C ypaxyBaHHSIM XBWJIbOBOI peakilii Ha
celicmiunmid BB (10) OyayeThest 3 BUKOPHCTaHHSIM Cy4acHOTO OOYHCIIOBA-
apHoro kxomiuiekcy NASTRAN [22]. 3acTrocoByrouM MHOKPOKOBHN METO.X
Hrrorona-Padcona, sixuii peanizoBaHo B KOMIUIEKCI, PO3B’SI3Y€ThCs HeTiHIHHA
3ajaua CTaTUKH MPYXHOI CUCTEMH TPH il eKCIUTyaTallifHOrO HaBaHTa)KEHHSI.
BusHavaroThcs XapaKTEPUCTHKH i HAMTPYKEHO-1e()OPMOBAHOTO CTaHy (3yCHII-
51, nehopMariii, HarpyKeHHsI) Ta CTIHKOCTI (KPUTHYHE 3HAUCHHS HABAHTAXKCH-
Hs 1 popma nedopmyBaHHs). 3a JoOMOrorwo Merony JlaHIoma 00YHCITIOI0THCS
4acToTH 1 OpMU BIACHUX KOJIUBAaHb CUCTEMH 0€3 i 3 ypaXyBaHHSIM EKCILUTya-
TaI[ifHOr0 HAaBAaHTAXKEHHSI.

MaremaTuuHa MOJIENb HECTAI[IOHAPHUX CTOXAaCTUYHHUX KOJIMBAHb CUCTEMH
Ha celicMiuHMIi BIUIMB (QopMmyeThcsi Ha ocHOBI mnpuHmmna JlamambGepa-
Jlarpamxka y Bursaai JUQepeHIliabHAX pIBHSAHb JPYroro IOpsIKY B
y3araJlbHEeHUX KoopauHatax. Hampukman, Uit cUCTeMH 3 OJHI€I0 CTENEHHIO
BIJILHOCTI uipepeHIiaIbHe PIBHIHHS PyXy NPH CEHCMIYHOMY BIUIMBI Ma€ BU

)+ 2@ () + @ y(1) = gy (1), (13)
ne y(tf) — ysaranpHeHa KOOpJWHATa, (), — BIIACHA YacTOTa KOJNUBaHb, & —
KoeilieHT neMnQipyBaHHs, dg (f) — NPUCKOPEHHs IPYHTY Ha pIBHI
¢byHnamenTy. BaximBo, mpu JOCHi/KEHHI BiII'YKIB TNPY)KHHUX CHCTEM Ha

celiCMIYHMI BIUIMB BpaxyBaTH Je(OpMallil0 CHCTEMH BiJl €KCIUTyaTaliiHOTro
HaBaHTaXeHHs. PiBHsHHSA (13) B 1[bOMY BUNIAJKY ITEPEMTUILIETHCS Y BUTIISI

.. - . -2 _
J(O)+ 28 y(1) + 0y y (1) = gy (1), (14)

Je (), — Y9acToTa BJIAaCHHX KOJIMBaHb HABAHTAXXEHOI CUCTEMH.
3a /I01OMOror0 IpsIMOT0 METOIY YHMCENBHOro iHTerpyBaHHs Pynre-Kyrrtu
YeTBEpTOro MOpsAAKy i3 3acrocyBaHHsM mporpamu NASTRAN [22] abo
Mathcad [23] 3HaxomaThcs po3B’s3ku AudEpeHIliaTbHUX PiBHAHL pyxy (13),

(14) y Burmsagi BiArykiB cucteMu (y3araJbHEHUX NEepeMillleHb, y3arajlbHEeHHX
IIBHKOCTEH Ta y3araJdbHEHUX NPHUCKOPEHB).
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3a JONOMOrOI0 METO/IIB BEHBJIET-aHANI3y BHKOHYETHCS aHaji3 CEHCMIYHOTO
BIUIMBY 1 BIITYKiB NPY)KHHUX CHCTEM SK OJHOBUMIDHHMX CHI'HAJB B YacTOTHO-
4acoBOMY IIpOCTOpi. BeliBer-nepeTBopeHHs Takoro CUrHaly € IpecTaBICHH
HOT0 y BUIISIZII Y3araJlbHEHOTO PS/LY 13 CUCTEMOIO 0a3MCHUX (DYHKIIIH

Wap (1) =ﬁv/(%), (15)

SIKAI MICTHTD MaTepHHChKHii BeiBier w(f) € L2 (R) 3 mapamerpoM 4acoBoro

Macmraly a Ta 3cyBy B daci b. B sxocri OasucHuX (GYHKIA MOXHA
3aCTOCOBYBATH IIMPOKUI HalOip BeiBieTiB. Hampukiam, B CTaTTi JEKOMITO3UILS
OTPHMAaHKX peaiizalliii CeiCMIYHOro BIUTMBY 1 BIATYKIB CHCTEMH BHKOHYETHCS 3a
JIOTIOMOTOK0 ~ JTUCKPETHUX  OpToroHambHUX  JloOemm4 1 HemepepBHUX
HEOPTOrOHATFHMX Moplie KOMIUIEKCHHX —OIHOBMMIDHHX BEHBIIET-(QYHKIIMN.
[Jiagne muckperHe BeiBier-niepetBopeHHst (DWT) onHOBUMIpHMX pearizariii
BUKOHYeThCsl B cucreMi Mathcad [23] BetiBinerom JloGemm4 4eTBepTOro NopsiaKy
(YHKIISIMH TIPSIMOTO TIEPETBOPEHHSI. 3HAUCHHS TapaMerpiB a 1 b 3a1aroThes y
BUIVISIi CTETICHEBUX (DYHKIIN

a=2". b=k 2" ka:ﬁy/(%):ﬁw(z‘"’z—k), (16)

e m 1 k — mapamerp MacimTaly i 3CyBY BiAIOBIIHO (1T YUCTa).
basuc B qUCKpETHOMY Ipe/ICTaBlIeHI HAOYBAE BUTIISLY

Vi = o[ y(a "t k). (17)

BeiiBner-koedimieHTH NPsIMOro NEPETBOPEHHS MAIOTh BUJL
400
ka = .[ S(I) '{lmk (t) dt’ (18)

ne S(¢)— peamizawisi ceficMi4HOTO BIUIMBY 200 BiJTYKY NPY>KHOI CHCTEMHU.

[Ipn HemepepBHOMY BeHBIIET-TIEPETBOPEHHI peaizamiii BEHBIIET-CIIEKTp B
cucremi Developer Studio [24] momaerscst y Bursiml  (yHKIii  IBOX
apryMeHTIB: 4acoBOro Macimitaly a, sSIKWi OOEepHEHWH 10 YacTOTH Ta 3CyBY

BILIMBY 3a 4acoM b

+oo
W (a.b) = (S (1), (t)):ﬁ j s(t)y/(%)dt, (19)
ne C,, — HOpMHUPYHOUHii KoeiLlieHT
+00 2 -1
¢, =1 ¥ (@) | do <o, (20)
— 0

v (w) — Oyp’e-nieperBopeHHs BeliBiera W(f) .
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Criocobu Bi3yaini3aiii BEHBIET-CIIEKTPY MOXYTh OyTH pisHUMH. HaiiOinbm
IIMPOKO 3aCTOCOBYETHCS BU3YaNi3allisl y BUMIISAAL IUIOIIMHN @b 3 JIOKaJTi3ali€ero
eKCTpeMyMiB  BeiiBier-koedilieHTiB ab0 y BUNIAAI TNOBEpPXHI B
TPHOXBUMIPHOMY TIPOCTOPI.

3. TecroBa 3agauya. JlocmiJpkeHO CTOXacCTHYHY IIOBEJIHKY OyniBii
Bucororo 10 .M, ska B mepmioMy HaOJNW)KEHHI IIpeJCTaBie€Ha Y BHIVISI
BEPTUKAJILHOTO MPYKHOT'O CTEPKHS 3 )KOPCTKO 3aKPIIJIEHUM HIDKHIM KiHLEM Y
IPYHT 1 BIJIBHUM BepXHIM KiHleM. [lomepednuii nmepepi3 cTepKHs NPUUHITO
0,4mx0,4m, 3TUHANBHA XKOPCTKICTH Ta INOrOHAa Maca 3ajJiaHi OJHOPITHUMHU

B3/IOBX #Oro BHCOTH. Matepian crepkHs (OetoH Mapku B25) mae Taxi
MEXaHIYHI XapaKTePUCTHKH: F :3OX109Ha, G:12,75x10917a, 1 =0,167 Ta

y =2,4x10°k2e/m’. MatemaTHuHa  Momenb  CTEpXKHS — OOyZOBaHa i3

3actocyBaHHsM mporpamHoro kommiekcy NASTRAN [22] wmictuts 20
CTEP)KHEBUX CKIHUEHHUX €JIEMEHTIB 3 IIICTbMA CTETICHSIMH BUIBHOCTI Y BY3JIi.

[Ipn MozentoBaHHI IPYHTY Ta IONEPEYHOi 3TMHAIBHOI PYXOMOI XBWII B
CTEp)KHI MaKCHMaJIbHI TPUCKOPEHHS IPYHTY 1 MaKCHMalbHI MepeMilleHHs
NPUAHATO  BIANOBIAHO A0 MAarHiTyAW CEHCMIYHOrO BIUTMBY  3TiJHO
pexoMenaiit [6] M7: a= 0,1g=0,981 m/c’, 4=0,04 m; M8 :a=0,2g=1,962
m/c’, A=0,08 m; M9: a=0,4g=3,924 m/c’, A=0,16 m.

Sk mpuknaja, Ha puc. 2, @ MPEACTABICHO HECTAI[lOHAPHUI CTOXaCTUYHUN
CeliCMIYHMI BIUIMB MarHiTyJ010 M8 y BHUIJIS/I akceneporpaMy, Mo OTpUMaHa
3riiHO cTaTCcTHYHOro miaxoay Pyiza i [lensieHa. 3a JOMOMOro0 JUCKPETHOTO
Ta HENIEPEPBHOT'O BEHMBIIET-TIEPETBOPEHHS OTPUMAHO BEHBIIET-CIIEKTPOTPaMH Ta
Ddyp’e-00pa3 akceneporpaMu BILUTUBY (pHC. 2, 6, 6). 1le 103BONMIO BU3HAYUTH
JIOKai3amilo B 4aci MakCMMaJIbHOTO 3HAY€HHS NMPUCKOPEHHS Ta BiJIIOBIIHY
YacTOTY CEHCMIYHOIO BIUTUBY.

XBUIIbOBA peaKilisi CTEP)KHS Ha CEHCMIUYHMH BIUIMB 3aJlaHa K I0YaTKOBa
HEJIOCKOHANICTh ()OPMHU Y BHIJISI TOPU3OHTAIBHUX BIAXHUJIEHb BY3JIiB MOAEINI

BiJl BepTHKaJI, SIKI BU3HA4YalOThes 3a opmysoro (10) 3 ¢ = T [9]. LlIBuakicTs

PYXOMOI XBUIJII B CTEpKHI V(¢) = \/Ba)o = \/Ela)o /m =47,8 wm/c.

Ha mneprmiomy Kkpomi TOCTIXKCHb OINIHEHO BIUTUB XBIJIBOBOI peaKIlii
CTEp)KHS Ha HOTrO HaNpyXeHO-Ae(OPMOBAHWI CTaH Ta CTIHKICT TpH il
OChOBOT0 HaBaHTakeHHs. Po3B’s3aHa HemiHilHaA 3amava crathku (Nonlinear
Static) 3a momoMoror0 MoOAM(]IKOBAHOTO IOKPOKOBOro Merony HeroToHa-
Padcona, sikuii peanizoBano B mporpami NASTRAN [22]. Ha puc. 3 HaBeneHi
¢dopma nedopmyBaHHS (@) 1 KprBa HABAaHTAXKEHHS (0) CTEPIKHSA 3 YpaXyBaHHIM
XBHJIbOBOI peakxiii Ha ceHCMIYHMI BIUIMB MarHiTymor M7 mpu nii ochoBoi
cTuckarouoro cuioro P =1600 xH.
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- 16ez L4

0 t 2047

o 1000 2000

Puc. 2. BeiiBner-nepersopenns ceiicMignoro BBy (M8): akceneporpama (a),
BeiiBner-crekrporpama (Jlobemn4) (6), BeiiBner-ciekTporpama ta @yp’e-o6pa3 (Mopie) (6)

0077 0108 0183 028 0263 0M 0403 0483 053

0

053 085
SetVahe
1: Toal Translaion, Node 21

Puc. 3. ®opma nepopmyBaHHs (@) 1 KpUBa HaBaHTAXKEHHS (6) CTEPIKHS
3 ypaxyBaHHSIM XBHJIbOBOI peakuii (M7)

MakcumManbHEM € TIEpEeMIIEHHS BEpXHBOI'O BYy3lla CTEpXKHS. Brpara
CTIMKOCTI BiOYBa€THCS MPU KPUTUYHOMY 3HAYEHHI OCHOBOTO HABAHTAXKECHHS
P,=1600x0,65=1040 xH. Crartn4Hi XapakTepUCTHKK CTEPIKHS MPH BTPATi
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CTIMIKOCTI 3 ypaxyBaHHSIM XBHJIBOBOI pEakilii Ha CEHCMIUHHI BIUIUB Pi3HOI
MarHiTymu (M7, M8, M9) HaBeneni B Tabm. 1.

Tabmums 1

CTIMKOCTI

CraTudHi XapaKTepUCTHKU CTEPIKHS IIPH BTPATi

0* M7 | M8 | M9

Kpurnune naBantaxeHss, kH

1578 | 1040 | 880 | 859

3ruHanbHUN MOMEHT, KHMm

158 | 115 | 159 | 305

OCBhOBOI CHJIU

0* — Oe3 ypaxyBaHHS XBUJILOBOI PeaKIlii CTEpHS Ha CEHCMIYHUI BIUTUB i

TakuM 4rHOM, 31 301IBIIEHHSAM MarHiTYId CEWCMIUYHOTO BIUIMBY KPHUTHYHE

3HAYEHHS OCHOBOI CHJIM 3MEHIIYeE-
ThCSI, @ 3TUHAJIBHUA MOMEHT NpH
BTpATI CTIMKOCTI 301JIBIIYETHCSL.

Takox  JOCHIPKEHO  BIUTUB
0cbOBOI cTrcKaouoi et P =10° H,
SKe 3a 3HAYEHHSM HaOIIDKEHO M0
KPUTUYHOTO, Ha TOPU3OHTAJIBHI Te-
peMinieHHs CTepkHs. 31 30iyblieH-
HSIM MarHiTy/il CECMiYHOTO BIUIUBY
Ta BEPTUKAJIBHOI KOOPAWHATH By3Ja
MOJIENTi X TOPU3OHTANBHI MepeMile-
HHS 30UTBIIYIOTECSA (pUC. 4).

Ha npyromy kpomi 3a momomo-
roro Merony JlaHmomia BUKOHaHO
MOJIAIBHUI aHaji3 CTepxkHs 0e3 i 3
ypaxyBaHHSIM OCHOBOI'O HaBaHTa-
xenHss P =10°H. B Tabn. 2 Hase-
JIHO TepIIi I’SITh BJIACHUX YacTOT
KOJIMBaHb CTEPKHS (/Y), OTPUMaHUX
i3 ypaxyBaHHSIM XBWJIbOBOi peakIii
Ha  CEWCMIYHWH  BIUIMB  pi3HOI
MarHiTyau.

Ne
Bysna

M7 ms

20

Mo

15

pin)

o
o 0,005 0,01 0,015 0,02 0025 0,032 X, M

Puc. 4. 'opu3oHTaNbHI IepeMillleHHs BY3IiB
MOJIeNIi CTePKHS 3 ypaxyBaHHSIM XBHIIbOBOI
peakIiii Ha cefiCMiYHUH BILTUB Pi3HOL
MArHITy/IH TIpH 1ii ockoBoi cumi P =10° H

3HavyeHHs MepHIMX IT'STH YacTOT BJACHUX KOJMBaHb HEHABAHTa)KEHOTO
CTep)KHS 31 301IBLIEHHSIM MAarHiTyOW CEMCMIYHOrO BIUIMBY 3MEHIIYIOTHCS
ignosigao Ha 0,03%, 0,038%, 0,033%, 0,033%, 0,009%; HaBaHTaKEHOr'O
ocboBOIO cunoro — Ha 0,049%, 0,040%, 0,034%, 0,033%, 0,034%. Bugno, mo
BIUIMB XBHJIBOBOI PEakIlii i OCbOBOI CTHUCKAIOYOI CHJIM HAa YacTOTH BIIACHUX
KOJIMBaHb CTEP)KHS He3HayHWil. DOpMH BIIACHUX KOJIMBAaHb OJHAKOBI JIJIS
cTepkHs 0e3 i 3 ypaxyBaHHAM XBHIBOBOI peakiiii i ockoBoi cumu P =10° H

(puc. 5).
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Tabnus 2
N YacToTH BIacHUX KOJIMBAaHb HEHABAHTAXKEHOTO CTEPKHS, [ Y
o/ 0* M7 M8 M9
1 2,279784 2,279741 2,279614 2,279095
2 14,17506 14,17472 14,17370 14,16963
3 39,27080 39,27009 39,26772 39,25785
4 75,85801 75,85654 75,85211 75,83309
5 88,36563 88,36519 88,36386 88,35792
YacToTy BIacHUX KOJIMBaHb HABAHTA)KEHOT'O CTEpPXKHS, [ Y
0* M7 M8 M9
1 1,416019 1,415976 1,415847 1,415322
2 13,46088 13,46055 13,45955 13,45551
3 38,88688 38,88588 38,88350 38,87354
4 75,98288 75,98139 75,97688 75,95752
5 88,36563 88,36519 88,36387 88,33580
0* — Ge3 ypaxyBaHHSI XBWJIbOBOI peaKIlii CTep)KHS Ha CEHCMIYHMI BIUMB 1
0CBOBOI CHITH

nepina Gopma

yerBepTa Gopma

npyra popma

m’sita popma

Tpets popma

Puc. 5. @opMu BIacHHUX KOJNMBAaHb CTEPXKHS 3 YpaXyBaHHSIM XBIIbOBOI peakIlii
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CdopMoBaHi MaTeMaTUYHI MOJETI HECTAIlIOHAPHUX  CTOXACTUYHUX
KOJIMBAaHb CTEP)KHS 3 ypaxyBaHHSM XBMIJIbOBOI peakiii Ha CeHCMIYHUI BIUIUB y
BUTJLSINI  MUQEpeHIlialbHIX PIBHAHb pPYXy TPYXKHOI CHCTEMH 3 OJHIEO
CTENEHHIO BUIBHOCTI JIPYroro MopsiIKy B y3arajdbHeHHMX KoopauHatax (13) Ta
(14). Koediuienr nemmndipyBanus npuiiMaerbest piBanm £ =0,02. 3a
JIOIOMOT'OI0  TIPSIMOTO  METOAY 4YHCENbHOro iHTerpyBaHHs PyHre-Kyrrn
YETBEPTOro MOPSAKY, KU peanizoBaHo B mporpami Mathcad [23], otpumaHo
pO3B’s13kK MdepeHnianbHUX PIBHIHD Y BUINIA y3araJlbHEHUX IEpEMilleHb,
y3araJlbHEHUX MIBUAKOCTEH Ta y3araJbHEHUX IPUCKOpEHb. SIK mpHKiaa, Ha
puc. 6,7 mpencraBieHi peanizamii BiATYKIB BEPTHUKAJIBHOTO CTEPXHSA 3
XBUJIHOBOIO PEAKITIEI0 HA CEHCMIYHUN BIUTHB MarHITYI0r0 M8 BiAmoBiaHO 0e3 i
3 ypaxyBaHHIM OChOBOI'O HaBaHTa)KEHHS P =10°H.

0n4 T T T T 0
oz n41]

anzr- 1
T ] - vk

-002 - -

~0031,

-0428 —
-n04 1 1 1 1 . -‘U 1 1
0 500 1000 1500 2000 2500 Do+ w0z 0 002 004

n, 2047107, —0p3] 7, %3

& &

| | | |
00 1000 1300 2000 2500
o n 204710,

@
Puc. 6. Peanizalii BiArykiB crepxHs 6€3 0CbOBOr0 HaBaHTaXKeHHSI IIPH cellcMiuHOMY BIutuBi (M8):
y3aranpHeHe nepeMinieHHs (a), ha3oBa TpackTopis (6), y3araabHeHe IPUCKOPEHHS (6)

B Tabn. 3 HaBeneHi MakcHMallbHI 3HAYE€HHS JUHAMIYHHX XapaKTEPHCTHK
cTepkHs 03 1 3 ypaXyBaHHSIM XBHJIBOBOI PeakIlii Ha CEHCMIYHMIA BIUTUB Ta Il
ockoBOI cTHcKarouoi cumn P =10° H, B Tab1. 4 — 3HAUEHHS IOPM30HTAIBHUX
TiepeMillieHb BEpXHBOTO BYy3JIa CTEPIKHSL.

Tabmuus 3
JunamiuHi M7 M8 M9
XapaKTepUCTUKU 0%* -P +P 0* -P +P 0* -P +P
Tpuckopenns, 107 /¢’ 98,5 | 98,5 | 98,9 [197,1 | 197,1 | 198,1 | 394,2 | 394,2 | 396,1
Isuakicts, 107 /e 6,6 6,6 | 10,7 | 13,3 | 13,3 | 21,4 | 26,7 | 26,7 | 42,7
0* — 6e3 ypaxyBaHHS XBHJIbOBOI peaKIlii CTep:KHsI Ha Cel CMiYHUI BIUTUB 1 OCHOBOI CHIIN
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Puc. 7. Peanizanii BiATyKiB CTEpXKHs 3 ypaXyBaHHIM OCBOBOI CHIIM IPH ceficMiuHoMy BIumBi (M8):
y3aranpHeHe nepeminienHs (a), ha3oBa TpaeckTopis (6), y3araabHeHe IPUCKOPEHHS (6)

BunHo, mo ypaxyBaHHS MONEpPEYHOl 3rMHAIBHOI XBHJIBLOBOI peakxiii Maino
BIUTMBA€E Ha MaKCHUMaJbHI 3HaueHHs nipuckoperHs (0,5%) i 3HauHO Oijiblie Ha
mBuAKicTs (30%) crepkHs JUIIe NpU BpaxyBaHHI Horo nedopmamii Bim il
OCHOBOT'0 HABAHTAKEHHSI.

Tab6mus 4
JunamiuHi M7 M8 M9
XapaKTepUCTUKU 0%* -P +P 0* -P +P 0* -P +P
Cratnuni 0 8,2 8,2 0 164 | 16,4 0 32,7 | 32,7
Junamiuni 0,5 0,5 1,2 0,9 0,9 2,5 1,9 1,9 4,9
Cymapsi 0,5 8,7 9,4 09 | 173 [ 189 | 19 | 34,6 | 37,6
0* — 6e3 ypaxyBaHHS XBHJIbOBOI peaKilii CTep:KHsI Ha Cel CMiYHUI BIUTUB 1 OCHOBOI CHIIH

CrHocrepiraeTbcsi 3HAYHUH BIUIMB OCHOBOI CTHUCKAIOUOi CHIIM 1 XBHJIBOBOI
peaknii Ha MaKCHMaJbHI 3HaY€HHS JMHAMIYHOI CKJIaJOBOi TOPH30HTAIBHHUX
nepeMinieHs crepxkas (60%).

Bukonano aHaii3 BiATYKiB CTEp)KHS 3 ypaxyBaHSIM XBHIIbOBOI peakiiii Ha
CeliCMIYHMHA BIUIMB pIi3HOI MarHiTyJu B YacTOTHO-4YaCOBOMY IPOCTOpi.
3acrocoBano mauckperHe (/lobemwn4) Tta HenepepBHe (Moprne) BeliBieT-
TIEPETBOPEHHSI 3 BHKOPHCTaHHSAM TMPONEAYp CYYaCHHX OOYMCIIOBAIBHUX
komrutekciB Mathcad [23] i Developer Studio [24]. Sk mpukman, B crarTi
TIPE/ICTaBIIEHI PE3yJbTaTH BEHBIIET-NIEPETBOPEHHS pealizalliii y3araJbHEHOTO
nepeMinieHHs (puc. 8) Ta y3arajJbHEHOro NPUCKOPEHHS (pHC. 9) CTepXKHS NpH
celicmiunomy BIutHBi (M8) 6e3 ypaxyBaHHS OCHOBOTO HABaHTaKEHHSI.
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Puc. 8. BeiiBner-neperBopeHHs TOPU30HTAIBHOTO MEPEMIIIIeHHS] HCHABAaHTaXKEHOT O
CTepIKHS IpU celicMiuHOMY BIUHBI (MS8): nuckperHe (a), HerepepsHe (0)

o 1000 2000

iy T

Puc. 9. BeiiBner-iepeTBOpeHHs IPHCKOPEHHS HEHABAHTAXKEHOT0
CTepIKHS IpU celicMiuHOMY BIUHBI (MS): nuckperHe (a), HenepepsHe (0)

Ha BeiiBner-ciekrporpamax ta ®@yp’e-00pa3zax CrOCTEpiraroThCs JBa KU
MaKCUMAQJIBHUX 3HAYCHb TOPH30HTAJIBHHUX MEpPEMIllleHh 1 TPUCKOPEHb, SKi
JIOKAJIi30BaHI B PI3HUX YACOBUX Jialla30HAX: HA YacTOTI BJIACHUX KOJMBAaHb
CTEpIKHS 1 3 OLIBIIOI0 aMIUTITY/IOI0 — Ha YacTOTi CEHCMIYHOTO BILUIUBY.

Ha puc. 10, 11 npencrasiieni pe3yabTaTH BEHBIET-TIEPETBOPEHHS BiATYKIB
CTEP)KHS HABAHTAKEHOTO OCHOBOIO CTHCKaouol cmwioro P =10°H npn
cetficMivHOMY BInHBi (MS).
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Puc. 10. BeiiBiier-nepeTrBopeHHs rOPU30HTAIBHOIO [TEPEMIllICHHS] HABAHTAXKEHOT'O
CTepIKHS IpU celicMiuHOMY BIUHBI (MS): nuckperHe (a), HenepepsHe (0)
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Puc. 11. BeiiBner-nepeTBopeHHs NPUCKOPEHHS HABAHTAXKEHOT'O CTEPIKHS
npu ceficMivHoMy BIumBi (M8): muckpetne (@), HenepepsHe (6)

Ha puc. 10, 11 criocrepiraroThcst KBa3iCTamiOHAPHI CTOXACTUYHI KOJTUBAHHS
crepkHs. Ha BeiiBner-cnekrporpamax Ta @yp’e-00pazax y3arajabHEHHX
TIepeMilIeHb 1 y3araJlbHeHNX MPUCKOPEHb HaBaHTAXKEHOT'O CTEPKHS 0avyrMO 1o
OTHOMY TIKY iX MaKCHMaJbHHUX 3HAYCHB, SIKi JIOKAJII30BaHi B Yaci HACTABAHHS
MaKCHMaJIbHOTO MPHUCKOpeHHs IPYyHTY (puc. l, 6) Ha YacToTi CeWcMiuHOro
BILIUBY.
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BucHoBok. 3acTocyBaHHS BEHBIIET-aHAJI3y Jla€ 3MOr'Y SIKICHO OLIHHTH B
YaCTOTHO-4aCOBOMY TIIPOCTOpI CEHCMIUHMH BIUTMB Ta BIATYKH TIPYXKHOL
CHCTEMH, SIKI € HECTAI[lOHAPHUMH CTOXAaCTHMYHHMMHM IIpoliecamMu. BpaxyBaHHS
TONIepeYHOl 3TMHANBHOI XBWJIBOBOI pEaKilii CHUCTEMH Ha TOPH30HTAJIbHE
MepeMillieHHs. TPYHTY IICHsl TOYaTKy 3EMIIETPYCY, SIKE 3alpoIlOHOBAHO B
METOJIMIII MOJIEJIIOBAHHSI HECTAI[lOHAPHUX CTOXACTUYHHUX KOJIHMBaHb NPYXKHUX
chucTteM, MoXe OyTH pEKOMEHJOBaHO B PpO3paxyHKaxX KOHCTPYKIIH,
HEJIOCKOHANICTh (DOPMH SIKMX 3HAYHO BIUIMBAE Ha X BTPATY CTIHKOCTI.
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Lukyanchenko O.0., Vorona Yu.V., Kostina O.V., Geraschenko O.V.
APPLICATION OF WAVELET ANALYSIS TO THE MODELING OF ELASTIC
SYSTEMS STOCHASTIC BEHAVIOR UNDER SEISMIC LOADING

The technique for simulation of elastic systems stochastic behavior under seismic loading is
developed on the grounds of theories and methods of wavelet analysis, nonlinear mechanics and
finite element method. A probabilistic simulation of seismic effects was performed using the Ruiz
& Penzien statistical method and the traveling wave theory. The transverse bending wave reaction
of the system was taken into account as initial shape imperfection. The test problem of non-
stationary stochastic oscillations of an elastic vertical rod under seismic actions of different
magnitudes is solved. The analysis of the wave reaction and the action of the axial compressive
force influence on the static and dynamic characteristics of the rod is carried out. The nonlinear
static problem is solved with the help of the modified Newton-Raphson method. It has been found
that geometrical imperfections of the rod reduce the values of the critical axial load and increase
the bending moment. A modal analysis of the rod is performed both with and without consideration
of the axial compressive force. The influence of the wave reaction on the eigenfrequencies and
eigenmodes is insignificant. Mathematical models of seismic oscillations of the rod are present as



178 ISSN 2410-2547. Onip matepiainis i Teopis cnopya. 2017. Ne 99

differential equations of motion in generalized coordinates. The dynamic problem is solved using a
fourth-order Runge-Kutta method. It was found that transverse bending wave affects horizontal
displacements and velocities of the rod only if axial load is taken into account. The influence of the
wave response and axial load on the dynamic parameters of the rod in the time frequency space is
estimated using discrete orthogonal Daubechies wavelet functions, continuous non-orthogonal
Morlet complex wavelet functions and wavelet analysis techniques. It is worth to mention the fact
that two peaks of displacements and accelerations values are observed on wavelet-spectrograms
and Fourier-images for a rod without axial compressive force. They are localized at different
frequencies, which correspond to the frequency of seismic action and the eigenfrequency of the
rod. Meanwhile only one peak of generalized displacements and accelerations is observed at the
frequency of seismic action.

Keywords: seismic loads, stochastic behavior, wavelet analysis, finite element method,
nonlinear mechanics, traveling wave theory.

Jlykvsanuenxo O.A., Bopona FO.B., Kocmuna E.B., I'epawenko O.B.
IMPUMEHEHME BEMBJIET-AHAJIN3A K MOJIEJIUPOBAHUIO
CTOXACTHUYECKOI'O INIOBEJEHUS YIIPYTUX CUCTEM ITPM CEUCMUYECKOM
BO3JIENCTBAN

Paspabotana MeTOJMKa MOJCIMPOBAHUS CTOXACTHYECKOr'O MOBEICHUS YIPYTHX CHCTEM IpU
ceiicMHYecKOM BO3JICHCTBMM Ha OCHOBE TEOpPHH M METOJIOB BeHBIIET-aHANINM3a, HEIMHEHHOU
MEXaHUKH, KOHEUHBIX JJIEMEHTOB. BEHIMOIHEHO BEPOSTHOCTHOE MOEIMPOBAHHE CEHCMHYECKOTo
BO3JEHCTBUSL C 33JaHHOM MAarHUTYAOH W MaKCHMaJlbHOM aMIUIMTYJO0H TOpH30HTAJILHON
ceificMUYeckoi BOJHBI C TOMOIIBIO cTaTHCcTHYeckoro monaxona Pymsa, Ilenswmena u Tteopuun
Oeryimpx BOJH. YUTEHa IMOIepeyHas W3ruOHas BOJNHOBAs PEAKIMs CUCTEMbl Ha CEHCMUYECKOE
BO3JICHCTBHE B BHJC HAYaJIbHOTO HECOBEpIICHCTBA (OpMbl. [IpH HamMuuKM peasbHOW 3amuch
YCKOpEHHUS U MepeMeIeHHs TPyHTa BEPOSITHOCTHOE MOJIEIIMPOBAHUE CEHCMUYECKOT0 BO3IEHCTBHS
BBIMOJIHACTCS C MOMOIIBIO BEHBIICT-aHAIN3a M TEOPHUHU OEryIux BoJH. PemieHa TecToBas 3aaada o
HECTALMOHAPHBIX ~ CTOXACTHYCCKUX KOJEOAHHSX YINPYroro BEPTHKAIBHOTO CTEPXKHS IpU
ceiicMUYecKOM BO3IEHCTBMHM Pa3HOM MAarHUTYAbl C HOMOLIBIO IPSIMOTO METO/a YHCIEHHOTO
unTerpupoBanus PyHre-KyTTsl uerBeproro mopsaka. OleHEeHO BIMSHHE BOJIHOBOW peakUuu U
JIefiCTBUSL OCEBOW CXKMMAIOIIEH CHIIBI HA CTATHYECKUE M JUHAMUYECKUE XapaKTePUCTHKH CTEPHKHS.
BrimonHen BeiiBleT-aHAJNN3 peakUMi CTEp)KHS Ha ceiicMuYeckoe BO3JEHCTBHE B YacTOTHO-
BPEMEHHOM IIPOCTPAHCTBE.

KiroueBble cioBa: celicMuueckoe BO3JEHCTBHE, CTOXAaCTHYECKOE IIOBEIECHUE, BEHBIIET-
aHaJM3, METOJI KOHSYHBIX JIEMEHTOB, HEIMHEIHAS MEXaHHUKa, TEOPHsI OCTryIHMX BOJIH.
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JIyk’anuenxo O.0., Bopona FO.B., Kocmina O.B., 'epawenxo O.B. 3acTocyBaHHs
BeiiBJIeT-aHAJIi3Y 10 MO/Ie/TIOBAHHS CTOXaCTHYHOI MOBEiHKH NMPY:KHUX CHCTEM MPH
ceiicMiunomy BIumBi // Omip MatepiaiiB 1 Teopis cropyxa: Hayk.-Tex. 30ipH. — K.:
KHVYBA, 2017. — Bum. 99. — C. 160 — 180.

Po3spobnena memoouka modeniogants cmoxacmuiHoi n08eOiHKU NPYIHCHUX CUCTEM
npu ceticMiyHOMy 8NIUGI HA OCHO8I Meopiil i Memooie 6eueiem-ananisy, HeiHilHOT
MEXAHIKU, CKIHUEHHUX eJIeMEHMIB i PYXOMUX XBUTb.

Ta6u. 0. In. 2. Bi6miorp. 25 Ha3s.
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Luk’yanchenko O.O., Vorona Yu.V., Kostina O.V., Geraschenko O.V. Application of
wavelet analysis to the modeling of elastic systems stochastic behavior under
seismic loading // Strength of Materials and Theory of Structures. — 2017. — Issue. 99. —
P. 160 - 180.

The technique for simulation of elastic systems stochastic behavior under seismic
loading is developed on the grounds of theories and methods of wavelet analysis,
nonlinear mechanics and finite element method.

Tab. 0. Fig. 2. References 25 items.
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BeiiBJIET-aHAIN32 K MOJEJHPOBAHUI0 CTOXACTHYECKOr0 TMOBEAEHHSI YINPYrux
CHCTEM NpH ceiicMuyeckoM Bo3aeiicTBuM // CONPOTHBICHHE MAaTEpHAIIOB M TEOPHS
coopyxenuit: Hayd.-teX. coopH. — K.: KHYCA,, 2017. — Bem. 99. — C. 160 - 180. —
Ykp.

Pa3paboraHa METO/IMKa MOJCIHPOBAHUS CTOXAaCTHYECKOIO MOBEACHHUS YIPYTHX
CHCTEM TMpH CE{CMUYECKOM BO3JCHCTBHH Ha OCHOBE TEOPHH M METOIOB BeiBIET-
aHaJM3a, HEJIMHEHHON MEXaHUKH, KOHEYHBIX 3JIEMEHTOB U OETYIMX BOJH.
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Anpeca nomawmns: 02152, Vkpaina, m. Kuis, eyn. Ieana Mukonativyka 5/1, xe. 2,
JIVK’AHYEHKO Onv3si OnexciisHi.
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ABTOp (BYEeHA CTyNeHb, BYeHe 3BaHHS, MOCAAA): KAHOUOAM MEXHIYHUX HAYK, CMApuiull
Haykogutl cnipobimuuk, npogecop kageopu 6ydisenvnoi mexaniku KHYBA BOPOHA IOpiii
Bonooumuposuu
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nayxoesuti cnigpo6immuux H/{I 6yodisenvnoi mexanixu KHYBA, KOCTIHA Onena Bonooumupiena.
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Mobinbumii Ten.: +38(095)661-6052

E-mail: olg_guera@ukr.net
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YK 539.3

PO3B’SI3AHHS 3AIAYI TEOPIi TPYXKHOCTI JIJISA KPYTJINX
TOBCTHUX ILJIUT TP OCECAMETPAYHINA JTE®OPMAIIIT

1
O.K. I'peBueB ,
CTapIIHil HAYKOBHII CIIIBPOOITHUK

H.IO. CeniBanoBa’,
CTapLInii BUKJIaaa4

1 .
Heporcagne nionpuemcmeo
«Heporcasrutl 00porcHitl Hayko6o-00caionutl incmumym imeni M. I1. Lllynveinay

2 . . Lo
Hamonaﬂbnuu mpaHCnopmHuu yHieepcumeni

OTpyMaHO TOYHUH pO3B’A30K PpIBHAHB Teopil HPYKHOCTI IS KPYIIUX IUIT 3
OCECHMETPHYHUM HABAHTAKCHHSIM.

PosrisiHyTa 3aada 3ruHY KPYIIHX IUTHT, sIKi Tepe0yBaloTh i 1i€l0 HOPMAIbHO JOJAHUX CHII
110 OYyb-SIKOTO 3aKOHY HAaBAaHTaXKEHHS 1 3 OYAb-IKMMH TUIIAMH 1X OIMHpPaHHI.

IToxazaHo, 0 3TUH KPYTI0i IUIHTH IiJ] Ji€I0 0CECHMETPUYHOTO HAaBAHTAXKEHHS BeJe 10 3MiHU
TEMIIepPaTypHOro HOJISL.

KirouoBi cioBa: Teopis MHPYXHOCTI, OCeCHMETpHYHAa 3ajada, (yHKIS IepeMileHs,
TeMIlepaTypHa 3MiHHA, TEPMOJMHAMIYHO 00EpHEHHI POLIeC, 3THH KPYTJIOi IIUTH.

Beryn. Bimomo [1], mio TouHuMi pO3B’SI30K 3adadi Teopii NpYKHOCTI
PO3MIISTHYTO JIMIIE [UISi CYHIIBHOI KPYIJIOi IUIMTH TpU  Jii pIBHOMIPHO
PO3IIOAINIEHOT0 THCKY TOCTiHHOI iHTeHcuBHOCTI. Ilpm 1pOoMy 3akoH
HaBaHTa)KEHHS! MO)Ke OYTH JOBUIBHOTO BHIY 1 THII ONUPAHHS IUIUTH — OYJIb-
SIKUH.

JudepeHuianbHi piBHAHHA pIBHOBard B ITIHAPUYHUX KOOpPIMHATAX
MaroThb BUIIIL [1]

w_ e (1+v) e, 1+v)
A —714‘ 1 —27 =U: 3 — =0 1
P gy A1) 0T O A (g, 0= 0 (D)
1 B Halpy>KEHHSX
G,;—0 1
611,1 +Gl3,l +¥ = 07 613,1 +G33’3 +;613 =0. (2)

B piBastHEsX (1) 1 (2) iHAEKC micast KOMU O3HA4a€ YaCTHMHHY MOXiJTHY 32
BIJIMOBITHOKO KOOPIUHATOK 7 abo0 z; u; 1 u; — BIAMOBIMHO KOMIIOHCHTHU
panmialpHOrO 1 OCHOBOrO THepeMimieHb, Ay — oneparop Jlammaca Bin

nepemimens u; (i=1,3); 6y;, Ojp, O©j3 — BIINOBIIHO KOMIOHEHTH

panmialbHOrO, OKPY)KHOTO, OCHOBOTO 1 JIOTUYHOI'O HAaINpyXeHb; O -
TeMIlepaTypHa 3MiHHa.

© I'pesues O.K., Cenianosa H.IO
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P2z}

TFiiz)

LB LL
R BARRARAARApuinadiniinni

al

h
Puc. 1. IliuTa nix Ai€to piBHOMiIPHO PO3IOJIICHOr0 HaBaHTAXKEHHS

KomnoneHTH HanpyxeHb BU3HAYAIOTHCS 3a 3aKoHOM ['yka [2]

— LV _1+v oo
Gij_zG ejj + ed 1_V0L65U) i,j=12,3) 3)

1-2v Y
3 ypaxyBaHHSM BIJIOMHUX 3aJIeKHOCTEH MiXk JiepopmanismMu i epeMileHHsIMA
— - _1 . -
e = Uy € =y €33 =y s 2e3 =3ty 4)

Tyr 81.]. — cumBon Kponekepa; o i v — Koe(illieHTH JIIHIHHOTO TEIIOBOTO

posumpenHs i Ilyaccona; e=e+e, +e;; — 00°€eMHE pO3MIUPEHHS;
E .
G =——_ —Monyib 3CyBy; £ —MOIyIb II HOCTI.
21+v) Y. YBY! TLyJb TIPYXK

Jlns 3aMMKaHHS CHCTEMHU piBHAHb piBHOBaru (1) HeoOXigHO momaTH
PIBHSIHHS TEIIONPOBiAHOCTI [2]

A0+ L =o. (5)

A
Tyr W - KUIBKICTh Teria, sIKE yTBOPIOETHCS ab0 MOTJIMHAETHCS OIMHMIICIO
00’emy Tina mpu iHoro medopmariii; A — KOe]ili€HT TEIUIONPOBIAHOCTI,

AO=0,, +%e,11 +0,,;.

Po3p’s3anHs 3amadyi  3TMHY KpYDJIMX IUIMT A JI€I0  JIOBUJIBHOTO
OCECMETPHYHOTrO0 HABAHTAXKEHHs IHTEHCHBHICTIO P(r), moTpebye 3amaHH
HOPMAaJIbHOTO ~ OCbOBOTO  HANpPYXEHHA Oj;. Mg #oro BU3HAYEHHA

CKOPHCTAEMOCS 3aIPOIIOHOBAHUM OIHHUM 3 aBTOPIB METOJIOM, 3aCHOBAaHMM Ha
MOCTYNAJbHUX HAOJVKEHHSIX PO3B’A3aHHS JaHOi 3aadi.
ITicns MaTeMaTHYHUX MEPETBOPEHb OTPHUMAEMO 3HAUYEHHS G 53



ISSN 2410-2547. Omnip matepiaxnis i Teopis cnopya. 2017. Ne 99 183

—_p(i2(2 =’ K
O3 = P( )h3(6 8 24)5 (6)
SIKE 3a7I0BOJILHSIE YMOBHU
2
65, =—P(r) npn z:—% i 033=0 npu z=h7, (7)

Jie i — TOBIIMHA KPYIJIOl IUTUTH.
3Hatoun HarpyxeHHs (6) 1 BAKOPHCTOBYIOUH (PYHKIIiFO ¢(r z) » TIepexoauMOo
JI0 pO3B’si3aHHA 3a7adi 3TMHY TOBCTHUX IUIMT. JlJIi OTpUMaHHS TOYHOTO

PO3B’sI3Ky 1€l 3a1a4i Tpeda pO3TITHYTH MOJTITPOIHUH, TOOTO HE 130TepMidHHN
1 He aniabaTH4YHUH, TepMOAMHAMIYHMH mporec. 3B’S30K (QYHKIT Vi) 3

TEPMONPYXXHUM ITOTEHIIIATIOM MepeMillieHb IpeAcTaBieHnii hopmyioro [2]

_1+v
¢(r)z) —E\I’(”az) (8)
B 1ipoMy Bunaiky nepeMimieHHs OAAEMO Y TAKOMY BUTIISII
u (r,z)= 1 Wl’u3(r z)= 1+v‘|’3 )
O0’eMHE PO3MIMPEHHST ¢ 3HAXOAMMO 3 BUpasy (4) 3 ypaxyBanHsM (9)
1 1 1
e=€11+622+€33=1t7“j[1|’,11+;\|11 W33] +VAW (10)

[MincraBnsroun nmepemimieHHs (9) i 06’emue posmmpenss (10) B cucremy
piBHsHB (1) oTprMaemMo

2§I—+VV) (ay), - 2§1 +v) 2, -0,
2(1+v) 2(1+v) (1

—v (AW),3 1— 26 3=
[HTerpyroun mepuie piBHSIHHS 32 7, a z[pyre 3a z , OTpUMAEMO QopMyITy
BH3HAYEHHS TEMIIEPaTypHOI 3MiHHOL
20 = Ay (12)
KommnoHeHTH HampyxeHb 3HaxomumMo 3a 3akoHoM ['yka (3), ne
TeMIlepaTypHa 3MiHHA § BH3HAUYA€THCS 3a IOMOMOTroro piBHIHHS (12).
Toni maemo
B
1-v

013=%W,13» O33 =— ﬁr( )

Jlns po3B’si3aHHS PIBHSHBb TEOpii NMPYXHOCTI HEOOXiqHO BHUOpAaTH TakKy
¢yHKIiI0 nepeMinieHb \(r,z), ska O 3aJ0BOJNBHUIA TPAaHUYHUM YMOBaM

1
Oy =- (;W,l‘*“l’ﬁ) Op=- V(Wn W33)

(13)

KOHKPETHOI 3a/1a4i.
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Po3risiHeMo y TOYHIN MOCTAaHOBII 3a/1adi Teopii MPYKHOCTI 3THH KPYIIIHX
TUTHT, SIKI 3HAXOATHCS i JIIEF0 HOPMAIBHO JOAAHUX CUIl P(r) 0 OyIb-IKOro

3aKOHY HaBaHTA)KEHHsI CHMETPHYHO BiTHOCHO OCi 0OepTaHHS z Ta MpH OyIb-
SIKMX THIax iX OMUpaHHS.
BuKopHCTOBYIOUM HAamlpYKEHHS G;3; 3 DIBHAHHA (6), sKe 3a/0BOJIbHSE

ymoBH (7) 1 TIOpiBHIOIOYM HOro 3 HANpYKEHHAM Gs; 3 piBHAHHA (13),

orpumMaeMo audepeHIiaibHe PiBHSIHHS I BU3HauUeHHs GyHkuii y(r,z):

_1-v12 zh "
InTerpyroun e piBHSHHA 32 7 B TPAHUILIX BiJ ¢; 10 7, OTPUMAEMO:
1-v12(2 _zn® W)} 1
V= o h3( 8+24Jréj;er(r)dr+rfl(z), (15)

ne fi(z) - noBinbHA (YHKIisA IHTErPYBAaHHA; @, - PaiyC LEHTPAILHOIO OTBOPY
TUTUTH.
Sxmo miura cyuineHa (g, =0), To f(z) HEoOXimHO BBakKaTU PIBHOIO

HYJIIO JUTSI IepeMitiens u(r) .
3HoBy iHTerpyrouu (15) 3a » B rpaHuLX BiX @; OO0 7, 3HalAEMO:
_1-v12 _zh r
Vo= 5 i ( 6 8+) 6{ Jl rP(r)drdr +f, (z)lnE+ £ (2), (16)

ne f,(z) - noBinbHA (QyHKIISA IHTEPYBAHHS.
Jly1s1 momnermeH sl po3paxyHKiB PO3TIITHEMO CYLIJIbHY HMIIHAPUYHY TUTUTY
(4,=0; £,()=0). Toai

Vi = 5 B3 - b))

Judepenuitoroun ¢pynkmiro (17)3a » 1 z, orpumaemMo

1-v12( 2> _ K1
Vi =g h3( Sjrb[rP(r)dr. (18)
[lincranoBka \ ;3 y BUpas [l HANPYXKeHb G5 3 PiBHsAHD (13), nae
6 (.2 |1}
O3 = 3 (z —4)(J)rP(r)dr. (19)

I'pannuni  ymoBM mist  AOTWYHMX HanpykeHb (19) BHKOHYIOTBCS
IHTErpaJIbHO Ha Kparo KPYrioi INIUTH, TOOTO NIPH 7 = a BUKOHAHHS T'PAaHUYHHUX
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YMOB y CEpeAHbOMY BHUMArae, I00 HampyKeHHS G;; Ha Kpaw IUTHTH
3BOJIWJIUCH JI0 OMOPHOI PeaKIii
h

2 a
A=|[opdz| = —éer(r)dr. (20)
0

r=a
Takum uwHOM, JO0THYHI HampyxeHHS (19) TOYHO 3a7OBONBHSIOTH

h
2

TpPaHWYHUM YMOBaM NpH z =17 1 IHTErpajbHO Ha Kpal MWIIHAPHIHOL

MTOBEPXHI.
[MincraBnsroun Qyskuito nepemimens (17) B dopmyny (13) mus
HOpMaJIbHUX pajliajbHUX HAaINpyXeHb G, 1 3Haxoasuu ¢QyHKOiio f,(z) 3

IpaHUYHUX YMOB G, =0 mpu r =a, OTpUMaEMO
3 2 3 r a
2z’ h ){ 1 1 }
2 2 4 N [rP(r)dr—— [rP(r)dr |+
12(6 8 24)17%% ) a’o )
11~ 3
h r 1r a 1a
+Z {J'J' rP(r)drdr—[=[rP(r) drdr}
0”0 0”0
Jl1s OKpY’KHUX HalpyXXeHb G,, 3 PiBHAHB (13) oTpumaemo:

3 2 43 r a
12 h™ . h 1 1
022 = - [26_28-'—24-})( P( ) [2(J;rp(r)dr—a2£rp(r)er +

21

rqr aqa

+Z|:J1J rP(r) drdr—jlj rP(r) drdr}}. (22)
0”0 0’0

OTpuMaHi HamnpyKeHHS 3aJIOBOJILHSIOTH DIBHSHHAM piBHOBark (2) Tta

rPaHUYHUM yMOBaM: Gy =—P(r) npu z = —%; 64, =0 npu z :%
h

mpu z =5 i iHTerpasbHO - Ha Kpato uTu: 6, =0 1mpu r=a.

[IpencraBnene po3B’si3aHHS 3aj4adi 3TMHY TOBCTOI IUTUTH OTPUMAHO
BIIEpIe. YMOBH ONUPAHHS IUIUTH JIAIOTh 3MOT'Y BH3HAUUTH TOYHI 3HAYECHHS
niepeMinieHs 3a Gopmyroro (8), BukopucroByrouu ¢yskuito (17).

Ilepemimenns u, i u, an/H‘/iMaeMo Y TAaKOMY BHTJISIIL

2
1+V Vo2, 4
u3(r,z)=ﬁ[\|j73+/151nr] A4(1_Vz +2]—1_VZA6+A7, (23)
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A Az - HOBUIbHI1 CTAJI1 IHTCTPYBAHHA.

3 piBHsIHB NepeMineHs (23) 3HaX0UMO HaINpy>KEHHS

E 1 1 1
O = —= A Ax )+ Ayz+ A
11 l—V[ r\If1 V33— ( 52~ 3) 47 62:|

E 1 1
n =iy —\V,11—\V,33+7(A52—A3)+A4Z+A6§ )
r

O3 = 1_EV V13, O33= _%%F‘V,I),l' (24)

Bupasu (23) i (24) € TouHuM po3B’si3kOM piBHsAHB piBHOBaru (1) i (2),
OCKIJIBKH TICTIS MiZICTAHOBKH IIEPETBOPIOIOTH OCTaHHI Ha TOTOXXHOCTI. DYHKIIis
Y(r,z) TOBMHHA 3aJ0BOJBHUTH piBHAHHA (12), 3a OMOMOroro SKOro

BHU3HAYAETHCSl TEMIepaTypHa 3MiHHAa O(r,z), sKa XapakTepu3ye 3MiHY
TEMIEPaTYPHOTO IMOJIS B IUTUTI BiJ i 30BHINIHIX HABAHTA)KCHb 1 3aJICKUTH BiJ
TPaHUYHUX YMOB.

Juns  imoctpanii TpyXHOI 1 TEPMOJMHAMIYHOI 3BOPOTHOCTI BHIIE
HaBEJEHUX 3a7a4 Teopii NMPYKHOCTI Il OCECUMETpU4HOi Aedopmanii IUIHT,
CIIPOIILYEMO pillleHHs, npunyckatoun P(r) = By = const (puc. 1).

Toni dynkuist nepeminiens (17) mae BUrIISg

2 3 2
w(rz)= 1EV}§PO( < h)r4+fz(z)~ (25)

st motrmaHOrO Hanpyxerns (19), obupaemo

3 "
013—h PO(Z —4)1”. (26)
BenuunHa oropHoi peakilii Ha Kparo IUTUTH JOPiBHIOE
A= —5 F. (27)
PanianbHi (21) Ta okpyxHi (22) Hanpy>KeHs CHiBIIaIAl0Th 1 MalOTh BUTJISL
0”:622:2—?}6(512—1*2). (28)

@ynxuia f,(z) nopaerses GopMynoro

-V 6 5 3h2 2h3
hie)=15" hspo(lzzo s tas T [rGrG @)

ae C, i C, - IOBiNBHI CTali iHTErpyBaHHS.

3HaxX0MMO padialibHi i HOpMAaJBHI mepeMimieHHs (9)
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_1+V 1+V 12 A N s Vd
mlrz) =12y va="g hspo(s 8§ 24)2° (30

uy(r,z) = ﬁ‘lf,s =

2 4 522 3
2(22—}2J (26_h4 +%+za ):| 1+VC1 3D

Panianpae mepemimennst (30) poOUTH omip IUTMTH TaKWM, IO JOIYCKae
TepeMillieHHs TUIMTH Y HampsMKy oci obepraHHs. HopManbHe mepeMimeHHs
(31) no3Bomsie WO PI3HOMY 3aKpiIUIITH TOYKM Kparw IUTMTH Big  iX
BEPTUKAJILHOTO 3MiIIIEHHSI.

Sk mpuKiaj, po3rIsTHEMO NIAPHIPHE 3aKPIIUIEHHS! TOYOK KOHTYPY IUIUTH Y
CepeIMHHIN IUIONIHHI, TOOTO 3a

uy=0; r=a; z=0.
3a/10BOJIBHSIOUN i TPaHWUYHI YMOBH st epeminieHHs (31), orpumaemo

PIBHAHHSA JJ1 JOBUIBHO1 CTAJIO1 IHTCTI'PYBAHHSA Cl

1 1 3 a2h2

+V +V 3 p 2
e S (32)
ITicasa HiI[CTaHOBKI/I Hi€.1. BCJIMYMHU Y (3 1), OoTpuMaeEMo

2 272 4 272
S L[y S o s S | X

Hamnpyxenns, mo Bianosinarots nepemimenssam (30) 1 (33), MaroTb BUIIIS

3 3 "
011 =02 :}?P()(az—”z)za O3 :}1313()(22—4)7’,

__6p(2 Kz K
033——/133)(3—4 B (34)
®dyHKLis epeMilleHb (25) 3 ypaxyBaHHsM (29) Oyne Takoro
_1-V 6 2 B\
v =15 h3P°XK6 8 "24)4

5 3,2 243 2 2 2.2
z2 _z2h”  z°h az
(120 s i T J+ 16 Z}rC” (33)

ae C, - NOBiNbHA CTaNa iHTErpyBaHHS.

3HaXoIUMO TeMIlepaTypHy 3MiHHY O(r,z) Ul IWTIHAPUYHOI KPYIJoi
IUINTH, SKa XapakTepu3ye 3MiHY TEMIEpaTypHOro NOJs IUTUTH TpH  Aii
30BHILIHBOIO HABAHTAXKEHHS F).
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=AYy =y, +%‘I’,l TV 5. (36)
[MincraBnsroun Gyukiiro (35) y (36), 3HAXOTUMO
=M 6 [2 02 B (2 2z
e(l",Z)— Eo hTPO ?—T+ﬂ—(a —-r )5 . (37)

BimoMo, 110 30BHIITHE HaBaHTa)XCHHsS (TIOBEpXHEBE, 00’€MHE) BUKIIHKAE
nedopmariiro Tia 1 BOAHOYAC CHPUYMHSAE 3MiHY TEMIIEPATypHOTO IO B
HboMy [3]. 3miHa Temmepatypu ctaHoBuTh O=T7-7;, ne 7 - abcomoTHa
TeMIepaTypa TOUKH Tina, 7 - TeMIepaTypa HEHANpPYKEHOro TiJla Ipu ¢ =0 .

Omxke, TpHU B3aEMOJIi TMPYXKHOTO HEI30JHOBAHOTO TiJla 3 HABKOJIHIITHIM
cepeoBUINEM I1iJ] yac Horo aedopmallii 3MiHIOETBCS TEMIIEpAaTypa TOYOK Tija i
BinOyBaeThCsl TOrIMHAHHA abo BupaiieHHs Ttemta [4]. Lo 3miHy

TEMIEPATYPHOTO MOJIA IS 3irHYTOi KPYyrJloi TIMTH Bi Jii HaBaHTaKeHHs P,
XapakTepu3ye TeMIlepaTypHa 3MiHHa y Bupasi (37).
Slxmio 3HATH HaBaHTakeHHs P; =0, HanpyxenHs (34) i TemmepaTypHa

3sMmiHHa (37) JOpIBHIOIOTH HYINIO 1 IUTMTA MOBEPTAETHCA Y TOYATKOBUU
HEeHaNpyXeHui HenedopMmoBanuii ctad. [Ipu mpoMy mpomuec aepopMyBaHHS
BiIOYBAETHCS YK€ MIOBLUIEHO, TOOTO BiH € TEPMOJIMHAMIYHO 00epHEeHHM [5].
Jocnianmo nedopmariiro IIMTH Ta 3MiHy TEMIEPAaTypHOro MoJsl B Hill Bif
Jii 30BHILIHBOTO HaBaHTakeHHs. IlifcTaBisiroun B ocboBe mepemimenHs (33)
z=—h/2, OTPUMAEMO CTHUCKAHHS BEPXHIX MIAPiB IUIATH B OCHOBHOMY

HaIpsSIMKY

h\_ 14V 3h
u3(r1—§)— E 64PO>O (38)

.. . h
I[J'IH HWKXHBO1 NOBCPXHI IVIUTU TIPU Z = +E OTpuUMaeEMo

h 1+V 3h

TOOTO MaeMO po3TsArHeHY 30Hy. Lle Bimomuii Qizuunuii dakrt 3 Teopii 3rUHY
KOHCTPYKIIH.

OniauMo TemneparypHy 3MiHHY 3 ¢opmynu (37) Ui CTUCHYTOI 30HH
TUTUTH

_h\ 1=V P22
G(rl 2)— o tho( 3 +al-r )_O,

abo

h\_ vV 3 h? 2
T(I"l—*) T +E7h72P (3+a )) r<a. (40)
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JUs1st pO3TSICHYTOI 30HH IUTHTH OTPHMAEMO
9(1’1 h) =-1=V3p (a2 —rz) <0,

2 Eo p2 "0
abo
A\ _» 1-V 3 22
T(rlz)—TO Fo hsz(a r ), r<a. (41)

Sk GauuMo, TemIepaTypa CTHCHEHOI 30HHM IUIUTH Oyne TPOXH BHIIA 3a
TEeMIIEPaTypy PO3TATHEHO! 30HW. [HaKIIe KaKydd, CTUCHyTa 30HA BHUILISE
temno (7 >17,), a po3TarHyra - ioro nornunae (7 <7;), ToOTO Mae Micue

00OMiH TeIUTa IUIMTH 3 30BHINIHIM CepeloBHINEM. AHajoriyHa teopis Oyia
pospobiiena K. 3enepom [6] s TOHKOI IUTACTHHKH TpH 1i 3THHAIBHUX
KOJIMBAHHSIX 1 OTpuMasia OJIMCKyde eKClIepUMEHTaIbHE ITiATBEPPKEHHSI.

[MixcraBnsroun B piBHAHHA (5) TemrepaTypHy 3MiHHY (37), sika BimoBiznae
3MiHI TEMIEPATypPHOI'O MOJS, IO 3 ABJSIETHCS NMPY 3TWHI KPYIIIOl IUIMTH BiJ Aii
PIBHOMIPHO  PO3IOMIJICHOTO HABAHTAXXCHHS TMOCTIHHOI  IHTEHCHBHOCTI,
3HAXOJMMO IOTYKHICTh MOTOKY TeIlIa B PI3HUX 30HAX IIUTH

W= —ap =2, =18z p. (42)
Eo p?
B crucHyTi# 30Hi ity (z =—4/2)

_, 0= 9
W=kt >0 (43)

i71e BU/ILJIEHHS TeTua.

B posraruyriii 30Hi Tk (z = h/2)

W=—k%h%130 <0 (44)
iJle MOTJIMHAHHSI TEIUIa 13 30BHIIIHBOTO CEPEIOBHIIIA.

TakuMm YUHOM, 32 paXyHOK TEIUIOMPOBITHOCTI IUTUTH 3’ IBJISIETHCSI TETUTOBHIHA
TIOTIK BiJI i CTUCHYTOI 30HH JIO PO3TATHYTOI.

BucnoBku. Ilpu pos3B’s3aHHI 3amadi Teopil NPYKHOCTI Ui 3THHY
OCECUMETPUYHO HABAHTAXKCHHUX KPYIJIMX IUIAT, (OPMYIH HANPYKEHb 1
MepeMillieHb OTPUMaHI BIEpIIe. 3aKOH HABAHTAXKEHHS MOXe OYTH JIOBUTLHOTO
BHIYy 1 THN ONHWpaHHA — Oyab-skuM. OTpuMaHW{ PO3B’A30K 3a7adi 3TUHY
KpYIJIOl TUTATH CBIAYUTH MPO TE, MO JIisl 30BHIMNIHIX CHJI MPU3BOIUTH IO 3MiHU
TEMIEPaTYPHOTO MOJIS B TUTUTI 1| BUHUKHEHHS TEIUIOBOTO TTOTOKY.
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Hrevtsev O., Selivanova N.
SOLVING THE PROBLEM OF ELASTICITY FOR ROUND THICK PLATES AT
AXTALLY SYMMETRIC STRAIN

Here are considered the problems of the theory of elasticity for bodies of rotation loaded
axially symmetrically. The exact solutions of the displacement of the equations of the theory
elasticity for round plates loaded axially symmetrically. It is shown that the solution of the problem
of bending of circular plates under the action of an arbitrary axisymmetric load of intensity P
requires the specification of a normal axial stress. To determine it, we use a method based on
translational approximations of the solution of this problem, proposed by one of the authors. The
solutions are found in a closed form to determine the stresses at any point of the body under
consideration, which is loaded by an asymmetrically uniformly distributed load-pressure. The
problem of the bending of circular plates under the action of normally applied forces is considered.
The law of loading of round plates, as well as the type of their resistance, can be arbitrary, which
means, any. When solving the bending problem of circular plates under the action of an arbitrary
axisymmetric load, a function f'is used, analogous to the thermoelastic displacement potential. For
an exact solution of this problem, a polytropic, namely, non-isothermal and non-adiabatic
thermodynamic process is considered. The function f must satisfy the equation for the volumetric
expansion, by means of which the temperature change that arises under the action of the load and
which depends on the boundary conditions of the resistance is determined. It is shown that during
the deformation, the temperature of the body point changes and as a result, there is an absorption or
release of heat by an elastic non-insulated body when it interacts with the surrounding medium. In
particular, the compressed zone of the plate generates heat, and the stretched zone absorbs it. It is
shown that when stress is removed, the stresses and temperature stresses disappear and the plate
returns to the unstrained and undeformed state. The deformation process is very slow, that is, it will
be thermodynamically reversible. When solving the problem of the theory of elasticity for bending
of circular plates loaded asymmetrically, the formulas for stresses and displacements were obtained
for the first time, and the possibility of determining the stress-strain state of any point of the
rotating body in question is of great practical importance.

Keywords: theory of elasticity, axisymmetric function movement, temperature change,
thermodynamically reversible (inverse) process, bending round plate.
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Ipesyes A.K., Ceausanosa H.IO.
PEHIEHUE 3AJIAYUM TEOPUM YIHPYI'OCTH JJIsI KPYIUIBIX TOJICTBIX IJIUT
MPA OCECUMMETPUYHOM TE®OPM AU

ITonmydeHo TOUHOE pelleHHe YPaBHEHUH TEOPUH YIPYTOCTH JJISL KPYTJIBIX IUIHT HarpyKEHHBIX
ocecHMMeTpHUYHO. PaccmoTpeHa 3ajmada m3ruba KpYribIX IUIHT, HAXOMSIIUXCS IIOJ JAEHCTBHEM
HOPMaJBHO IPHIOKEHHBIX CHI K JIO0OMYy 3aKOHY HArpy3kl ¥ K JIHOOBIM THIIAM UX
conporuBieHus. IlokazaHo, YTO W3rUO KpPYrJIoOW IIMTHL HOJ MAEHCTBHEM OCECHMMETPHYHOM
HArpy3KH BeIeT K MOSBICHHIO TEMIIEPaTypPHOr'O OIS,

KiioueBble cjI0Ba: Teopus yIpyrocTH, OCECUMMETPHYHAS 3aj1ada, (GYHKIHS IepeMelleHuid,
TeMIlepaTypHas H3MEHEHHe, TepMOIMHAMHYECKH OOOpOTHEI (0OpaTHBIH) mporecc, H3rHO
KPYTJIOH TUIUTBI.

VK 539.3

I'pesyes O.K., Cenisanosa H.IO. Po3p’s3aHHs 3amaui Teopil mpy:kHOCTI M5
KPYIVINX TOBCTHUX IUIUT MPH ocecuMeTpuyHiii aedopmanii / Omip marepiamis i
Teopis criopya: Hayk.-TexH. 30ipH. — K.: KHYBA, 2017. — Bum. 99. — C. 181 - 192.
Ompumano moyHull po3g’si30K PpIiGHAHb MeOpii NPYICHOCMI O KpYeaux Hium 3
ocecumempudHuM HaganmaviceHHam. Posenanyma 3adaua 3eumy Kpyenux naum, SKi
nepebysaromu nio Ji€o HOPMATLHO O0OAHUX CUL 00 OYOb-K020 3AKOHY HABAHMANCEHHS
i 3 OYOb-AKUMU MURAMU IX ONUPAHHSL.

Ta6u. 0. Im. 1. Bibmiorp. 6 Ha3B.

Hrevtsev O., Selivanova N. Solving the problem of elasticity for round thick plates
at axially symmetric strain / Strength of Materials and Theory of Structures: Scientific
and technical collected articles. - Kyiv: KNUBA, 2017. - Issue 98. - P. 181 - 192. — Ukr.
An exact solution of the equations of the theory of elasticity for round plates loaded
axially symmetrically is obtained. The problem of bending of circular plates under the
action of normally applied forces to any law of loading and to any types of their
resistance is considered.

Tabl. 0. Fig. 1. Bibliograph. 6 ref.

I'pesyes A.K., Cenusanosa H.IO. Pemrenue 3a1a4m TeOpHH YIPYrOCTH JJIsI KPYIJIBIX
TOJICTBIX IUIUT NMPH 0cecMMMeTPH4HOIi Jedpopmanuu / ConpoTHBICHAE MaTEPHAIIOB
1 TeOpHsI COOpykeHHi: Hayd.-TexH. cOopH. - K.: KHYCA, 2017. - Bem. 98. - C. 181 -
192.

Tonyueno mouHoe peuienue ypasHeHull mMeopuu ynpyeocmu Ons KpY2ivlX HAUM
Ha2pyJICeHHblX ocecummempuuno. Paccmompena 3adaua useuba Kpyenvix naum,
HAX00AWUXCA NOO  Oelicmeuem HOPMANbHO HPUNOJICEHHBIX CUL K JI000MY 3GKOHY
HA2py3KU U K 1H00bIM MUNAM UX CONPOMUBTEHUSL.

Ta6un. 0 Wn. 1. Bubmuorp. 6 Ha3B.
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UDC 539.3

NUMERICAL SOLUTION OF THE PROBLEM
OF POROUS SOLIDS VIBRATION

L.D. Kara,
assistant of structural mechanics department

Kyiv National University of Construction and Architecture
31 Povitroflotskiy Avenue, Kyiv. Ukraine. 03680

In this paper vibration of fluid-saturated porous solids under the equal distribution load is studied
using two different approaches. One of them is analytical way. Biot’s equations in terms of displacement,
pore pressure, porosity and effective densities are used for one-dimensional column. Using boundary
conditions analytical expressions for parameters of stress-strain state: the solid and fluid displacements
and stresses are obtained. Another way is Boundary Integral Equation Method. Equilibrium equations for
3-D linear dynamic poroelasticity are presented. Also required components of fundamental solution
tensors as weighting displacement fields are obtained and analyzed with the help of the analogy between
poroelastisity and thermoelastisity. The solution of the porous solid vibration problem for two types of
boundary conditions is presented in the figures. Graphs present the comparison of the normalized solid
displacement u; at the top and normalized pressure o33 in elastic region and in porous solid of poroelastic
region depending on frequency o that are computed using Boundary Integral Equation and analytical
methods. Figures show that graphs of the displacements and pressure in poroelastic and elastic region
have the same character but different values. The numerical solution of this problem was calculated using
material properties which are corresponding to the Barea Sandstone. It shows that massive porous bodies
cannot be modeling as homogeneous elastic media but it is necessary to use two phase model and
equations of poroelasticity. Since the agreement between the BEM results and the analytical solution is
good so such an approach can be used for development and testing of numerical techniques for analyzing
of 3-D porous solids vibration.

Key words: porous media, boundary integral equations, fundamental solution, forced
vibrations of the layer.

Introduction

Porous materials are very spread in nature that’s why they are widely used
in technique and construction. Planning of underground structures, elaborating
of fields by dynamic methods need knowledge of proceedings that are
occurring in the time of wave propagation in porous saturated media. Laws of
elastic theory can’t be used for studying of wave propagations in saturated
materials because of presence of filler changing the behavior of such materials.
As a result three different compressional waves, the longitudinal fast wave, the
second longitudinal slow wave, and the third transversal slow wave, are
occurring during elastic vibration in saturated media. That’s why we need
another theory for calculating of porosity [1], [2], [3].

1. Basic Relations
Consider the two phase model of the poroelastic body. Following Biot [4]
the system of differential equations for harmonic vibration is expressed as:

© KaralD.
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B +(7»+u)uk,;g +p u; —y t,,=0, (1

Tk +10 r+zoar| uk,k—O 2)
K

where u; — the jth component of the displacement vector complex amplitude of
the porous body skeleton; 7 — stresses in the fluid related to the fluid pressure p
according to: ==-fp, where B is a porosity; ® — frequency; p* - the parameter,
that characterize inertial properties of media during vibration proceed and can

2 2 .
s - 2
be written as follows: p° = O (PuiPa2 = Pia) ¥ IOD(Py; +Prn ¥ 2P12) > P11> P225 P12

iwb+w’p,,
— mass densities, that are relating to each other as: py;+py=01-B)p,.

P12 +P2=Bp > P12 =—P,» Where: p;— the solid density, pr — the fluid density,
pa = c:P-p; — the density of connecting mass, c — the coefficient that depend on
the pores geometry and frequency of excitation.

Terms y* K, T]* can be written as follows:

« 0 iobto’p, . R 5 ( Qj ( J
Y =- s K =0 , N ==b| I+= [+io 3)
R iwb—w2p22 btiopy, n Pi2=Pn 7y

where b — a dissipation constant, O, R — elastic modulus’s of media that depend
on a porosity f and drained and undrained bulk modulus’s K, K,,.

Physical relations between stresses and strains in poroelasticity are
expressed as:

2
o, =(X+Q7j8ije+2ue +08,€, 1=0e+Re, 4)

where e = u;,; and € = w;; are the solid and fluid dilatation, respectively,
€;~=0.5(ux;+uy,) — the deformation in the solid, w; — the component of the fluid
displacement vector:

T, +(imb + m°p,, )y,
— ( p12) . (5)

iob—w’p,,

2. Integral Formulation and Boundary Integral Equation
The Boundary Integral Equation Method is used for solving of this
problem. According to J.Dominguez [5] equilibrium equations for 3-D linear

dynamic poroelasticity are written as:
cll; +J'T u, dr+jU4jvndr jUU ,dF+IT4JTdF

ij i

Wﬂ( S+ ULy, )dr j[rU +1Ty, Jdr,
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where j=1, 2,3 subscript indicates the jth set of the fundamental solution;
Cij =8ij for points inside the body €, ¢; =0 for points outside £,

¢ =0, 581]- for points on I where the boundary is smooth, I' — the boundary of

the body Q; t=1;n;, U,=U;n;, n; — the ith component of the unit normal n to
the boundary I'. The variables denotes by superscript (*) are those associated
with the weighting displacement fields (fundamental solutions).

The fundamental solutions matrix in equations (1), (2) using analogy with
thermoelasticity can be expressed as totality of four components:
— the solid displacement in & direction derived from the unit point force applied
to the solid following j direction:

N Sk iAz(@)r 3
U (7, )——/e——Z a, (0))[5ij0 (r,@,m)+r,; 7y Uz(r,w,m)] ,
m=1

7

ik (@)
Uy (r,0,m)=5——[ir,, (@)r-1],
r

1 A (@)1

U, (r,o,m)=5 [3 “3ik,, (0)r—A2 (0)r ]

where r — the distance between point at which displacement calculated and
force applied point,

lg_klz k12_7\412
o (0)=——F"F"F57, LO)=——F 5, GO)=——,
(@) 4mp @* (A3 -AY) 2 4mp @ (A3 -AP) 3(0) 4mp” o
* 2 * 2 . . * %
(@)=L 2 2(@)=—22 a2+l P i, ion'y

x+2 20 " A2

L)

2,2_P O 71(0

AMiha= A2 F
— the fluid stress derived from the unit point force applied to the solid
following £ direction:

Uy (r,0) =

ion’
4m(h5 = A+ 21)

— the solid displacement in j direction derived from the following body forces

sk I"[Uo(l",(,l),z)_Uo(l",O),l)];

" and X, applied to the fluid and solid, respectively

i i
X7 :[ -1 ] oy iob+m> P12 X,x
' dmr 7 —iwb+07pyy

Y
U.,(r,m)= LUy (r,o,D)-U,(r,m,2)];
./4(” ) 4%(}\,% _}\'12)(}\'4_2“) r J }"[ O(F ) O(F )]
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— the fluid stress derived from the body forces X/* and X, applied to the

l l
fluid and solid, respectively:

_ 1 2 12 iy (o) 2 2\ iM(w)r
Uy (r,0)=————| (A5—k 2897 (O =k ! .
44(r,®) 47t(7»§—7»12)|:( 5—ki e (A —ki e J

Using equation for stresses on the plane with unit normal »; :

0
lj =0un; =n (k”k,k +§1 +n; (ui,j +uj,l-),

and equation (5) for the fluid displacement one can obtain:
— the solid stresses on the plane with unit normal 7; derived from the unit

point force applied to the solid following £ direction:
0 ,
Ty (r,0)=n; [KU”(’,+EU4,( rum [ Uy +Up |o ko 1=1,2,3;

— the fluid normal displacement derived from the unit point force applied to the
solid following k direction:
Uy

on

>

(i0b=0py)U 1,

Ty (r,0)=
u(0) (io)b+032p22)

— the solid stresses on the plane with unit normal 7; derived from the body

forces X/* and X, applied to the fluid and solid, respectively:

1 l
T]4 (}",0)): n] [kUlk,l +%U44}+Mnl [U]4J +U]4,]]9

— the fluid normal displacement derived from the body forces X/* and X;

applied to the fluid and solid, respectively:

(i0)b—0)2p12)U/-4n/- _%_%&
5T 9n gqy? on
Ty (’"3(’)): ) 2

({0b+®7p,,)

3. Solving of the test problem

Consider the problem of harmonic vibration of the porous elastic layer
under the load equally distributed on its surface. In this case displacements u;,
uy, v, v, not occur but displacements u; and v; are the functions of the
coordinate x; [5]. Components of the stress state o;; and T depend only on the
coordinate x; as well. As a result the system of differential equations in partial
derivatives can be rewritten as the system of two usual differential equations:
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2
du3

A+20) =24 p 0y -y L=, ©)
X2 dxy
3
2 1 *

d—;+%r+iom sy (7)

dxy ¥ dxy

The solution of the system (6)-(7) is given as:
uz(x3) = ue™s T(x3)= e, 8)
Substituting the solution (8) in the system (6)-(7) and reducing to &3 s

possible to obtain:

(@*/c? —k*)  —ikm (u):
{ —kcm (im/K*—kz)} )= ©)

where m=y"/(A+20), f =(A+2w)/p", 3 =u/p’ .
The nontrivial solution can be obtained only in following case:
2/ 2 12 .
Dot @ [e —k%) il =0
—kom  (io/x" —k?)

or
k*—zk*+¢=0, (10)
i, o i o
where z==C4+7-+imom, ¢ ="
e K ¢

Using roots of the biquadrate equation (10):

kfz =0,5{zi\/zz—4q} , (11)

the solution can be expressed as:
us(x3) = u1(+)eik‘x3 + ul(_)e_ik‘x3 + u§+)eik2x3 + ug_)e_ikzx3 ) (12)

Since the system of algebraic equations (6)-(7) is homogeneous then the
fluid stress t using expressions (8) may be written as:

1(x3) = X, [ul(+)eik‘x3 —u{ e J+ X, [u§+)eik2x3 —ufDeT % ] , (13)
1 (@ 2] .
where X, =—— =-—k7 |,i=1,2.
ikim | ¢

Equations for other parameters of stress-strain state of the porous elastic
layer can be written as:
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dus (x ) o
€33(x3) = %: ik [ul(+)e’k1x3 _”1( ) g~ihixs }_

+ik, [u§+)eik2x3 —uf e J ; (14)

033(x3) =(A+2p) d)é 3) %T 21[ (+)eik1x3_u1(—)e—iklx3]+

+Z, [u§+)eik2x3 —uf e ] , (15)

_ 01 [0 ;2 1.
where Z,—(?»+2].L)(zk += ky( k||, =12,

ks . N . s
dix3) = X, ik, |:u1(+)elk'x3 +u1( o3 }+X2ik2 [u§+)e’k2x3 +u§ ) thas ] ; (16)
3
1 . 2 dt(x;)
Us(x ):—{(zwb—w P13 — =
0 io)b+c02p22 TR dx
=, |:u1(+)eik1x3 +u1(—)e—ik1x3 J +Y, |:u1(+)eik2x3 +u1(—)e—ik2x3 J ’ (17)

where ¥, = ———| (iob—0p,,) -~ ‘”—f—k,? =12,
i0b+07°p,, m\ ¢

To obtain additional relations for u;"”, 1,”, u,™”, u,"”) following boundary

conditions are used:
1) u3(0)=0,

d1(0)

2) U5(0)=0, using equation (17), can obtain: I
3

:O’

3) o) =-hk,
4) ©()=0.
Taking into account equations (12), (13), (15), (17) after following
transformations one can obtain the system of linear algebraic equations:
u1(+) + u(_) + u(+) + u(_) =0,

Xk () +u) + Xk, SV +ulT) =0,

Z (u1(+)eik‘l - ul(_)e_lk‘ )+ Z, (ugr)eik2 - ug_)e_lw) =-h,
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Xl (u1(+)eikll _ul(—)e—ikll)+ Xz (u§+)eik2l _ug—)e—il@l) =0.
Using the solution of the system it’s possible to calculate values of other
parameters of stress-strain state.
The numerical solution of this problem was calculated using material
properties which are corresponding to the Barea Sandstone [5], [6]:

A=4-10° N/m®, p=6-10° N/m*, p=0.19, 0=1.399 N/m*>,  R=0.444 N/m’,

=2418 Kg/m’, p,, =340 Kg/m’, p;, = —150 Kg/m’, b=0.19-10° Ns/m".
P11 P22 12

Figure 1 shows comparing of normalized displacement u; at the top in
elastic region (the curve with designation 1) and in porous solid of poroelastic
region (the curve with designation 2) versus frequency for a range going from

B 2”(1_\/ ) Hok
0 to 5w, Whereicl)l:zl[\/Eu/P » E, 2(1_—2\,:); P =P tPn+2pp-

up
Rl ; :
15 t :
1
= o
1 it
P ;
05| < A% i "-
G ; "// i
“X&a‘:i—d\ <. i “h_-—a'/ 3
0 2 4 6 10

Fig. 1. Normalized displacement u5 at the top versus frequency w107

Figure 2 presented comparing of normalized stresses o3; in elastic region
(the curve with designation 1) and in porous solid of poroelastic region (the
curve with designation 2) versus frequency for the same range:

Oss

0 2 4 6 ol

Fig. 2. Normalized stresses o33 versus frequency ©-107

Consider this layer under other boundary conditions:
D) u3(0)=U,,
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2) Us(0)=—mo’Uy(pi,+p) »

3) o3()=0.

4) ©(1)=0.

The system of linear algebraic equations is following:
u1(+) + ”1(_) + u§+) + ug_) =Uy,

. — . — 2

Xllkl(u1(+) +u1( ))+X21k2(u§+) +u§ )) =m® Uo(p12 +p22) ,
Zl (ul(+)eikll _ul(—)e—ikll)+ Z2 (u§+)eik2l _ué—)e—ikﬂ) =0,
Xl (ul(+)eikll _ul(—)e—ikll)+ X2 (u§+)eik2l —Z/Ig_)e_ik2l) =0.

Using the solution of the system it’s possible to calculate values of other
parameters of stress-strain state depending on frequency . Figures 3, 4 show
graphs of normalized displacement u; at the top and normalized stresses 633 in
elastic region (the curve with designation 1) and in porous solid of poroelastic
region (the curve with designation 2) versus frequency for a range going from
0 to S®; under other boundary conditions:

T 7]

e
0.5,% NN :

0 2 4 6 10’

Fig. 3. Normalized displacement 5 at the top versus frequency «-107

G33

Y
15
10 5 L A
5
0 ”/&'"2 B

Fig. 4. Normalized stresses o33 versus frequency ©-107

Points on figures present the BE results.
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Conclusion

1. Figures show that graphs of the displacements and stresses in elastic
region and in porous solid of poroelastic region have the same character but
different values depending on frequency ®. It means that massive porous
bodies can’t be modeling as homogeneous elastic media but it is necessary to
use the two phase model and equations of poroelasticity.

2. Since the agreement between the BE results and the analytical solution
is good so such an approach can be used for development and testing of
numerical techniques for analyzing of 3-D porous solids vibration.

REFERENCES

1. Kovtun Al.A. Ob uravneniah modeli Bio i ih modifikatsiyah (On the equations of Biot’s
theory and their modifications / Al.A.Rovtun // Voprosy geofiziki (Problems of geophysics). —
2011.-V.44.—-C. 3-24.

2. Igumnov L.A. Chislenno-analiticheskoe modelirovanie dinamiki tryehmernyh sostavnyh
porouprugih tel (Number-analytical modeling dynamic three-dimensional composite
poroelastic bodies). [electronic study-methodical manual] / L.A.Igumnov, C.Y.Litvinchuk,
A.V.Amenickiy., A.A.Belov. — Nighniy Novgorod: University of Nighniy Novgorod, 2012. —
52 p.

3. Li P. Boundary element method for wave propagation in partially saturated poroelastic
continua / P.Li. - Verlag der Technischen Universitdt Graz, 2012. — 143 p.

4. Biot M.A. Theory of propagation of elastic waves in a fluid-saturated porous solid. I. Low-
Frequency Range / M.A.Biot // J. Acoust. Soc. Amer. — 1956. — V. 28, Ne2. — P.168-178.

5. Dominguez J. Boundary elements in dynamics / J.Dominguez. — Computational Mechanics
Publications. Southampton Boston, 1993. — 689p.

6.  Detornay E. Fundamentals of poroelasticity. Chapter 5 in Comprehensive Rock Engineering:
Principles, Practice and Projects / E Detornay, A.H.-D.Cheng // Analysis and Design Method,
ed. C. Fairhurst, Pergamon Press. — 1993. — V.II. — P. 113-171.

7.  Tryehmernye zadachi matematicheskoy teorii uprugosti I termouprugosti (Three-dimensional
problems of mathematical theory of elasticity and thermoelasticity) [monograph] /
[V.D.Kupradze, T.G.Hehelia, M.O.Basheleyshvili, G.V.Burchuladze] / Edited by
V.D.Kupradze.; M: Mir, 1976. — 664p.

8. Nowacki W. Dinamicheskiye zadachi termouprugosti (Dynamic problems of thermoelasticity)
/ Edited by G.S. Shapiro — M: Mir, 1970. — 256 p.

Kapa 1.]].
YUCEJBHE PO3B’SI3AHHS 3AJJAYI ITPO KOJIMBAHHS IOPOIIPY2KHOI'O
MACHUBY

MeTon TpaHMYHHX IHTErpaJbHUX PIBHSHb 3aCTOCOBYETHCS UL PO3B’SI3aHHS 3amadi Ipo
TPUBUMIPHI TapMOHIUHI KOJIMBAaHHS IIOPONPYXKHOrO MacHBHOro Tina. HaBemeHi oOCHOBHI
PO3paxyHKOBI CITIBBITHOIIECHHS Ta MPOAHANII30BaHO CKIIAX MAaTPHI (yHIaMEHTAIbHHX PO3B’S3KiB.
AHAJITHYHO Ta YHCENBHO PO3B’s3aHA TECTOBA 33jada PO 3MYIIECHI KOJUBAHHS MOPOIPYKHOTO
mapy.

KimiouoBi  ciaoBa:  mpompyxKHe — CepeloBHINEG, TpaHWYHI  IHTErpainbHi  PIiBHSHHS,
(yHIaMEHTaIBHUH PO3B 30K, 3SMYIIECH] KOJIUBAHHS IIapy.
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Kapa 1. J1.
YUCJEHHOE PEHIEHUE 3AJIAYN O KOJIEBAHUSAX ITOPOYIIPYTI'OI'O MACCHUBA
MeToi TpaHWYHBIX HHTETPAIbHBIX YPaBHCHHH MpPUMEHSCTCS I8 PEUICHHS 3a/a4d PO
TPEXMEPHbIC FAPMOHUYECKUE KOJICOAHUsSI TOPOYIPYroro MacCUBHOro Teja. [IprBeieHb OCHOBHBIC
pacueTHbIC COOTHONIICHHS M MPOAHAIN3HMPOBAHO COCTAB MATPHIBI (PYHIAMEHTAIbHBIX PEIICHHM.
AHaIUTHYECKH Ta YHCICHHO pEIIeHa TECTOBas 3ajaya Ipo BBIHYXKJCHHBIC KoJicOaHUs
HIOPOYIPYTOro CIIOSL.
KaroueBble cjoBa: [Opoyrnpyras cpeia, TpaHUYHbICE HHTErpalibHbIC — YpaBHEHHS,
(hyHIaMeHTaIbHOE pelICHHE, BBIHYX/ICHHBIC KOJICOaHUS CIIOSL.

YK 539.3

Kapa 1./[. YncenbHe po3B’si3aHHS 32124l MPO KOJIMBAHHS IOPONPY:KHOT0 MacuBy //
Omip MarepiauniB i Teopist criopya. — K.: KHYBA, 2017. — Bum. 99. — C. 193 —202.
Memoo epanuunux inmeepanbHux pieHAHb 3ACMOCOBYEMbCA O PO36 A3AHHA 3a0aHyi
npo MpUEUMIpPHI 2APMOHIYHI KOTUBAHHA NOPONPYIHCHO20 MACUBHO20 MINA.

Kara I.D. Numerical solution of the problem of porous solids vibration // Opir
materialiv i teoriia sporud (Strength of Materials and Theory of Structures). — K.:
KNUBA, 2017. — Issue. 99. — P. 193 — 202.

Boundary Integral Equation Method is applied for numerical solution of the porous
solids 3-D harmonic vibration problem.

VK 539.3
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MemoO epanuunbix UMeEZPANbHLIX YPAGHEHUL NPUMEHAEMCs Olsl pelenus 3a0auu O
MPpexXMepHbIX 2aPMOHULECKUX KONEOAHUAX NOPOYNPY2020 MACCUBHO20 Med.
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B.A. Baocenos, A.B. Ilepenvmymep, FO.B. Bopona, B.B. Ompawescoka.
Bapianiiini npuanmunu OyaisensHoi Mexaniku. Hapucn 3 ictopii.
K.: Kapagena, 2018. — 924 c.

Knura npucBsueHa ictopii BHHUKHEHHS i
PO3BHTKY BapialiiHUX NPUHLIHUIIB Oy1iBEIbHOI
MEXaHIKH, a TaKO)X MEXaHIKH B IIJIOMy 1 3a
3ayMOM IIPEJCTAaBISETHCS Y BUIIISAI HAPUCIB
PO3BUTKY OKPEMHX HaIpsMiB, KO)KHOMY 3 SIKHX
) ' NpUTaMaHa TII€BHA ICTOpisS BHHUKHEHHS 1
BAPIAU]]ES&"P 5 CTAHOBJICHHS  BIANOBIAHUX  IOHATH, 1J€H,
o |?(Ej;131CT0Pﬂ MIPUHIMIMIB, ITpo0JieM 1 MEeTOAIB iX peaizarii.
HAY Ake 3a BimoMoro myMkoro J[xxona beprana «Y
HayIi Oijblie, HiX B OyIb-sKiH 1HIIINA 1HCTHTY-
Iii JIFOJICTBA, HEOOXiHO BUBYATA MHUHYJC IS
PO3YMIiHHSI Cy4acHOro 1 TaHyBaHHS HaJ
TIPUPOJIOI0 B MAOYTHHOMY.

BuxmageHHs  3MiCTy — CYHpPOBOIKYETHCS
(dakTaMu 3 OKUTTS 1 JiSUIBHOCTI  BEJHMKHX
JIOCIII THUKIB.

Kuura moxe OyTH BUKOpHUCTaHa SK IIJPYYHHUK JUIS CTYAEHTIB BHIIHX
HaBYAIBHUX 3aKJaJiB NpW peami3amii MaricTepcbKux IporpaM, BHBYEHHI
CrHeLiaIbHUX KYPCiB, sSIKi ITOB’s3aHi 3 BUKJIAJAaHHIM BapiallifHUX MPUHIMMIB 1
METO/IIB Oy/iBEIbHOI MEXaHIKH, MOO0YI0BOI0 CYYaCHUX YHCEILHUX MPOLENyp 1
TEXHOJOTi}. 3arajsoM BOHa 30piEHTOBAaHA HAa YUTAYiB 1 CTYIEHTIB, SIKi BXKE
BUBYAJIM OOOB’SI3KOBI KypcH Oy/iBeIbHOI MEXaHIKM 1 CYMIKHHUX TEXHIYHHX
JICIUILTIH, a TAKOK BUKIJIAJaviB i HAYKOBO-TEXHIYHHX MPALliBHUKIB.
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